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Preface

Two decades have passed since the book by Jacob Israelachvili ‘‘Intermolecular and
Surface Forces’’ appeared. During this period, our knowledge on interfacial forces has
significantly, improved partially due to new experimental tools and improved simu-
lation capabilities. For example, the invention of scanning probemicroscopy and the
development of optical methods allow us to look at surface forces in much more
detail.

Surface forces are relevant in a number of technologies, in particular eco-efficient
technologies, for a sustained growth in the face of unbridled exploitation of natural
resources, a growing world population, and the expected climate change. For
example, a good understanding of particle dispersion is a prerequisite to improve
mineral processing and adapt it to the increasing exploitation of raw materials. Food
industry, facing a growing demand for healthy food, relies on a good understanding
of the stability of emulsions and thus of the interaction of oil drops in water or oily
liquids in water. The same is true for oil recovery and waste water treatment. The
synthesis of polymers in aqueous emulsions allows an environment-friendly pro-
duction; again, a good knowledge of the forces that keep the particles dispersed is
required.

The number of papers published in journals on colloid and interface science has
increased by about seven times during the past 20 years. We suppose that this
increase is correlated with an increasing number of active researchers in the field.
One reason for this increase is certainly the growth in the world population, the fact
that a larger proportion of the world population takes part in the technological
progress. Another reason is that several technologies rely more and more on
processes at the small scale. One example is the increasing relevance of micro-
and nanotechnology, including lab-on-chip technology, microfluids, and biochips.
Objects in the micro- and nanoworld are dominated by surface effects rather than
gravitation or inertia.

These developments motivated us to write this textbook. It is a general introduc-
tion to surface and interfacial forces. Though a basic knowledge of colloid and
interface science is helpful, it is not essential because all important concepts have
been explained. Certainly, no advanced level of mathematics is required. Looking

XI



through the pages of this book, you will see a substantial number of equations.
Please do not be scared! We preferred to explicitly give all transformations rather
than writing ‘‘as can easily be seen’’ and stating the result.
A number of problems with solutions are included to allow private studies. If not

mentioned otherwise, the temperature is assumed to be 25 8C. At the end of each
chapter, the most important equations, facts, and phenomena are summarized.
This book certainly contains errors. Even after proofreading by different people

independently, this is unavoidable. If you find any error, please write us a letter (Max
Planck Institute for Polymer Research, Ackermannweg, 55128 Mainz, Germany) or
an e-mail (butt@mpip-mainz.mpg.de) so that we can correct it and do not confuse
more readers.
We are indebted to several people who helped us collect information, prepare, and

critically read this manuscript. In particular, we would like to thankMaria D�Acunzi,
Günter Auernhammer, Clemens Bechinger, Elmar Bonaccurso, Derek Y.C. Chan,
Vince Craig, Raymond Dagastine, Markus Deserno, Georg Floudas, Stanislav Gorb,
Karina Grundke, Vagelis Harmandaris, Manfred J. Hampe, Manfred Heuberger,
Katharina Hocke, Roger Horn, Naoyuki Ishida, Gunnar Kircher, Reinhard Miller,
Maren Müller, Martin Oettel, Sandra Ritz, Tim Salditt, Tanja Schilling, Doris
Vollmer, and Xuehua Zhang.

Mainz, August 2009 Hans-Jürgen Butt and Michael Kappl
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Symbols and Abbreviations

Many symbols are not unique for a certain physical quantity but are used two or even
three times. We use the symbols as they are usually used in the relevant literature.
Since the scope of this book includes many disciplines and thus different scientific
communities,multiple usage of symbols is unavoidable. Inmolecular chemistry and
physics, for instance, m is the dipole moment while in engineering m symbolizes the
coefficient of friction.

a contact radius (m), activity (mol/L)
a0 Molecular radius (m)
A Area (m2)
AH Hamaker constant (J)
b Slip length, distance between grafting sites (m)
c Number concentration (number of molecules per m3) or amount

concentration (molm�3, or mol l�1¼M), mean cosine of contact angles
cm Concentration in mass per unit volume (kgm�3)
dcc Center-to-center distance between two spheres (m)
D Distance (m)
Dd Diffusion coefficient (m2 s�1)
D0 Interatomic spacing used to calculate adhesion (m), typically 1.7 A

�

~D Dimensionless normalized distance
E Electric field strength (Vm�1), Young�s modulus (Pa), surface

elasticity (Nm�1)
E� Reduced Young�s modulus (Pa)
Fadh Adhesion force (N)
FF Friction force (N)
FL Load (N)
f Force per unit area (Nm�2)
f � Different kinds of dimensionless correction functions
G Gibbs energy (J)
Gm; G0

m Molar Gibbs energy and standard molar Gibbs energy (Jmol�1)
H Enthalpy (J)
h Height of a liquid with respect to a reference level (m), Planck constant,

film thickness (m)

XIII



K Spring constant (Nm�1)
Kc Spring constant of AFM cantilever (Nm�1)
kc Bending modulus of a membrane (J)
ks Segment elasticity (Nm�1)
L Center-to-center distance between two spherical particles (m)
Lc Contour length of a polymer chain (m)
L0 Thickness of an undisturbed polymer brush (m)
lr Length of repeat unit in a polymer (m)
ls Segment length of polymer chain also called Kuhn length (m)
M Torque (N m)
Mw Molar mass (kgmol�1)
Mr Molar mass of repeat unit of a polymer (kgmol�1)
m Mass (kg), molecular mass (kg per molecule)
N Number of molecules (dimensionless or mol), number of segments in a

linear polymer chain
n Refractive index, integer number
P Pressure (Pa)
Pc Capillary pressure caused by the curvature of an interface (Pa)
PV Equilibrium vapor pressure of a vapor in contact with a liquid with a

curved surface (Pa)
P0 Equilibrium vapor pressure of a vapor in contact with a liquid having a

planar surface (Pa)
Q Electric charge (A s), heat (J), quality factor of a resonator
R Gas constant
R1, R2 Radii of spherical particles (m)
R� reduced radius (m)
Rg Radius of gyration of a polymer (m)
Rp Radius of a spherical particle (m)
R0 Size of a polymer chain (m)
r Radius (m), radial coordinate in cylindrical or spherical coordinates
rb, rc, rd Radius of a bubble, a capillary, and a drop, respectively (m)
r1, r2 Two principal radii of curvature of a liquid (m)
S Entropy (J K�1), number of adsorption binding sites per unit area (mol

m�2), spreading coefficient (Nm�1)
T Temperature (K)
TH Theta temperature (K)
t Time (s)
U Internal energy (J), applied or measured electric potential (V)
V Volume (m3) or free energy of interaction between two molecules or

particles (J)
Vm Molar volume (m3mol�1)
v Velocity (m s�1), excluded volume parameter (m3)
v0 Sliding or rolling velocity (m s�1)
VA Free energy for the interaction between two surfaces per unit area (Jm�2)
Wadh adhesion energy per unit are a (J/m2)
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x; y; z Cartesian coordinates (m), reduced electric potential, and the reduced
distance y ¼ x=ð2L0Þ

Z Valency of an ion
a Polarizability (Cm2V�1), factor defined by Eq. (4.23)
c Surface tension (Nm�1). Specifically, cL, cS and cSL are the surface

tensions of a liquid–vapor , a solid and solid-liquid interface, respectively
cs Surface energy of a solid (J)
_c Shear rate (s�1)
C Grafting density of polymer (molm�2 or m�2)
d Thickness of the hydration layer (m), indentation (m)
e Relative permittivity
z Zeta potential (V)
g Viscosity (Pa s)
H Contact angle (deg)
k Inverse Debye length (m�1) (Eqs. (4.8) and (4.11))
kc Capillary constant (m) (Eq. (5.7))
l Decay length or wavelength of light (m)
lc Characteristic length scale, critical wavelength of fluctuations (m)
lD Debye length (m)
lK ¼ cVm=RT , Kelvin length (m)
lev penetration depth of evanescent wave (m)
m Chemical potential (Jmol�2), dipole moment (C m), friction coefficient
mk; ms Dimensionless coefficient of kinetic and static friction, respectively
mr Coefficient of rolling friction (m)
mT Tabor parameter
mM Maugis parameter
n Frequency (Hz), Poisson ratio (dimensionless)
P Disjoining pressure (Pa)
r Mass density (kgm�3)
r0 Number density of molecules next to a wall (molecules per m3)
rn Molecular density (molecules per m3)
re Electric charge density (Cm�3)
w Volume fraction
s Surface charge density (Cm�2)
sA Surface area per molecule (m2)
j Coordinate in the gap between two half-spaces (m)
jm Matsubara angular frequencies (Hz)
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1
Introduction

The topic of this book is forces acting between interfaces. There is no clear, unique
definition of an interfacial force. One possible definition is as follows: Interfacial
forces are those forces that originate at the interface. For example, electrostatic
double-layer forces are caused by surface charges at the interface. Such a definition
would, however, not include van der Waals forces. For van der Waals interaction, the
surface atoms do not have a distinct role compared to the bulk atoms. Still, van der
Waals forces substantially contribute to the interaction between small particles. One
could define surface forces as all interactions that increase proportional to the
interfacial area. Then, for certain geometries gravitation should also be included.
Gravitation is, however, not described here. On the other hand, hydrodynamic
interactions would be excluded because they depend on the specific shape of
interacting interfaces and not only on the interfacial area.

We take a pragmatic approach and discuss all forces that are relevant in systems,
that have a small characteristic length scale, and whose structure and dynamics are
dominated by interfaces rather than gravitation and inertia. In this sense, this book is
about the structure and dynamics of system with a small characteristic length scale.
At this point we need to specify two terms: �Interface� and �characteristic length
scale.�

An interface is the area that separates two phases. If we consider the solid, liquid,
and gas phases, we immediately get three combinations of interfaces: the solid–li-
quid, the solid–gas, and the liquid–gas interfaces. The term surface is often used
synonymously, although interface is preferred for the boundary between two
condensed phases and in cases where the two phases are named explicitly. For
example, we talk about a solid–gas interface but a solid surface. Interfaces can also
separate two immiscible liquids such as water and oil. These are called liquid–liquid
interfaces. Interfacesmay even separate two different phases within one component.
In a liquid crystal, for example, an ordered phasemay coexist with an isotropic phase.
Solid–solid interfaces separate two solid phases. They are important for the
mechanical behavior of solid materials. Gas–gas interfaces do not exist because
gases mix.

Often interfaces and colloids are discussed together. Colloid is a synonym for
colloidal system. Colloidal systems are disperse systems in which one phase has
dimensions in the order of 1 nm to 1 mm(Figure 1.1). The word �colloid� comes from
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theGreekword for glue andwas used thefirst time in 1861 byGraham.1)Heapplied it
tomaterials that seemed to dissolve but were not able to penetrate amembrane, such
as albumin, starch, and dextrin. A colloidal dispersion is a two-phase system that is
uniform on themacroscopic but not on themicroscopic scale. It consists of grains or
droplets of one phase in a matrix of the other phase.

Different kinds of dispersions can be formed. Most of them have important
applications and have special names (Table 1.1). While there are only 3 types of
interfaces, we can distinguish 10 types of disperse systems because we have to
discriminate between the continuous, dispersing (external) phase and the dispersed
(inner) phase. In some cases, this distinction is obvious. Nobody will, for instance,
mix up fogwith a foam although in both cases a liquid and a gas are involved. In other
cases, the distinction between continuous and inner phases cannot bemade because
both phases might form connected networks. Some emulsions for instance tend to
form a bicontinuous phase, in which both phases form an interwoven network.

The characteristic length scale of a system can often be given intuitively. For
example, for a spherical particle one would use the radius, for a thin film the
thickness. For more complex systems, intuition, however, leads to ambiguous

Figure 1.1 Schematic of a dispersion.

1) Thomas Graham, 1805–1869. British chemist, professor in Glasgow and London.

Table 1.1 Types of dispersions.

Continuous phase Dispersed phase Term Examples

Gas Liquid Aerosol Clouds, fog, smog, hairspray
Solid Aerosol Smoke, dust, pollen

Liquid Gas Foam Lather, whipped cream, foam on beer
Liquid Emulsion Milk, skin creams
Solid Sol Ink, muddy water, dispersion paint

Solid Gas Porous solidsa) Partially sintered or pressed powders
Foam Styrofoam, souffl�es

Liquid Solid emulsion Butter
Solid Solid suspension Concrete

a) Porous solids have a bicontinuous structure while in a solid foam the gas phase is clearly
dispersed.
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results.We suggest to use the ratio of the total volumeV divided by the total interfacial
areaA of a system as the characteristic length scale: lc ¼ V=A. For a sphere of radius
rs, the characteristic length scale is lc ¼ rs=3. For a thin film, it is equal to the
thickness. For a dispersion of spherical particles with a volume fraction w, the total
volume of the system isV ¼ N4pr3s =ð3wÞ, whereN is the number of particles.With a
total surface area of A ¼ N4pr2s , we get a characteristic length scale of lc ¼ rs=ð3wÞ.

Example 1.1

If aluminum is electrochemically oxidized under appropriate circumstances,
porous layers of many microns thickness with regular pores of diameters
between 15 and 400 nm can be made [1, 2]. After etching away the aluminum
support, free membranes are obtained (Figure 1.2). What is the characteristic
length scale of a porous alumina membrane? The volume of a piece of
membrane of facial area A0 and thickness h0 is V ¼ h0A0. With a radius of
the cylindrical pores of rc and a distance between neighboring pores of d, we
get a total surface area A ¼ N2prch0. Here, N is the number of pores. We
neglect the top and bottom surfaces and the sides. For a two-dimensional
hexagonal packing of the pores we get N ¼ A0=ðd2sin 60�Þ. This leads to

lc ¼ sin 60�

2p
d2

rc
: ð1:1Þ

With typical values d ¼ 200 nm and rc ¼ 50 nm, we get lc ¼ 110 nm. Increas-
ing the radius of the pores at constant interporous spacing decreases the
characteristic length scale.

Figure 1.2 Scanning electronmicroscope image of a piece of a porous aluminumoxidemembrane
lying on top of a continuous membrane. (Courtesy of H. Duran.)
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Surface forces determine the structure and dynamics of soft systems with small
characteristic length scales. This certainly includes nanosystems with lc � 100 nm.
Depending on the specific situation, it can also include systems with larger length
scales. A typical system is a liquid with dispersed particles. If the particles attract each
other, they will aggregate. Often, aggregation is not desired and the surfaces are
naturally or artificially designed to give rise to repulsive forces. If the particles repel
each other, they do not aggregate and the dispersion is stable. The same arguments
hold for emulsions, for example, an oil-in-water emulsion. If the oil drops repel each
other, they remain dispersed and the emulsion is stable. Otherwise, they coagulate,
form larger and larger drops, and eventually form a continuous oil phase.

Our knowledge of surface forces is mainly about relatively stable systems.
Typically, these systems are at or close to equilibrium. We would like to point out
that surface forces also determine the dynamics of systems far away from equilib-
rium. This topic is, however, still in its infancy. Due to the increased number of
parameters and the fact that systems far away from equilibrium depend on their
specific history, they are more complex and difficult to understand.
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2
Van der Waals Forces

In this chapter, we will deal with the forces between neutral molecules due to dipolar
interactions. This type of forces are called van der Waals forces to honor the
contribution of Johannes Diderik van der Waals1) in the field of the equation of
state for gases and liquids. In his famous doctoral thesisOver de Continuiteit van den
Gas – enVloeistoftoestand (On the continuity of the gas and liquid state), he showed the
necessity of taking into account the finite volumes of the gas molecules as well as the
intermolecular forces to establish the relationship between the pressure, volume, and
temperature of gases and liquids. Such intermolecular forces can easily be under-
stood on the basis of electrostatics if at least one of the molecules carries a dipole
moment. To explain why even nonpolar molecules are able to attract each other –
which is obvious from the fact that gases of such molecules do condense to liquids
when cooled to sufficiently low temperatures – is more complex and requires the
application of quantum theory.

Van der Waals forces are of universal importance since they exist between any
combination of molecules and surfaces. Therefore, essentially any textbook dealing
with surface phenomena will contain a section on van der Waals forces. The most
comprehensive textbook is that of Parsegian [3], which gives introduction to the topic
at different levels (from beginner to full theory) and contains a collection of formulas
for many different interaction geometries. Two older much cited textbooks by
Langbein [4] and Mahanty and Ninham [5] are no longer in print.

2.1
Van der Waals Forces Between Molecules

2.1.1
Coulomb Interaction

Forces between macroscopic objects result from a complex interplay of the
interaction between molecules in the two objects and the medium separating

1) Johannes Diderik van der Waals, 1837–1923. Dutch physicist, professor in Amsterdam. Nobel Prize
in Physics, 1910.
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them. The starting point for an understanding of intermolecular forces is the
Coulomb2) force. The Coulomb force is the electrostatic force between two charges
Q1 and Q2:

F ¼ Q1Q2

4pee0D2
: ð2:1Þ

The potential energy between two electrical charges that are a distance D apart is

V ¼ Q1Q2

4pee0D
: ð2:2Þ

For charges with opposite sign, the potential energy is negative. They reduce their
energy when they get closer. If the two charges are in a medium, the permittivity e is
higher than 1 and the electrostatic force is reduced accordingly.

Example 2.1

The potential energy between Naþ and Cl�, 1 nm apart, in a vacuum is

V ¼ � ð1:60� 10�19 CÞ2
4p � 8:85� 10�12 A s V�1 m�1 � 10�9 m

¼ �2:30� 10�19 J:

This is 56 times higher than the thermal energy kBT ¼ 4:12� 10�21 J at room
temperature.

2.1.2
Monopole–Dipole Interaction

For most molecules, the total electric charge is zero. Still, the electric charge is often
not evenly distributed. Amolecule can have amore negative side and amore positive
side. In carbonmonoxide, for example, the oxygen carriesmore negative charge than
the carbon atom. Tofirst order, the electric properties of suchmolecules are described
by the so-called dipolemoment. For themost simple case of two opposite chargesQd

and �Qd a distance d apart, the dipole moment m is given by m ¼ Qd d. It is given in
units of Cm (Coulomb�meter). In literature, still often the old unit �Debye� is used.
1 Debye is equal to a positive and a negative unit charge being 0.21A

�
apart; it is

1 D ¼ 3:336� 10�30 Cm. The dipole moment is a vector that points from minus to
plus.3) If we do not have two point charges within the molecule, we have to integrate
the charge density re over thewhole volume of themolecule. This leads to the general

2) Charles Augustin Coulomb, 1736–1806. French physicist and engineer.

3) Chemists often use a symbol j� to indicate dipolemoments, where �+�marks the positive end of the
molecule and the arrow thus points in the direction opposite to the dipole moment.
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definition of the dipole moment:

m! ¼
ð
reðr!Þ r!dV : ð2:3Þ

Let us return to intermolecular interactions. For the following calculations, we
assume the interaction between charges in vacuum, setting e ¼ 0. If more than two
charges are present, the net potential energy of a charge can be calculated by
summing up the contributions of all the other charges. This is called the superpo-
sition principle. Using this superposition principle, we can calculate the potential
energy between a dipole and a single charge Q :

V ¼ QQd

4pe0r1
� QQd

4pe0r2
: ð2:4Þ

Here, r1 and r2 are the distances between the single charge and the two charges of the
dipole. With

r1 ¼ Dþ d
2
cos q and r2 ¼ D� d

2
cos q; ð2:5Þ

we obtain

VðD;qÞ ¼ QQd

4pe0D
1

1þ d
2D cos q

� 1

1� d
2D cos q

" #
: ð2:6Þ

Under the assumption that the distance between charge and dipole is much larger
than the extension of the dipole (D � d), we can approximate

1

1þ d
2D cos q

� 1� d
2D

cos q and
1

1� d
2D cos q

� 1þ d
2D

cos q: ð2:7Þ

Inserting Eqs. (2.7) into (2.6) gives the final result

VðD;qÞ ¼ �QQdd cos q
4pe0D2

¼ �Qm cos q
4pe0D2

:

ð2:8Þ
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Example 2.2

The maximum potential energy (q ¼ 0�) between a water molecule (dipole
moment of 1.85D)withfixed orientation and aNaþ ion 1 nmapart in a vacuum
is

Vmax ¼ � 1:60� 10�19 C � 1:85 � 3:336� 10�30 Cm

4p � 8:85� 10�12 A s V�1 m�1 � ð10�9 mÞ2 ¼ �8:94� 10�21 J:

This is 2.2 times higher than the thermal energy kBT ¼ 4:12� 10�21 J at room
temperature.

In practice, a molecule with a dipole moment is often mobile. If the dipole is free to
rotate and is, for example, close to a positive charge, it tends to rotate until its negative
pole points toward the positive charge, which would correspond to the maximum
interaction. For a finite temperature T > 0, thermal fluctuations tend to enforce a
randomly fluctuating orientation and will drive the dipole away from an optimal
orientation. For completely random fluctuations, the average interaction would be
zero.However, the orientations with lower potential energywill be favored compared
to those with higher potential energy. On average, the balance between these two
opposing effects will result in a net preferential orientation and dipole andmonopole
will attract each other. To calculate the net interaction, we have to integrate over all
possible orientations. Each orientation is weighted with a Boltzmann factor. The
mean interaction potential is

VðDÞ ¼

ðp
0
VðD;qÞ e�

VðD;qÞ
kBT sinq dqðp

0
e�

VðD;qÞ
kBT sin q dq

ð2:9Þ

To evaluate the integral, we assume small interaction energies VðD;qÞ < kBT and
expand

e�
V

kBT � 1� V
kBT

:

This leads to

VðDÞ ¼

Qm
4peD2

ðp
0
cos q 1� Qm cos q

4peD2kBT

0
@

1
Asin q dq

ðp
0

1� Qm cos q
4pe0D2kBT

0
@

1
Asin q dq

¼

Qm
4peD2

ðp
0
cos q sinq d qþ Qm

4peD2

0
@

1
A2

1
kBT

ðp
0
cos2 q sinq d q

ðp
0
sin q dq� Qm

4peD2

ðp
0
cos q sinq d q

:

ð2:10Þ
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The four integrals can be calculated:ðp
0
cos q sin q d q ¼ �

ð�1

1
x dx ¼ 0; ð2:11Þ

ðp
0
cos2 q sin q d q ¼ �

ðp
0
cos2 q d cos q ¼ �

ð�1

1
x2dx ¼ 2

3
; ð2:12Þ

ðp
0
sin q dq ¼ 2: ð2:13Þ

In Eqs. (2.11) and (2.12), we changed the variables:

x ¼ cos q and dx ¼ �sinq d q: ð2:14Þ

Inserting these results into Eq. (2.10) and taking into account that the free energy is
half of the interval energy, we obtain the final result:

VðDÞ ¼ � Q2m2

6ð4pe0Þ2kBTD4
: ð2:15Þ

We see that for the case of the freely rotating dipole with thermal motion, the
interaction decays much faster with distance, namely, proportional toD�4 instead of
D�2. In addition, the interaction becomes weaker with increasing temperature.

Example 2.3

Calculate the free energy between a Naþ ion and a freely rotating water
molecule (dipole moment 6.17� 10�30 Cm) 1 nm apart in vacuum at 25 �C.

V ¼ � ð1:60� 10�19 CÞ2ð6:17� 10�30 C mÞ2
6ð4p � 8:85� 10�12 A s V�1 m�1Þ2 � 4:12� 10�21 J � ð10�9 mÞ4

¼ �3:20� 10�21 J:

This is slightly less than the thermal energy kBT ¼ 4:12� 10�21 J at the same
temperature.

2.1.3
Dipole–Dipole Interaction

To calculate the interaction between two dipoles, we again use the superposition
principle to add up the interactions between individual charges. The position of the
two dipoles with respect to each other is described by the distance and three angles.
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Two angles, denoted by q1 and q2, describe the angle between the dipoles and the
connecting axis. A third one, w, is the angle between the projections of the dipoles to
an area perpendicular to the connecting line. The interaction between two fixed
dipoles is given by

μ2

D

μ1

ϑ1 ϑ2 φ

VðD; q1; q2;wÞ ¼ m1m2

4pe0D3
ð2 cos q1 cos q2�sin q1 sinq2 cos wÞ: ð2:16Þ

The maximum attractive interaction is obtained if the dipoles point in the same
direction along the axis connecting their centers (q1 ¼ q2 ¼ 0�). It is

VmaxðDÞ ¼ � m1m2

2pe0D3
: ð2:17Þ

Example 2.4

Calculate the maximum potential energy between two water molecules 1 nm
apart in vacuum.

Vmax ¼ � ð6:17� 10�30 C mÞ2
2p � 8:85� 10�12 A s V�1 m�1 � ð10�9 mÞ3 ¼ �6:85� 10�22 J:

This value corresponds to about 17% of the thermal energy kBT ¼ 4:12�
10�21 J.

2.1.3.1 Keesom Interaction
When the two dipoles are allowed to rotate freely, we have the same type of balance
between preferential orientation of the dipoles and thermal motion as for the case of
monopole–freely rotating dipole configuration discussed above. The angular average
again has to be calculated by using Eq. (2.9) with the corresponding potential and
Boltzmann weighting factors. Two freely rotating dipoles will attract each other
because they preferentially orient with their opposite charges facing each other. This
thermally averaged dipole–dipole free energy is often referred to as the Keesom
energy4) [6]:

4) Wilhelmus Hendrik Keesom, 1876–1956. Dutch physicist, professor in Utrecht and Leiden.
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V ¼ � m2
1m2

2

3ð4pe0Þ2kBTD6
¼ �Corient

D6
:

μ2

D

μ1

ð2:18Þ

Aswe can see, the distance dependence has changed fromproportional toD�3 for the
fixed dipoles to D�6 for the thermally averaged dipole–dipole interaction. Again, the
interaction energy decreases as T�1 for increasing temperature.

Example 2.5

Calculate the free energy between two freely rotating water molecules 1 nm
apart in vacuum at room temperature.

V ¼ � ð6:17� 10�30 C mÞ4
3ð4p � 8:85� 10�12 A s V�1 m�1Þ2 � 4:12� 10�21 J � ð10�9 mÞ6

¼ �9:5� 10�24 J:

This is only 0.2% of the thermal energy kBT ¼ 4:12� 10�21 J. Reducing the
distance to 0.5 nm increases the potential to 15% of kBT .

All expressions reported so far give the free energies of interaction because they were
derived under constant volume conditions. Until now, free energy and internal
energy were identical. For the randomly oriented dipole–dipole interaction, entropic
effects, namely, the ordering of one dipole by the field of the other dipole, contribute
to the free energy. If one dipole approaches another, one-half of the internal energy is
taken up in decreasing the rotational freedom of the dipoles as they become
progressively more aligned. For this reason, the free energy given in Eq. (2.18) is
only half the internal energy. TheGibbs energy is in this case equal to the (Helmholtz)
free energy.

2.1.3.2 Debye Interaction
When a charge approaches a molecule without a static dipole moment, all
energies considered so far would be zero. Nevertheless, there is an attractive
force, which arises from a charge shift in the nonpolar molecule induced by the
charge. This induced dipole moment interacts with the charge. The Helmholtz
free energy is

V ¼ � Q2a

2ð4pe0Þ2D4
: ð2:19Þ

Here, a is the polarizability in C2m2 J�1. The polarizability is defined by mind ¼ aE,
where E is the electric field strength. Often it is given as a=4pe0 in units of A

� �3.
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Example 2.6

The polarizability of a water molecule in the gas phase has the value of
1:65� 10�40 C2 m2 J�1. Which dipole moment is induced by a unit charge
that is 1 nm away and what is the potential energy between the two?
The electric field of a point charge at a distance D is

E ¼ Q
4pe0D2

¼ 1:44� 109 Vm�1:

The induced dipole moment is

mind ¼ 1:65� 10�40 C2 J�1 m2 � 1:44� 109 Vm�1 ¼ 2:38� 10�31 C m

and the potential energy is �1:71� 10�22 J.

In analogy, a molecule with a static dipole moment will interact with a polarizable
molecule by inducing a dipolemoment in the polarizablemolecule. If the dipoles can
freely rotate, the Helmholtz free energy for interaction between a permanent dipole
and an induced dipole is

V ¼ � m2a

ð4pe0Þ2D6
¼ �Cind

D6
: ð2:20Þ

This interaction is called the Debye interaction [7]. It will also arise between two
identical polarizable molecules that have a permanent dipole moment. In this case, a
factor of 2 has to be inserted on the right-hand side of Eq. (2.20).

2.1.3.3 London Dispersion Interaction
All energies considered so far can be calculated using classical physics. However,
they fail to explain the attraction between two nonpolar molecules. That such an
attraction exists is evident because all gases condense at some temperature.
Responsible for this attraction is the so-called London5) or dispersion force. To
calculate the dispersion force, quantum mechanical perturbation theory is re-
quired. An impression about the origin of dispersion forces can be obtained by
considering an atom with its positively charged nucleus around which electrons
circulate with a typically high frequency of 1015–1016 Hz. At every instant, the atom
is therefore polar. Only the direction of the polarity changes with this high
frequency. When two such oscillators approach, they start to influence each other.
Attractive orientations have higher probabilities than repulsive ones. As an average,
this leads to an attractive force.

The free energy between twomoleculeswith ionization energies hn1and hn2 can be
approximated by [8]

5) Fritz London, 1900–1954. American physicist of German origin, professor in Durham.
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V ¼ � 3
2

a1a2

ð4pe0Þ2D6

hn1n2
ðn1 þ n2Þ ¼ �Cdisp

D6
ð2:21Þ

Dispersion interactions increase with the polarizability of the two molecules a1 and
a2. The optical properties enter in the form of the excitation frequencies. Expres-
sion (2.21) only considers one term of a series over dipole transition moments.
Usually, this term is by far the most dominant one.

Keesom, Debye, and London contributed much to our understanding of forces
between molecules. For this reason, the three different types of dipole interactions
are named after them. The van derWaals force is the Keesom plus theDebye plus the
London dispersion interaction, thus all the terms that consider dipole–dipole
interactions:

VvdWðDÞ ¼ �CvdW

D6
with CvdW ¼ Corient þCind þCdisp: ð2:22Þ

All three terms contain the samedistance dependency: the potential energy decreases
with 1=D6. Usually, the London dispersion term is dominating. This is in most cases
true even for polar molecules that interact not only via the Debye and Keesom force
but also via the London dispersion forces. In Table 2.1, the contributions of the
individual terms for some gases are listed.

Table 2.1 Contributions of the Keesom, Debye, and London potential energy to the total van der
Waals interaction between similar molecules as calculated with Eqs. (218),(220), and (2.21) using
Ctotal¼Corient þ Cind þ Cdisp.

m (D)
a/4pe0
(10�30m3) hn (eV) Corient Cind Cdisp Ctotal Cexp

He 0 0.2 24.6 0 0 1.2 1.2 0.86
Ne 0 0.40 21.6 0 0 4.1 4.1 3.6
Ar 0 1.64 15.8 0 0 50.9 50.9 45.3
CH4 0 2.59 12.5 0 0 101.1 101.1 103.3
HCl 1.04 2.7 12.8 9.5 5.8 111.7 127.0 156.8
HBr 0.79 3.61 11.7 3.2 4.5 182.6 190.2 207.4
HI 0.45 5.4 10.4 0.3 2.2 364.0 366.5 349.2
CHCl3 1.04 8.8 11.4 9.5 19.0 1058 1086 1632
CH3OH 1.69 3.2 10.9 66.2 18.3 133.5 217.9 651.0
NH3 1.46 2.3 10.2 36.9 9.8 64.6 111.2 163.7
H2O 1.85 1.46 12.6 95.8 10.0 32.3 138.2 176.2
CO 0.11 1.95 14.0 0.0012 0.047 64.0 64.1 60.7
CO2 0 2.91 13.8 0 0 140.1 140.1 163.6
N2 0 1.74 15.6 0 0 56.7 56.7 55.3
O2 0 1.58 12.1 0 0 36.2 36.2 46.0

Theyaregiven inunitsof 10�79 Jm6.Forcomparison, thevanderWaals coefficientCexp asderived from
the van der Waals equation of state for a gas ðPþ a=V2

mÞðVm�bÞ ¼ RT is tabulated. From the
experimentally determined constants a and b, the van der Waals coefficient can be calculated with
Cexp ¼ 9ab=ð4p2N3

AÞ assuming that at very short range the molecules behave like hardcore particles.
Dipolemomentsm,polarizabilitiesa, andtheionizationenergieshnof isolatedmoleculesarealso listed.
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The data in Table 2.1 demonstrate that even for molecules with permanent
dipole moment, the London dispersion interaction usually dominates. An excep-
tion is the water molecule, where a strong permanent dipole moment is combined
with the small size of the molecule. Small molecules usually have a low
polarizability.

So far, we have implicitly assumed that the molecules stay so close to each other
that the propagation of the electric field is instantaneous. For the London dispersion
interaction, however, this is not necessarily true. To illustrate this, let us have a closer
look at what happens when two molecules interact. In one molecule, a spontaneous
random dipole moment arises, which generates an electric field. The electric field
expands with the speed of light. It polarizes the second molecule, whose dipole
moment in turn causes an electric field that reaches the first molecule with the speed
of light. The process takes place as calculated only if the electric field has enough time
to cover the distanceD between the molecules before the fluctuating dipole moment
has completely changed again. The exchange of interaction takes a time Dt ¼ D=c;
where c is the speed of light. If the first dipole changes faster thanDt, the interaction
becomes weaker. The time during which the dipole moment changes is in the order
of 1=n. Hence, only if

D
c
<

1
n
; ð2:23Þ

the interaction takes place as considered. The relevant frequencies are those
corresponding to the ionization of the molecule, which are typically 3�1015 Hz.
Thus, for D > c=n � 3� 108=3� 1015m ¼ 10 nm, the van der Waals interaction
decreasesmore steeply (i.e., formoleculeswith 1=D7) than for smaller distances. This
effect is known as retardation, and one speaks about retarded van der Waals
interaction and forces. We will discuss this in more detail in Section 2.4.

2.2
The Van der Waals Force Between Macroscopic Solids

Wemove from the interaction between twomolecules to the interaction between two
macroscopic solids. It was recognized soon after London had published his expla-
nation of the dispersion forces that dispersion interaction could be responsible for
the attractive forces acting between macroscopic objects. This idea led to the
development of a theoretical description of van der Waals forces between macro-
scopic bodies based on the pairwise summation of the forces between allmolecules in
the objects. This concept was developed by Hamaker6) [9] based on earlier work by
Bradley [10] and de Boer [11]. This microscopic approach of Hamaker of pairwise
summation of the dipole interactions makes the simplifying assumption that the

6) Hugo Christiaan Hamaker, 1905–1993, Dutch scientist at the Philips Laboratories and professor in
Eindhoven.
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dipolar interaction between a pair of molecules is not influenced by the presence of a
third molecule with a permanent or induced dipole moment. This is strictly fulfilled
only in the case of dilute gases but not solids, so we cannot expect precise quantitative
predictions from this theory. We will nevertheless start out with the Hamaker
approach, since it is instructive to get a qualitative understanding of van der Waals
interactions between macroscopic objects.

2.2.1
Microscopic or Hamaker Approach

As derived above, the potential energy of the van der Waals interaction between two
molecules A and B is given by

VABðDÞ ¼ �CAB

D6
: ð2:24Þ

The minus sign arises because it is an attractive force. CAB is a material specific
constant and equal to Ctotal in Eq. (2.22). It sums up contributions of all three
dipole–dipole interactions.

In order to determine the interaction between macroscopic solids, in the first step
we calculate the van derWaals energy betweenmolecule A and an infinitely extended
body with a planar surface made of molecules B. This is also relevant in under-
standing the adsorption of gas molecules to surfaces. We sum up the van der Waals
energy between molecule A and all molecules in solid B. Practically, this is done by
integration of the molecular density rB over the entire volume of the solid:

VMol=plane ¼ �CAB

ððð
rB
D06 dV ¼ �CABrB

ð1
0

ð1
0

2pr dr dx

½ðDþ xÞ2 þ r2�3 : ð2:25Þ

We have used cylindrical coordinates (Figure 2.1) and we have assumed that the
density of molecules B in the solid is constant. With 2r dr ¼ dðr2Þ, we get

Figure 2.1 Calculating the van der Waals force between a macroscopic body and a molecule.
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VMol=plane ¼ �prBCAB

ð1
0

ð1
0

dðr2Þ
½ðDþ xÞ2 þ r2�3 dx

¼ �prBCAB

ð1
0

� 1

2½ðDþ xÞ2 þ r2�2

2
4

3
5
1

0

dx

¼ �prBCAB

2

ð1
0

1

ðDþ xÞ4 dx

¼ �prBCAB

2
� 1

3ðDþ xÞ3

2
4

3
5
1

0

¼ �prBCAB

6D3
:

ð2:26Þ

Here, we already see a remarkable property of macroscopic van der Waals forces:
the energy of a molecule and a macroscopic body decreases less steeply than the
energy between two molecules. Instead of the D�6 dependence, the energy falls off
with distance proportional to D�3.

In the second step, we calculate the van der Waals energy between two infinitely
extended solids that are separated by a parallel gap of thicknessD. Therefore, we use
Eq. (2.26) and integrate over all molecules in solid A:

V ¼ �pCABrB
6

ððð
rA

ðDþ xÞ3 dV ¼ �pCABrArB
6

ð1
0

ð1
�1

ð1
�1

dz dy dx

ðDþ xÞ3 : ð2:27Þ

Here, y and z are the coordinates parallel to the gap and rA is the density ofmolecules
inmaterial A. Again, for simplicity we assume that A is a homogeneousmaterial and
rA is constant. The integral is infinite because the solids are infinitely large. We have
to divide by the area. The van der Waals energy per unit area is

VA ¼ V
A
¼ �pCABrArB

6

ð1
0

dx

ðDþ xÞ3

¼ �pCABrArB
6

� 1

2ðDþ xÞ2

2
4

3
5
1

0

¼ �pCABrArB
12D2

:

ð2:28Þ

With the definition of the so-called Hamaker constant

AH ¼ p2CABrArB; ð2:29Þ
we get

VA ¼ � AH

12pD2
: ð2:30Þ
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The force per unit area is equal to the negative derivative of VA versus distance:

f ¼ � dVA

dD
¼ � AH

6pD3
: ð2:31Þ

In the same way, it is possible to calculate the van der Waals energy between solids
having different geometries. One important case is the interaction between two
spheres with radii R1 and R2, which was also studied in Hamaker�s original
publication [9]. He found a van der Waals energy of

V ¼ �AH

6
2R1R2

d2cc�ðR1 þR2Þ2
þ 2R1R2

d2cc�ðR1�R2Þ2
þ ln

d2cc�ðR1 þR2Þ2
d2cc�ðR1�R2Þ2

 !" #
:

ð2:32Þ

Here, dcc is the distance between the centers of the spheres. The distance between the
surfaces is D ¼ dcc�R1�R2.

If the radii of the spheres are substantially larger than the distance (D 	 R1;R2),
Eq. (2.32) can be simplified (Ref. [12], p. 543):

W ¼ �AH

6D
� R1R2

R1 þR2
: ð2:33Þ

The van der Waals force is the negative derivative:

F ¼ � AH

6D2
� R1R2

R1 þR2
: ð2:34Þ

For a sphere and a flat, planar surface, the energy and force can be obtained by letting
R2 go to infinity:

V ¼ �AHRp

6D
and F ¼ �AHRp

6D2
: ð2:35Þ

For consistency, we renamed the radius of the first sphere to Rp; index �p� for
particle.

Example 2.7

A spherical silica (SiO2) particle hangs on a planar silica surface caused by the
van der Waals attraction of F ¼ AHRp=6D2. The van der Waals attraction
increases linearly with the radius of the sphere. The gravitational force, which
pulls the sphere down, is 4pR3

prg=3. It increases cubically with the radius. As a
consequence, the behavior of small spheres is dominated by van der Waals
forces, while for large spheres gravity is more important. At which radius is the
gravitational force so strong that the sphere detaches?
Use a Hamaker constant of AH ¼ 6� 10�20 J ¼ 60 zJ, the density is
r ¼ 2600 kgm�3. For two solids in contact, we take the distance to be 1.7 A

�
,

which corresponds to a typical interatomic spacing. We use the condition that
just before the sphere falls down, the van der Waals force is equal to the

2.2 The Van der Waals Force Between Macroscopic Solids j17



gravitational force:

AHRp

6D2
¼ 4

3
pR3

prg ) Rp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AH

8pD2rg

s
)

Rp ¼ 6� 10�20 J

8p � ð1:7� 10�10 mÞ2 � 2600 kgm�3 � 9:81m s�1

 !1=2

¼ 1:8mm:

Inreality, thevalueiscertainly lowerduetosurfaceroughnessandcontamination.
Roughness and contamination layers increase the effective contact distance.

As already mentioned, the microscopic approach by Hamaker to sum up the
molecular contributions is questionable since the pairwise additivity is usually not
fulfilled. Higher order interactions could in principle be taken into account as
demonstrated for the case of three interacting molecules [13]. With a simple
semiclassical discussion of the problem, one finds that the higher order terms are
smaller by a factor ða=4pe0D3ÞN for the Nth order [14]. Thus, we can neglect higher
order terms ifa=4pe0D3 	 1.When plugging in typical values, we see that forD � 1
nm, this conditions is still fulfilled and thus corrections due to higher orders should
be reasonably small. However, the Lifshitz theory, which we will discuss below, gives
precise predictions for the Hamaker constant, allows to take the influence of an
interveningmedium into account, and uses easier to access bulk material properties
for calculations. It is therefore the method of choice for quantitative calculations.

An important contribution ofHamaker (and de Boer andBradley) was to recognize
that formacroscopic bodies, the distance dependence of the van derWaals forces can
be significantly different from theD�6 and thus much longer ranged than originally
expected from the D�6 dependence for single molecules. This finding implies that
van der Waals forces between macroscopic objects can reach significant values if an
intimate contact (i.e., small D) is achieved.

Example 2.8

For a typical value of the Hamaker constant of AH ¼ 10 zJ ¼ 10�20 J and a
minimum separation of 1.7 A

�
, we get a force per unit area of strength

f ¼ AH

6pD3
¼ 10�20 J

6pð1:7� 10�10 mÞ3 ¼ 1:1� 108 Pa: ð2:36Þ

Thus, perfectly smooth and clean surfaces in contact and with a contact area of
1 cm2 could carry a load of � 1:1 tons. However, if the distance is increased to
10 nm, the value drops to a mere

f ¼ AH

6pD3
¼ 10�20 J

6pð10�8 mÞ3 ¼ 530 Pa; ð2:37Þ

which corresponds to a load of only 5 g per 1 cm2. This is a reduction by more
than five orders of magnitude but still a significant and clearly detectable force.
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This example already demonstrates the importance of surface roughness for
adhesion forces. For rough surfaces, the distance of closest approach will usually
be limited by the height of surface asperities. One possible approach to achieve high
adhesion on rough surfaces is the use of soft or adaptive surfaces that can conform
with the roughness.

Example 2.9

Geckos are able to run up and down walls, and even walk along the ceiling
head downward. Therefore, they have evolved one of the most versatile and
effective mechanisms to adhere to a surface. Geckos accomplish this by using
van der Waals forces [15, 16]. Their feet are covered with millions of tiny foot
hair, called setae; typically, they have 14 000 setae permm2. These setae run over
intomany even smaller spatulae (Figure 2.2). The soft nanostructures can easily
comply with surfaces and even out the surface roughness. In this way, the
Gecko achieves a high total contact area, which leads to van der Waals forces
strong enough to carry its weight.

2.2.2
Macroscopic Calculation: Lifshitz Theory

An important step toward a quantitative description of van der Waals forces was the
publication of Casimir and Polder in 1948 [17]. Using recent developments in
quantum electrodynamics, they calculated the retarded dispersion forces between
an atom and ametallic plate in vacuum. In the same year, Casimir also published his
well-known paper on the attraction between two parallel perfectly conducting plates
in vacuum [18], where he derived the force by considering quantum fluctuations in
vacuum (for details see Section 2.6). Casimir was the first to recognize that the optical
properties of the metal plates are directly linked to the production of virtual photons
and the intrinsic polarizability of the metal plates. This shift in paradigm from the
microscopic viewof single interacting dipoles to the electromagneticfluctuations that
are connected to the bulkmaterial properties significantly advanced our understand-
ing of van der Waals forces.

Figure 2.2 Picture of a Gecko taken through a glass plate (left) and scanning electron microscope
images of the setae and spatulae (right). (Images were kindly provided by S. Gorb.)
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From 1954 to 1956, Lifshitz derived the theoretical description for the forces
between two parallel plates of dielectric materials across a vacuum [19]. This theory
was extended together with Dzyaloshinskii and Pitaevskii between 1959 and 1961 to
include the effect of a third dielectric filling the gap between the plates [20].
However, the complicated structure of their solution hindered its widespread
acceptance and initially caused doubt of its practical use [21]. A simplified derivation
of the van der Waals forces between parallel plates was introduced by van Kampen
et al. [22] based on a model in which the fluctuations were represented by a sum of
harmonic oscillators. Since the bulk modes are independent of distance between the
surfaces, only surface modes contribute to the van der Waals force. Based on the
van Kampen calculations, Parsegian and Ninham showed in a series of papers in
1970 that the van der Waals forces could be calculated based on available dielectric
data [23]. This paned the way for a general quantitative description of van der Waals
forces.

Before we go into detail with the equations, let us briefly discuss themain features
of the van der Waals forces in the light of the Lifshitz theory. We will use the
configuration of two half-spaces made of material 1 and material 2 separated by a
distance. Fromnow onwe denote that distance by x, rather thanD. The symbolDwill
be reserved for the distance between objects and x is used for the distance between
two half-spaces separated by a gap with two parallel infinitely extended planar
interfaces. The intervening medium is made of material 3. In such a configuration,
the interaction between materials 1 and 2 occurs due to correlations of the electro-
magneticfluctuations,which corresponds to the exchange of virtual photons between
materials 1 and 2. An interveningmaterial 3 with a refractive index>1 will influence
the exchange of the virtual photons. In a simplified picture, the virtual photons have
now to travel a longer optical path, which corresponds to a larger physical distance
and thus a reduced interaction.
The main finding of the Lifshitz theory was that the equations derived with the
Hamaker approach are essentially still valid:

VAðxÞ ¼ � AH

12px2
: ð2:38Þ

The calculation of van der Waals forces for simple geometries comes essentially
down to determination of the Hamaker constant AH. However, the Hamaker
constant has to be calculated from the bulk dielectric and magnetic properties of
the materials. Since for most materials the magnetic contribution is negligible
compared to the dielectric, we assume that the magnetic susceptibilities are unity.
For equations including magnetic contributions, we refer to Ref. [3]. In Lifshitz
theory, the nonretardedHamaker constantA132 for two half-spacesmade ofmaterials
1 and 2 separated by an intervening medium 3 is given by

A132 ¼ 3
2
kBT

X01

m¼0

ð1
0
x lnð1�D13D23e

�xÞ dx; ð2:39Þ
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with

Dij ¼
eiðivmÞ�ejðivmÞ
eiðivmÞþ ejðivmÞ ð2:40Þ

and

vm ¼ 2pmkBT
�h

with m ¼ 1; 2; 3; 4; . . . ð2:41Þ

being the so-called Matsubara angular frequencies. The prime in the sum overm in
Eq. (2.39) denotes that the term with m ¼ 0 has to be multiplied with 1/2. The so-
called London dispersion dielectric response function eðivÞwith imaginary frequen-
cies iv is itself not a physical property of thematerials but is related to the real physical
dielectric response function eðvÞ of the materials

eðvÞ ¼ e0ðvÞþ ie00ðvÞ ð2:42Þ
by the Kramers–Kronig relation

eðivÞ ¼ 1þ 2
p

ð1
0

ve00 ðvÞ
v2 þv2

dv: ð2:43Þ

Note that eðivÞ itself is not a complex but a real quantity.
The lowest value of the photon energy �hvm form ¼ 1 given by Eq. (2.41) at room

temperature is 0.159 eV, which corresponds to the IR range (frequency 3:84� 1013

Hz, wavelength l ¼ 7:8 mm). Summation of Eq. (2.39) typically has to be done up to
values of m � 1000 or more in order to achieve good convergence of the sum. This
corresponds to wavelength up to the far UV. In fact, most of the terms contributing to
the sum will come from the UV portion of the spectrum (Figure 2.3). For very
high frequencies, all dielectric permittivities approach unity and the difference in
Eq. (2.40) becomes zero.

The termwithm ¼ 0 – commonly called zero frequency contribution – in the sum
of Eq. (2.39) contains the dielectric response functions of the materials evaluated at
zero frequency. These are identical to the static dielectric constants of the materials.
Actually, the zero frequency term corresponds to the sum of the Debye and Keesom
interactions. In most cases, the zero frequency term will make only a minor

Figure 2.3 Matsubara frequencies (drawn in units ofHz, whilevmhas the unit rad s�1¼ 2pHz), at
which the terms of the sum in Eq. (2.39) have to be evaluated. All values are for room temperature.
The IR and optical range contribute only with a few values. Most contributions come from the UV.
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contribution to the total interactions. However, there are exceptions. For substances
with large permanent dipolemoment, the Debye interaction can become significant.
It should also be noted that theDij terms defined by Eq. (2.40), which are used to sum
up the total interaction, depend on differences in dielectric properties of thematerials.
This implies that formaterials that have similar dielectric properties in theUV range,
the static or IR part of the interaction may become important.

For a numerical calculation ofA132; an alternative formof Eq. (2.39) can be used [5]:

A132 ¼ 3
2
kBT

X01

m¼0

X1
s¼1

½D13ðivmÞD23ðivmÞ�s
s3

: ð2:44Þ

The sum over s ¼ 1; 2; 3; . . . is a quickly converging sum, and for approximate
calculation, the s ¼ 1 term is already sufficient, which gives the simplified equation

A132 ¼ 3
2
kBT

X01

m¼0

½D13ðivmÞD23ðivmÞ�: ð2:45Þ

The difficulty in calculatingAH from the above equations arises from the necessity
that the dielectric response function e00ðvÞ of all materials involved must be known
for the full range of relevant frequencies n ¼ v=2p, from the infrared to the far
ultraviolet. Lack of this information was a critical obstacle for the practical use of the
Lifshitz theory. This issue was solved first by using approaches that constructed a
function of eðivÞby interpolating the limited amount of spectral data available. Today,
new experimental methods enable a much more detailed determination of eðivÞ
resulting in more precise values of AH. These methods are primarily vacuum
ultraviolet (VUV) spectroscopy [24] and valence electron energy loss spectroscopy
(VEELS) that can be carried out in electron microscopes [25].

Let us discuss the most important approaches to obtaining values of AH for given
spectroscopic data.

Simple Spectral Method [23] In the simple spectral method, a model dielectric
response function is used. It combines a Debye relaxation term to describe the
response at microwave frequencies with a sum of terms of classical form of Lorentz
electron dispersion (corresponding to a damped harmonic oscillator model) for the
frequencies from IR to UV:

eðivÞ ¼ 1þ Cmw

1þv=vmw
þ
X
j

Cj

1þðv=vjÞ2�xjv
ð2:46Þ

� 1þ Cmw

1þv=vmw
þ
X
j

Cj

1þðv=vjÞ2
; ð2:47Þ

wherevmw is derived from the characteristic relaxationwavelength, which is typically
in the microwave range. Cmw is simply the difference n0�nmw, where n0 is the static
refractive index and nmw is the refractive index at microwave frequencies and the
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damping term xj is assumed to be small. The values of Cj and vj are obtained using
the relation for the refractive index n:

nðvÞ2�1 ¼ nðvÞ2�1
h iv2

v2
j

þCj: ð2:48Þ

By plotting n2�1 versus ðn2�1Þv2 – the so-called Cauchy plot – both quantities are
directly obtained from the slope and intersection of a line fit.

For many materials, the simple spectral model gives reasonable estimates of
the Hamaker constant when the microwave term is omitted and a single
oscillator term is used. An example for a material with a more complex spectral
response is water. The original parameterization of Ninham with a microwave
term and just one oscillator term for IR and UV each [23] was improved in several
steps to a model including a relaxation term, five IR, and six UV oscillator terms
[26, 27]. Two alternative models closer to a full spectral analysis for water have
recently been proposed by Dagastine et al. [28] and Fernandez-Varea and Garcia-
Molina [29].

Tabor–Winterton Approximation [30, 31] This approximation was originally intro-
duced by Tabor and Winterton for the interpretation of their SFA measurements. It
uses the following approximations to describe the spectral response:

. Contributions from the infrared part of the spectrum are ignored, since the
ultraviolet part is expected to contribute most.

. Absorption in theUVoccurswithin a narrow frequency band and can therefore be
described by a single oscillator model.

. The resonance frequency in the UV is assumed to be the same for all three
materials and equal to the plasma frequency ne of about 3� 1015 Hz.

. Absorption in theUV is estimated from the refractive index in the range of visible
light n2 ¼ evis.

This corresponds to a dielectric response function

eðivÞ ¼ 1þ n2�1

1þv2=ð2pneÞ2
: ð2:49Þ

Using Eq. (2.44) and taking only the value for s ¼ 1 into account (higher values
are increasingly smaller since the Dij are smaller than 1), the Hamaker constant
for the interaction of materials 1 and 2 over an intervening material 3 can be
calculated by replacing the sum over m with an integral for m > 1. One obtains the
useful relation [31]

A132 � 3
4
kBT

e1�e3
e1 þ e3

0
@

1
A e2�e3

e2 þ e3

0
@

1
A

þ 3hne
8
ffiffiffi
2

p n21�n23
� �

n22�n23
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n21 þ n23

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n22 þ n23

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n21 þ n23

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n22 þ n23

p� � : ð2:50Þ
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For the case of two identical materials 1 interacting over an intervening material 3,
this equation further simplifies to

A131 ¼ 3
4
kBT

e1�e3
e1 þ e3

þ 3phne
8
ffiffiffi
2

p n21�n23
� �2
n21 þ n22
� �3=2 : ð2:51Þ

In Eqs. (2.50) and (2.51), the first term corresponds to the static (v ¼ 0) dielectric
response, which is due to the Keesom and Debye interaction and the second term
corresponds to the London dispersion interaction. Except for materials with high
values of the dielectric constant (e.g., water), the first termwill be much smaller than
the second one. In their original paper, Tabor andWinterton ignored this term since
in their case medium 3 was vacuum (n3 ¼ 1).

Full Spectral Method [32] The full spectral method is based on a comprehensive
spectral characterization of all involved materials. This involves as first step the
measurement of optical properties over a broad spectral range from IR to far UV;
alternatively, an ab initio band structure calculation is also possible. One possible
approach is tomeasure reflectance over thewhole frequency range using IR andVUV
spectroscopy. Themeasured reflected amplitudeRðhnÞ is used to obtain the so-called
reflection phase wðhnÞ using the corresponding Kramers–Kronig relation

wðhnÞ ¼ � 2hn
p

P
ð1
0

lnRðhn0Þ
ðhn0Þ2�ðhnÞ2 dhn0: ð2:52Þ

The symbolP denotes that the principal value of the integral has to be taken (omitting
the divergency at n0 ¼ n).

The difficulty in this calculation is that measured reflection results are often not
easily available over the whole frequency range. Therefore, an interpolation of the
data to values of low (0 eV) and high (� 1000 eV) energy values may be required [33].
With known values of RðhnÞ and wðhnÞ, e00ðvÞ and e00ðvÞ are obtained from the
equations for the complex refractive index n ¼ n0 þ in00 and complex dielectric
function e ¼ e0 þ ie00:

n0�1þ in00

n0 þ 1þ in00
¼ RðhnÞ exp ðiwðhnÞÞ; ð2:53Þ

e0 þ ie00 ¼ ðn0 þ in00Þ2: ð2:54Þ
The values of e00ðvÞ can then serve as input for Eq. (2.43) to obtain the dielectric
response function eðivÞ for eachmaterial. Finally, theHamaker constant is calculated
using Eq. (2.44).

The full spectral method is much more involved than the other approaches.
However, once the dielectric response function for a certain material has been
determined, it can be stored in a spectroscopic database that will then allow fast and
automated calculations of Hamaker constants for different material combinations.
For a detailed discussion on this topic, see Ref. [34]. By the use of VEELS in TEM, it is
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even possible to resolve variations in the dielectric properties on the nanometer scale
and calculate from these spectra the dispersion interaction across grain boundaries,
which were found to amount to up to 10% of the total grain boundary energies [35].

A comparison of the different methods for calculations of A132, where medium 3
was vacuum [36], showed that the Tabor–Winterton approach tended to overestimate
the values ofA132 formaterialswith high refractive indexn > 1:8but gives reasonable
values formaterials with n < 1:8. If sufficient spectral information is available, using
the full spectralmethod is certainly thefirst choice. For the case ofmolecular clusters,
even ab initio calculations of Hamaker constants are feasible [37].

However, in case of limited spectral data or as a quick estimate, Eqs. (2.50)
and (2.51) are very helpful since they allow the calculation of the Hamaker constant
from the refractive indices, dielectric permittivities, and UVabsorption frequency. A
list of these values for some selected materials is given in Table 2.2.

Example 2.10

Calculate the Hamaker constant for the interaction of amorphous silicon oxide
(SiO2) with silicon oxide across water at 20 �C. According to Table 2.2, we insert
e ¼ 78:5 and n ¼ 1:33 for water, e ¼ 3:82 and n ¼ 1:46 for silicon oxide, and
ne ¼ 3:4� 1015 Hz for the mean absorption frequency, into Eq. (2.50):

AH ¼ 0:304� 10�21 J � 3:82�78:5
3:82þ 78:5

0
@

1
A

2

þ59:7� 10�20 J � ð1:462�1:332Þ2

1:462 þ 1:332
� � � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:462 þ 1:332

p� �
¼ 0:250� 10�21 Jþ 5:10� 10�21 J ¼ 5:35� 10�21 J:

Equation (2.50) not only allows us to calculate the Hamaker constant, but also allows
us to easily predict whether we can expect attraction or repulsion. An attractive van
der Waals force corresponds to a positive sign of the Hamaker constant, repulsion
corresponds to a negative Hamaker constant. Van der Waals forces between similar
materials are always attractive. This can easily be deduced from Eq. (2.50) using
e1 ¼ e2 and n1 ¼ n2: the Hamaker constant is positive, which corresponds to an
attractive force. If two different media interact across vacuum (e3 ¼ n3 ¼ 1), or
practically a gas, the van der Waals force is also attractive. Van der Waals forces
betweendifferentmaterials across a condensed phase canbe repulsive. Repulsive van
der Waals forces occur whenmedium 3 is more strongly attracted to medium 1 than
medium 2. Repulsive forces were, for instance, measured for the interaction of
silicon nitride with silicon oxide in diiodomethane [40]. Repulsive van der Waals
forces can also occur across thin films on solid surfaces. In the case of thin liquid
films on solid surfaces, there is often a repulsive van der Waals force between the
solid–liquid and the liquid–gas interface [41], which stabilizes the film (see Section
7.6). This prevents flotation.
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The above analysis applies to insulating materials. For electrically conductive
materials such as metals, the dielectric constant is infinite and equations such as
Eq. (2.47) do no longer apply. In this case, we can approximate the dielectric response
function of the metal by

eðivÞ ¼ 1þ 2pn2e
v2

; ð2:55Þ

where ne is the so-called plasma frequency of the electron gas; it is typically 5�
1015 Hz. Using Eq. (2.55), instead of Eq. (2.45), leads to the approximate

Table 2.2 Permittivity e, refractive index n, and main absorption frequency ne in the UV for various
solids, liquids, and polymers at 20 �C (Refs. [31, 38, 39], handbooks, and own measurements).

Material e n ne (10
15 Hz)

Al2O3 (alumina) 9.3–11.5 1.75 3.2
C (diamond) 5.7 2.40 2.7
CaCO3 (calcium carbonate, average) 8.2 1.59 3.0
CaF2 (fluorite) 6.7 1.43 3.8
KAl2Si3AlO10(OH)2 (muscovite mica) 5.4 1.58 3.1
KCl (potassium chloride) 4.4 1.48 2.5
NaCl (sodium chloride) 5.9 1.53 2.5
Si3N4 (silicon nitride, amorphous) 7.4 1.99 2.5
SiO2 (quartz) 4.3–4.8 1.54 3.2
SiO2 (silica, amorphous) 3.82 1.46 3.2
TiO2 (titania, average) 114 2.46 1.2
ZnO (zinc oxide) 11.8 1.91 1.4
Acetone 20.7 1.359 2.9
Chloroform 4.81 1.446 3.0
n-Hexane 1.89 1.38 4.1
n-Octane 1.97 1.41 3.0
n-Hexadecane 2.05 1.43 2.9
Ethanol 25.3 1.361 3.0
1-Propanol 20.8 1.385 3.1
1-Butanol 17.8 1.399 3.1
1-Octanol 10.3 1.430 3.1
Toluene 2.38 1.497 2.7
Water 78.5 1.333 3.6
Polyethylene 2.26–2.32 1.48–1.51 2.6
Polystyrene 2.49–2.61 1.59 2.3
Poly(vinyl chloride) 4.55 1.52–1.55 2.9
Poly(tetrafluoroethylene) 2.1 1.35 4.1
Poly(methyl methacrylate) 3.12 1.50 2.7
Poly(ethylene oxide) 1.45 2.8
Poly(dimethyl siloxane) 2.6–2.8 1.4 2.8
Nylon 6 3.8 1.53 2.7
Bovine serum albumin 4.0 2.4–2.8
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Hamaker constant

AH � 3

16
ffiffiffi
2

p hne � 4� 10�19 J ð2:56Þ

for two metals interacting across a vacuum. Thus, the Hamaker constants of metals
and metal oxides can be more than an order of magnitude higher than those of
nonconductingmedia.Much effort to achieve detailedmodeling of the (retarded) van
derWaals forces betweenmetals has beenmade in recent years in the research on the
Casimir force (see Section 2.6).

While a calculation of Hamaker constants using the full spectral information
should give the most reliable results, this information is often not available, and of
course experimental proof of theoretical calculations is always desirable. The
experimental determination of Hamaker has followed several approaches. Direct
measurement of van derWaals forces (see Section 2.5) has been carried out using the
SFA andmore oftenAFM in combinationwith the colloid probe technique. The latter
allows more flexibility in the choice of materials. By fitting the experimentally
observed forces, Hamaker constants can be derived. Van der Waals interactions
between colloids can be estimated from sedimentation experiments using ultracen-
trifugation [42] or field flow fragmentation [43], from flocculation kinetics [44] or the
critical yield stress in rheology [45]. Other methods that are based on the interaction
with defined test substances are inverse gas chromatography [46, 47], immersion
calorimetry [48], and contact angle measurements for the determination of surface
energies (see Section 2.23).

In Table 2.3, nonretarded Hamaker constants are listed for different material
combinations. Hamaker constants, calculated from spectroscopic data, are found in
many publications [29, 36, 38, 49–54]. Reviews are given in Refs [34, 39].

2.2.2.1 Combining Relations for Hamaker Constants
There are several equations that can be used to calculate Hamaker constants
between different combinations of materials from known Hamaker constants. A
useful one is

A132 � A12�A32�A13 þA33; ð2:57Þ

where Aij denotes the Hamaker constant for materials i and j interacting across
vacuum. By applying this relation to A131, we obtain

A131 � A11 þA33�2A13 � A313: ð2:58Þ

A second relation (based on the geometric mean) gives

A12 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11A22

p
: ð2:59Þ

Substituting Eq. (2.59) into Eq. (2.57) results in

A132 �
ffiffiffiffiffiffiffi
A22

p
�

ffiffiffiffiffiffiffi
A33

p� � ffiffiffiffiffiffiffi
A11

p
�

ffiffiffiffiffiffiffi
A33

p� �
: ð2:60Þ
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Table 2.3 Hamaker constants for medium 1 interacting with medium 2 across medium 3.

Medium 1 Medium 2 Medium 3 AH calc. AH exp. References

Mica Vacuum Mica 89
 12 158
 25 [36, 39, 56–58]
Mica Water Mica 9
 4 22
 3 [29, 36, 39, 55]
Mica Vacuum Si3N4 64
 7 [59]
Mica Water Si3N4 24.5 [39]
Mica Ethanol Si3N4 116 [60]
Mica Vacuum Ag 330 [57]
Mica Vacuum SiO2

Mica Water SiO2 12 [61]

SiO2 Vacuum SiO2 68
 3 61 [36, 39, 48,
53, 54, 63]

SiO2 (cr) Vacuum SiO2 (cr) 95 87 [48, 54]
SiO2 Water SiO2 4:6
 1:6 [29, 36, 39, 54]
SiO2 (cr) Water SiO2 (cr) 14
 3 [39, 54]
SiO2 Dodecane SiO2 1.4 [39]
SiO2 Al2O3 SiO2 25 [54]
SiO2 Water Vacuum �16 [54]
SiO2 (cr) Water Vacuum �23 [54]
SiO2 Vacuum Si3N4 66
 27 [59]
SiO2 Vacuum PTFE 62 76 [53]
SiO2 Vacuum Ag 184 132 [53]
SiO2 Vacuum Cu 167 142 [53]
SiO2 Vacuum W 1:3
 0:2 [64]
SiO2 Vacuum TiN 120 88 [53]
SiO2 Vacuum PS 120
 20 [65]
SiO2 Water Protein (BR, BSA) 6.7 5–10 [62, 66]
Si3N4 Vacuum Si3N4 174
 6 [36, 39]
Si3N4 Water Si3N4 48
 3 [29, 36, 39]
Si3N4 SiO2 Si3N4 36
 3 [36, 54]
Si3N4 Diiodomethane Si3N4 10 [40]
Si3N4 Bromonaphthalene Si3N4 28 [40]
Si3N4 Diiodomethane SiO2 �8 [40]
Si3N4 Bromonaphthalene SiO2 �2 [40]
Si3N4 Vacuum Ag 373
 89 [59]
Si3N4 Vacuum PS 190
 20 [65]
Si3N4 Water PS 80
 15 [65]
SiC Vacuum SiC 247 71 [39, 48]
SiC Water SiC 108 [39]
Si Vacuum Si 234 [63]
Si (am) Water Si (am) 88 [29]

Al2O3 Vacuum Al2O3 145 165 [36, 39, 48]
Al2O3 Water Al2O3 36
 2 [29, 36, 39, 52]
Al2O3 SiO2 Al2O3 19 [36]
Al2O3 SiO2 Vacuum �42 [54]
Al2O3 Methanol Al2O3 84 [52]
Al2O3 1-Propanol Al2O3 76 [52]
Al2O3 2-Propanol Al2O3 149 [52]
Al2O3 1-Butanol Al2O3 75 [52]
Al2O3 2-Butanol Al2O3 85 [52]



Table 2.3 (Continued)

Medium 1 Medium 2 Medium 3 AH calc. AH exp. References

Al2O3 Benzene Al2O3 77 [52]
Al2O3 Toluene Al2O3 79 [52]

TiO2 Vacuum TiO2 167
 14 138 [36, 39, 48]
TiO2 Water TiO2 57
 3 37 [29, 36, 39,

67, 68]
TiO2 SiO2 Vacuum �54 [54]

ZnO Vacuum ZnO 92 [39]
ZnO Water ZnO 19 [39]
BaTiO3 Vacuum BaTiO3 180 [39]
BaTiO3 Water BaTiO3 93
 12 [39, 52]
BaTiO3 Methanol BaTiO3 143 [52]
SrTiO3 Vacuum SrTiO3 210
 50 [39, 54]
SrTiO3 Water SrTiO3 92
 30 [39, 54]
SrTiO3 Water Vacuum �61
 20 [54]
CaCO3 Vacuum CaCO3 138 [48]
CaCO3 Water CaCO3 13 [29]
Cement Water Cement � 16 [69]

CaF2 Vacuum CaF2 69 [39]
CaF2 Water CaF2 4:4
 0:5 [29, 39]
CdS Vacuum CdS 114 [39]
CdS Water CdS 35
 2 [29, 39]
PbS Vacuum PbS 82 [39]

KBr Vacuum KBr 56 [39]
KCl Vacuum KCl 55 [39]
NaCl Vacuum NaCl 65 [39]
NaF Vacuum NaF 41 [39]
MgO Vacuum MgO 121 [39]
MgO Water MgO 21
 1 [29, 39]

Ag Vacuum Ag 488 387 [53]
Ag Water Ag 149 20–100 [52, 70]
Ag Methanol Ag 175 [52]
Ag 1-Propanol Ag 168 [52]
Ag 2-Propanol Ag 225 [52]
Ag 1-Butanol Ag 167 [52]
Ag 2-Butanol Ag 175 [52]
Ag Benzene Ag 166 [52]
Ag Toluene Ag 168 [52]
Ag Vacuum PTFE 164 132 [53]

Au Vacuum Au 332 [58]
Au Water Au 44
 15 [71, 72, 73,

74, 75]
Au Ethanol Au 40 [76]
Cu Vacuum Cu 402 275 [53]

(Continued)



Table 2.3 (Continued)

Medium 1 Medium 2 Medium 3 AH calc. AH exp. References

Cu Vacuum PTFE 149 122 [53]
Pt Vacuum Pt 180 [78]
Pt Vacuum Graphite 320 [78]
Pt Vacuum Ni 530 [78]
Pt Vacuum Ti 390 [78]
Pt Vacuum Al 380 [78]
Pt Vacuum Cu 65 [78]

Diamond Vacuum Diamond 296 [39]
Diamond Water Diamond 134
 4 [29, 39]

PS Vacuum PS 71
 5 [63, 79, 80]
PS Water PS 7.7 10 [79, 81]
PI Vacuum PI 60 [80]
PVC Vacuum PVC 75 [80]
PE Vacuum PE 51 [80]
PTFE Vacuum PTFE 47
 6 43 [48, 51, 53]
PTFE Water PTFE 4:9
 1:3 [51]

PS Water Protein (BSA) 6.2 [62]
PVC Water Protein (BSA) 9.3 [62]
PMMA Water Protein (BSA) 7.9 [62]
PTFE Water Protein (BSA) 0.73 [62]
Protein (BSA) Water Protein (BSA) 12.5 [62]
Cellulose Vacuum Cellulose 58 [77]
Cellulose ester Vacuum Cellulose ester 68–84 [82]
Cellulose Water Cellulose 8 [77]

PL bilayer Water PL bilayer 7.5 See
Section 10.3

Water Vacuum Water 36.6 [58]
Cyclopentane Vacuum Cyclopentane 29.9 [51]
n-Pentane Vacuum n-Pentane 25.9 [51]
n-Hexane Vacuum n-Hexane 27.6 [51]
n-Heptane Vacuum n-Heptane 30.0 [51]
n-Octane Vacuum n-Octane 43.5 [80]
Cyclopentane Water Cyclopentane 3.9 [51]
n-Pentane Water n-Pentane 4.4 [51]
n-Hexane Water n-Hexane 4.1 [51]
n-Heptane Water n-Heptane 3.9 [51]
Diiodomethane Vacuum Diiodomethane 75 [80]
Benzene Vacuum Benzene 49.5 [80]

We did not discriminate between gases and vacuum and consistently wrote �vacuum� in both cases.
All values are given in zJ¼ 10�21 J. BSA: bovine serum albumin; BR: bacteriorhodopsin; PS:
polystyrene; PI: poly(isoprene); PVC: poly(vinyl chloride); PTFE: poly(tetrafluoroethylene); PMMA:
poly(methyl methacrylate); am: amorphous; cr: crystalline. Errors reflect the variation from different
references or the errors given in a reference. If no errors are given, the value is based on only one
reference without reported error.



For the symmetric situation, we get

A131 �
ffiffiffiffiffiffiffi
A11

p
�

ffiffiffiffiffiffiffi
A33

p� �2
and

A232 �
ffiffiffiffiffiffiffi
A22

p
�

ffiffiffiffiffiffiffi
A33

p� �2
;

which together with Eq. (2.58) results in

A132 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A131 A232

p
: ð2:61Þ

So, if we know theHamaker constant ofmaterial 1 interacting acrossmedium3with
itself, A131, and we know the Hamaker constant of material 2 interacting across
medium 3 with itself, A232, then we can estimate the Hamaker constant for the
interaction between material 1 and material 2 across medium 3, A132. However, all
these equations should be used with caution and only for cases where the London
dispersion interaction makes the dominating contribution to the total van der Waals
force. Otherwise, one might obtain values that can be off by an order of magnitude
and may even have the wrong sign [87]. Therefore, calculation of the Hamaker
constant using one of the above approximations is recommended only if no sufficient
spectral information is available.

2.2.3
Surface Energy and Hamaker Constant

Van der Waals forces play an important role in adhesion phenomena and cohesive
energies of materials. For molecular solids we can derive a simple relation between
the surface energy and the Hamaker constant; molecular solids are solids in which
themolecules attract each other solely by van derWaals interaction, for example, in a
wax. We can in first approximation estimate the surface energy of molecular crystals
using the following gedankenexperiment: A crystal is cleaved in two parts. These
parts are separated to an infinite distance (Figure 2.4). The work required per unit
area to overcome the van der Waals attraction is VA ¼ AH=12pD2

0, where D0 is the
distance between two atoms. Upon cleavage, two fresh surfaces are formed.With the
surface energy cS; the total work required for creation of the two surfaces is 2cS �A.
Equating the results leads to

cS ¼ AH

24pD2
0

: ð2:62Þ

However, such calculation should be seen with caution. The application of a
continuumview ofmatter (manifested by the use of aHamaker constant) at distances
at which a molecular �graininess� is expected to become important is certainly
optimistic. Furthermore, rearrangement of surface atoms upon contact or separation
might occur. Nevertheless, it was found that in many cases reasonable estimates of
the surface energy can be obtained when an interatomic distance of 1.7 A

�
is used.
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Example 2.11

TheHamaker constant of helium–vacuum–helium is 5:7� 10�22 J. Calculating
the surface energywithEq. (2.62) andanatomic distance of 1.6 A

�
leads to 0.26mJ

m�2. This value is in good agreement withmeasured values for liquid helium of
0.12–0.35mJm�2. ForTeflon,we calculate a surface energyof 16–28mJm�2 [51]
using an atomic spacing of 1.7A

�
and a Hamaker constant of 3:4�6:0� 10�20 J.

A frequently used method to measure the Hamaker constant of solids is based on
the idea that the interaction of a solid surface with nonpolar liquids will mainly occur
through the London dispersion interaction. One can therefore define a dispersive
surface tension cDS that contains only the dispersive contribution. The value of cDS can
be determined from contact angle measurements with nonpolar liquids using the
Fowkes equation [83]

cos q ¼ 2

ffiffiffiffiffiffi
cDS
cDL

s
�1: ð2:63Þ

Here, q is the contact angle (see Section 5.3) and cDL is the surface tension of the
nonpolar liquid. By plotting cos q versus 1=

ffiffiffiffiffiffi
cDL

p
for several nonpolar liquids, one

obtains cDS from the slope of a linear fit. The Hamaker constant A1V1 for material 1
interacting with itself over a gap in vacuum is

A1V1 ¼ 24pD2
0c

D
S : ð2:64Þ

2.3
The Derjaguin Approximation

In Section 2.1, we had calculated the van der Waals force between two spheres and
between two planar surfaces. What if the two interacting bodies do not have such a
simple geometry?We could try to do an integration similar to the one that was carried
out for the two spheres. This, however, might be very difficult and lead to long
expressions. The Derjaguin7) approximation is a simple way to overcome this

Figure 2.4 Cleaving a molecular crystal to calculate the surface energy of a solid.

7) Boris Vladimirovich Derjaguin, 1902–1994. Russian physicochemist, professor in Moscow.
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problem. This approximation is valid only if the characteristic decay length of the
surface force is small in comparison to the curvature of the surfaces. The Derjaguin
approximation is not only applied to van der Waals forces but can also in general be
used to relate the energy per unit area for a parallel gap between two half-spaces to the
force between arbitrary bodies.

2.3.1
The General Equation

The Derjaguin approximation relates the energy per unit area between two planar
surfacesVA that are separated by a gap of width x to the energy between two bodies of
arbitrary shape V that are at a distance D (Figure 2.5):

VðDÞ ¼
ð1
D

VAðxÞ dA: ð2:65Þ

The integration runs over the entire surface of the solid. Please note that hereA is the
cross-sectional area. Often, we have to deal with rotational symmetric configurations.
Then, it is reasonable to integrate in cylindrical coordinates:

VðDÞ ¼ 2p
ð1
0

VAðxðrÞÞ r dr: ð2:66Þ

In many cases, the following expression is more useful:

VðDÞ ¼
ð1
D

VAðxÞ dA
dx

dx: ð2:67Þ

D

r

x

Figure 2.5 Schematic of Derjaguin�s approximation for a rotational symmetric body interacting
with a planar surface.
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Derjaguin used this approach to calculate the interaction between two ellipsoids [84].
The same approximation was also introduced in 1977 by Blocki et al. [85] for
calculating interaction forces between nuclei of atoms. They coined the term
�proximity forces� in their publication. While the term �Derjaguin approximation�
is still the standard term in surface science, the term �proximity force approximation�
has become popular among physicists in the field of nuclear physics and the Casimir
force (see Section 2.6).

Example 2.12

Calculate the van derWaals force between a conewith an opening anglea and a
planar surface (Figure 2.6). The cross-sectional area is given by

A ¼ p½ðx�DÞtan a�2 for x � D;

which leads to

dA
dx

¼ 2p tan2aðx�DÞ:

For the force, we can use a similar equation as for the energy:

FðDÞ ¼
ð1
D

f ðxÞ dA
dx

dx ¼ �
ð1
D

AH

6px3
� 2p � tan2a � ðx�DÞ � dx

¼ �AHtan2a

3
�
ð1
D

x�D
x3

dx;

Figure 2.6 Interaction between a cone and a planar surface.
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FðDÞ ¼ �AHtan2a

3
� 1
x
þ D

2x2

2
4

3
5
1

D

¼ AHtan2a

3
� � 1

D
þ 1

2D

0
@

1
A

¼ �AHtan2a

6D
:

A special and important case is the interaction between two identical spheres. It is
relevant for understanding the stability of dispersions. For the case of two spheres of
equal radius Rp, the parameters x and r are related by (Figure 2.7)

xðrÞ ¼ Dþ 2Rp�2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
p�r2

q
) dx ¼ 2rffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
p�r2

q dr ) 2r dr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
p�r2

q
� dx:

ð2:68Þ

If the range of the interaction is substantially smaller than Rp, then we only need to
consider the outer caps of the two spheres and only the contributions with a small r
are effective. We can simplify

2r dr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
p�r2

q
� dx � Rp dx ð2:69Þ

and integral (2.67) becomes

VðDÞ ¼ pRp

ð1
D

VAðxÞ dx: ð2:70Þ

D

x r( )

rRp r Rp

Figure 2.7 Calculating the interaction between two spheres with Derjaguin�s approximation.
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From the potential energy, we can calculate the force between two spheres:

F ¼ � dV
dD

¼ �pRp
d
dD

ð1
D

VAðxÞ dx
0
@

1
A ¼ pRpV

AðDÞ ð2:71Þ

since VAð1Þ ¼ 0. Thus, assuming that the range of the interaction is substantially
smaller than Rp, there is a simple relationship between the potential energy per unit
area and the force between two spheres.

As one example, we calculate the van derWaals force between two identical spheres
of radius Rp from the van der Waals energy per unit area VA ¼ �AH=12px2

(Eq. (2.38)). Using Derjaguin�s approximation, we can directly write

F ¼ �AHRp

12D2
; ð2:72Þ

which agrees with Eq. (2.34) for R1 ¼ R2 ¼ Rp.
Equation (2.71) refers to the interaction between two spheres. For a sphere that is at

a distance D from a planar surface, we get a similar relation:

F ¼ 2pRpV
AðDÞ: ð2:73Þ

White [86] extended the approximation to solids with arbitrary shape.
Derjaguin�sapproximationhasafundamental consequence. Ingeneral, the forceor

energy between two bodies depends on the shape, on thematerial properties, and on
the distance.Now it is possible to divide the force (or energy) between two solids into a
purely geometrical factor and into a material and distance-dependent term VAðxÞ.
Thus, it is possible to describe the interaction independent of the geometry. This also
gives us a common reference, to compare different materials, which is VAðxÞ.

2.3.2
Van der Waals Forces for Different Geometries

Using Derjaguin�s approximation, we can calculate the van der Waals force between
objects of different shape (for an extended list, see Ref. [3]). We start with a
particularly instructive case, the van der Waals force between two slabs of thickness
d (Figure 2.8a). The energy per unit area is

V
A

¼ A132

12p
1
D2

� 2

ðDþ dÞ2 þ 1

ðDþ 2dÞ2

2
4

3
5

¼ A132

12pD2
1� 2

ð1þ d=DÞ2 þ 2

ð1þ 2d=DÞ2

2
4

3
5:

ð2:74Þ
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Equation (2.74) tells us how far the dispersion interaction effectively reaches into
the material: for the caseD 	 d, the second and third terms in the square brackets
will vanish and the interaction will be the same as if the slabs had infinite
thickness. This means that the van der Waals interaction between two bodies
with parallel planar surface will occur essentially between surface layers with a
thickness of the order of the separationD. So for very small values ofD, only a very
thin surface layer will contribute. As a consequence, the van der Waals interaction
between layered materials will have complex dependence on distance. As an
example, we will take the interaction between two half-spaces of material 1 coated
with a thin layer of material 2, separated by a gap filled with material 3. The
corresponding Hamaker constant A12321; which should better be called Hamaker
function, will depend on the gap thickness D. For a very small gap width D 	 d,
the van der Waals interaction will essentially occur between the two layers of
material 2 and A12321ðD � 0Þ will be equal to A232, just as if we had the interaction
of two half-spaces of material 2 across material 3. For distances much larger than
the film thickness of material 2, the interaction will reach far into the material 1
and A12321ðD � 0Þwill approach the value of A131, just as if the layers of material 2
would not exist (Figure 2.9).

The equation for the interaction between two slabs can also be helpful for
calculations for other geometries.

Example 2.13

Calculate the free energy between two cubes of side length L. Two opposite faces
are assumed to be oriented parallel.
Knowing the interaction between two slabs of thickness d (Eq. (2.74)) and the
cross-sectional area of interaction A ¼ L2, we obtain

31 2

d dD

r

D

c rc

(a) (b) (c)

1

3

2

D

31 2

Figure 2.8 Different configurations for which the van der Waals force was calculated.
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VðDÞ ¼ A132L2

12pD2
1� 2

ð1þ L=DÞ2 þ 2

ð1þ 2L=DÞ2
" #

:

For L � D, this reduces to VðDÞ ¼ A132L2=ð12pD2Þ.

For twoparallel, infinitely long cylinders both of equal radius rc (Figure 2.8b) and
with a radius much larger than the distance, the free energy per unit length l is

VðDÞ
l

¼ A132

24D3=2

ffiffiffiffi
rc

p
: ð2:75Þ

If the cylinders are oriented perpendicular to each other (Figure 2.8c), the free
energy for rc � D is

VðDÞ ¼ A132

6D
rc: ð2:76Þ

2.4
Retarded Van der Waals Forces

As already mentioned in Section 2.1.3, the D�2 dependence for the van der Waals
force between parallel plates is valid only for short distancesD.WhenD is larger than

Figure 2.9 Dependence of effective Hamaker constant on the separation distance between two
half-spaces coated with a thin layer. Case (a): for D	 d, A12321 !A232. Case (b): for D� d,
A12321 !A131.
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5–10 nm, the finite speed of the virtual photons leads to retardation. The full
equations of the Lifshitz theory already contain this effect, but a discussion on the
complete Lifshitz theory is beyond the scope of this chapter and the interested reader
may refer to Ref. [3]. We will follow that book for a short qualitative discussion of the
topic for the example of half-spaces of materials 1 and 2 interacting over a gap filled
with material 3.

A rough approximation to understand qualitatively the transition from the non-
retarded van der Waals force to the retarded regime can be derived using Eq. (2.45).
Note that only the London dispersion contribution is affected by retardation. When
retardation comes into play, theHamaker constantA123 becomes, in fact, a �Hamaker
function� A123ðxÞ that will depend on separation x. Under the simplifying assump-
tion that the speed of light is the same in all three materials, this Hamaker function
then can be written as [3]

A132 ¼ 3
2
kBT

X01

m¼0

D13ðivmÞD23ðivmÞRmðrmÞ ð2:77Þ

with the same definitions as for Eq. (2.39) and the additional damping function

RmðrmÞ ¼ ð1þ rmÞe�rm with rm ¼ 2x
ffiffiffiffiffi
e3

p
c

vm ð2:78Þ

that describes the change of the Hamaker constant with separation D due to
retardation. For the interaction between two identicalmaterials, we obtain (D23 ¼ D13)

A131 ¼ 3
2
kBT

X01

0

ðD13ðivmÞÞ2RmðrmÞ ð2:79Þ

and vm again representing the Matsubara frequencies. The dimensionless values rm
are given as the product of a time constant that is equal to twice the travel time for a
photon over the gap filled withmaterial 3 times themthMatsubara frequency. In other
words, rm is the ratio of the travel time of the photons, 2x

ffiffiffiffiffi
e3

p
=c, and the fluctuation

lifetime 1=vm. In the limit ! 0, rm will go to zero and Rm ! 1. Equation (2.77) will
become identical to Eq. (2.45). The convergence of the sum is in this case ensured due
to the decay of ðD13ðivmÞÞ2 at high frequencies. For the caseD!1, also rm will go to
infinity and we get Rm ¼ rmexpð�rmÞ! 0. Thus, for large distances the London
dispersion contributionwill decay to zero and only the Keesom andDebye interactions
will survive. This implies that at very large distances the van der Waals force between
two plates will become proportional to D�2 again.

In the intermediate range, the behavior is more complex. The damping function
Rm is low (i.e., leads to a stronger damping) for high values of m, which means for
higher values of the frequencies vm. This behavior is due to the shorter fluctuation
lifetime (i.e., the time the oscillation takes to change the dipole orientation) 1=vm at
higher frequencies. The exponential damping factor exp ð�rmÞ will make the high-
frequency components (corresponding to higher values ofm) in the sumof Eq. (2.79)
die out first with increasing distance x. Thismeans that in the case of retardation, the
sum in Eq. (2.79) is essentially completed when m has reached the value mmax for
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which rm ¼ 1:

mmax ¼ �hc
4pkBTx

ffiffiffiffiffi
e3

p : ð2:80Þ

Assuming e3 � 1, we get mmax ¼ 6:23� 10�7m=x. For x ¼ 10 nm, we get
mmax ¼ 62, which corresponds to contributions up to a wavelength of lmax ¼ 126
nm. For x ¼ 50 nm, we get mmax ¼ 12 corresponding to lmax ¼ 652 nm and for
x ¼ 100 nm we get mmax ¼ 6 and lmax ¼ 1:3 mm.

Often, the distance dependence of the vanderWaals force betweenparallel plates is
written as

VAðDÞ ¼ � A132

12pxp
ð2:81Þ

to express the effect of retardation as a change in the exponent p of the power law
instead of using a Hamaker function. In this case, the value of pmust increase with
the onset of retardation to a value larger than 2 but return to a value of 2 at very large
separations. At short separations, we have the unretarded van derWaals forcewith an
exponent of p ¼ 2. At separations of 2–5 nm, the exponent starts to increase due to
retardation. In this range, both the decrease of ðD13ðivmÞÞ2 and Rm with increasing
vm contribute. With further increase of distance, one reaches the point where
ðD13ðivmÞÞ2 becomes independent of m since it has reached its low frequency limit
and only the damping factor Rm remains relevant. In this range, we have

RmðrmÞ ¼ ð1þ rmÞe�rm � rme
�rm : ð2:82Þ

Since rm / mD, this equation can be rewritten as

RmðrmÞ ¼ mCDe�mCD; ð2:83Þ
whereC is a constant. The sum inEq. (2.79) can thenbe rewritten usingEq. (2.83) and
converting the sum to an integral:

A131 ¼ ðD13ðiv1ÞÞ2
ð
mCxe�mCxdm ¼ ðD13ðiv1ÞÞ2 1

Cx

ð
x0De�x0dx0: ð2:84Þ

The prefactor of the integral introduces an additional factor of 1=x that leads to an
exponent of p ¼ 3 in this range. For even higher separations (more than the thermal
wavelength of 7.8mm for m ¼ 1), even the fluctuations at the lowest Matsubara
frequency have been screened out and the exponent goes back to p ¼ 2.

Exact calculations of the retarded van der Waals force are usually carried out
numerically using the full Lifshitz theory in combination with spectral data of the
materials. For some special geometries as sphere–sphere interaction, better analyt-
ical approximations for Rm than Eq. (2.78) have been developed. For discussion of
these approximations, see Ref. [89].

2.4.1
Screening of Van der Waals Forces in Electrolytes

In many applications, we are interested in the van derWaals force across an aqueous
medium. Then, an important question concerning the effect of dissolved ions on the
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van derWaals interaction arises. Since ions are free tomove, they should also respond
to the electromagnetic fluctuations that are responsible for the London dispersion
interactions. However, since the mobility of ions in water is rather low compared to
the high frequencies involved in the London dispersion forces, only the lowest
frequencies will contribute. A comparison of the typical diffusion time of ions in
aqueous solutions soon shows that within the time frame of even the lowest
Matsubara frequency v1 ¼ 3:84� 1013 Hz, the ions will not move significantly.
Therefore, the ions will couple only to the zero-frequency part of the van der Waals
forces, that is, theKeesomandDebye interactions. Sincewatermolecules have a large
static dipole moment, Keesom and Debye interactions in aqueous systems may be
relatively high compared to other solvents, where usually the London dispersion
interaction will be dominant.

An electric field due to dipoles emanating from amaterial in a salt solution will be
screened according to the Gouy–Chapman theory in an exponential decay fashion
typical for the electric double layer (see Chapter 4). The decay length will be given by
the Debye length lD (Eq. (4.8)). For the interaction between two parallel surfaces over
a gap of width x filled with electrolyte solution, the field from surface 1 will have
decayed to expð�x=lDÞwhen it has reached the other surface. The dielectric response
of surface 2will be shielded the sameway. This will lead to damping of the interaction
that we can describe by a simple correction factor:

VAðxÞ ¼ VA
0 ðxÞ 1þ 2x

lD

� �
e�2x=lD : ð2:85Þ

Here, VA
0 ðxÞ is the van der Waals interaction without screening. For a 0.1M NaCl

solution, the Debye length is lD ¼ 0:95 nm. For a distance between the surfaces of
2 nm, the Keesom and Debye interaction will be reduced to less than 8% of the
unscreened interaction. The screening of the static contributions by ions is especially
relevant for biological systems, where the interactions may be dominated by the
Keesom and Debye interactions and physiological solutions typically contain more
than 0.1M salt. For systems where the London dispersion forces are dominating,
screening will have a minor effect.

Example 2.14

For the interaction of lipid bilayers across a layer of water, aHamaker constant of
7.5� 10�21 J is calculated. A value of only 3� 10�21 J wasmeasured.One reason
is probably a reduction of the Keesom and Debye by the presence of ions [88].

2.5
Measurement of Van der Waals Forces

Even when taking into account that van der Waals forces for macroscopic objects fall
slower than the fast D�6 decay law for single molecules, the direct measurement of
van der Waals forces is demanding with respect to precise distance control and
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surface roughness. Surface roughness hinders close approach of the surfaces and is
difficult to take into account unless the exact structure of the surface on the
nanometer scale is known. This is why all of the early measurements of van der
Waals forces were carried out at relatively large distances in the retarded regime. A
second critical issue is separating van der Waals forces from possible other force
contributions. For measurements in vacuum or dry gases, electrostatic forces are of
special concern and have to be avoided or taken into account.

The first precise measurements of van der Waals forces started in the 1950s.
Derjaguin and Abricossova [90, 91] �weighed� the force between a quartz sphere and
a quartz plate for distances between 100 and 1000 nm with a special microbalance
that included an active feedback mechanism. Their results were in approximate
agreement with the Lifshitz theory. At about the same time, Overbeek and Sparnaay
[92, 93] in the Netherlands tried to measure van der Waals forces between parallel
glass plates. The force was detected by deflection of amechanical spring and distance
by interferometry. The problem to align the plates perfectly parallel and to get rid of all
residual surface charges that lead to electrostatic force was obviously not completely
solved – they observed forces that were about 500 times larger than those of
Derjaguin. Furthermore, the force decayed with distance less steeply than expected
from Lifshitz theory. These discrepancies led to a hot debate (insightful reading how
hot it got in Ref. [94]) that was finally resolved through later experiments by Kitchener
and Prosser [95] and Black et al. [96]. They confirmed the original findings of
Derjaguin.

With the advent of the surface forces apparatus (SFA, see Section 3.1) that
employs molecularly smooth mica surfaces, Tabor and Winterton [30] were the
first to achieve measurements of surface forces down to separations of 5 nm and
observe the change from retarded to non-retarded interaction. Shortly after,
Israelachvili and Tabor [56] recorded van der Waals forces for separations from
2 to 130 nm by using different springs in the SFA and recording the position of the
jump to contact instability, where the gradient of the attractive van der Waals
interaction equals the spring constant of the system. Reasonable agreement with
the predictions from the Lifshitz theory was found and further improved in a
reanalysis of the results [97].

Wittmann and Splittgerber just �had a look� at van der Waals forces in 1971 [98].
They used a quartz block with highly polished surface and a thin quadratic quartz
plate that was polished on both sides and had a ridge of � 160 nm at one end that
acted as a spacer. They placed the plate onto the block such that the ridge acted as a
spacer at one end, while the other end was in direct contact. Optical interferometry
was used to measure the bow of the plate due to the surface forces acting between
plate and block and the transition between nonretarded forces at 5 nm and retrarded
van der Waals forces at 100 nm distance was observed from the curvature shape.
Hunklinger et al. [99] used the dynamic interaction between a plate and a vibrating
spherical lens both made of borosilicate glass to probe the van der Waals forces for
distances between 80 nm and 1.2 mmand determined the Hamaker constant with an
accuracy of � 20%. Derjaguin et al. [100] measured the forces between crossed
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platinum or quartz fibers at distances of 10–100 nm and found exponents of
1.93–2.01 and 3.01–3.23 for the non-retarded and retarded van derWaals interaction,
respectively. The attractive force between two chromium surfaces was measured in
the distance range of 132–670 nm by van Blokland and Overbeek [101]. Results
agreed with Lifshitz calculations based on a free electron gas model to describe the
dispersion interaction of metals. Coakley and Tabor [57] employed the SFA in the
same type of �jump-in� experiments as Israelachvili to study the van der Waals force
between mica surfaces covered with calcium stearate or silver films. More recent
experimentswith a SFA type of setup (using capacitive sensors for distance detection)
allowed direct recording of full force versus distance curves without instabilities
down to distances of 20 nm. An agreement within 5%with Lifshitz theory was found
for mica [102] and Pyrex glass [103] surfaces.

With the introduction of the atomic force microscope (AFM) and the colloid
probe technique (see Section 3.2), it became easier to record force versus distance
curves for a wide variety of materials. An early measurement of the van der Waals
forces with the AFM was done by Hutter and Bechhoefer in 1994 [105] between a
Si3N4 tip and amica surface for distances between 9 and 50 nm in air. The crossover
from the nonretarded to the retarded regime could clearly be distinguished from
the fits in the ranges between 9–16 and 20–50 nm, where exponents of �2.19 and
�2.92 were obtained for force versus distance. The lower limit of force–distance
curves with the AFM – as for all spring deflection-based devices – is given by the
jump-in stability that occurs when the attractive force gradient exceeds the spring
constant.

The use of colloid probes instead of AFM tips offers the advantage of a well-defined
contact geometry and larger interaction forces. Palasantzas et al. [104] measured the
force between a gold-coated colloid probe and a gold-coated surface for distances of
12–100 nm. For separations less than 18 nm, they observed the expected distnance
dependence of FvdW / D�2. For larger separations, the exponent showed a transition
to a value of�2.5, which corresponds to distances below 100 nm, the transition to the
fully retarded regime is not yet reached.

A general problem of the direct measurement of van der Waals forces (as for
attractive surface forces in general) is the jump-in occurring when the force gradient
exceeds the spring constant. This instability can be suppressed by using a magnetic
feedback as demonstrated by Ashby et al. [106], who measured vdW forces between
gold surfaces coated with CH3- and OH-terminated thiols. Very high Hamaker
constants of � 100 zJ were found, indicating that the interaction was dominated by
the underlying gold substrate. Another way to circumvent the snap-in problem is the
use of dynamic AFMmodes. Operating the AFMusing either amplitudemodulation
(AM) or frequency modulation (FM) allows the reconstruction of force versus
distance curves from damping or frequency shift curves. Examples are the interac-
tion between a Si3N4 tip and a gold surface measured by AM-AFM [107] down to a
distance of 4 nm. A good agreement of the power law dependence andmagnitude of
the Hamaker constant with theory was found. Guggisberg et al. [108] employed FM-
AFM to measure surface forces between Si tips and Cu(111) surfaces in UHV. After
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compensation of electrostatic forces, fits of the van der Waals forces in the range of
1–5 nmgave excellent agreementwith theory and allowed separation between vander
Waals forces and chemical forces that dominate the interaction for distances below
1nm. The most precise direct measurements of retarded van der Waals forces have
been carried out in experimental studies of the Casimir force since 1998 and are
discussed in Section 2.6.

Repulsive van der Waals forces can occur for the right combinations of
materials. First indirect proofs for repulsive van der Waals forces came from
the absence of heteroflocculation in dispersions of graphite and PTFE in glycerol
[109] and from the engulfment behavior of particles at solidification fronts [110]. A
detailed study on the equilibrium thickness of liquid 4He films on copper
substrates due to repulsive van der Waals forces showed excellent agreement
with the Lifshitz theory [111]. First direct force measurements of repulsive van der
Waals forces were carried out with the AFM. Repulsive van der Waals forces were
found between a PTFE surface and gold spheres [112] using different nonpolar
liquids and for silica and a-alumina spheres in cyclohexane [113]. Switching
between attraction and repulsion was demonstrated for an Si3N4 AFM tip in
diiodomethane and 1-bromonapthalene when changing the substrate from Si3N4

to SiO2 [40].

2.6
The Casimir Force

2.6.1
Casimir Forces Between Metal Surfaces

When Overbeek and Verwey studied the stability of colloids at the Philips Research
Laboratories in Eindhoven, they observed that at large distances the interaction
between colloids decaysmore steeply than expected by the London theory of van der
Waals forces. Overbeek recognized that for distances larger than the wavelength
corresponding to the typical absorption frequencies of atoms, retardation might
occur, which would make the interaction to decay faster than R�6 for larger
distances between the twomolecules andmight be explained by their experimental
results. However, the exact calculation of the distance dependence of the van der
Waals force taking retardation effects into account cannot be derived on the basis of
such a simple picture but has to follow a full treatment by means of quantum
electrodynamics.

Such calculations were first carried out by their colleagues Casimir and Polder [17],
who derived equations for the interaction of a single molecule with a perfectly
conducting wall at distance D. They obtained

VMol=planeðDÞ ¼ � 3a�hc
8pD4

ð2:86Þ
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and for two molecules with polarizabilities a1 and a2 at distance D

VðDÞ ¼ � 23a1a2�hc
4pD7

: ð2:87Þ

WhenCasimir discussed his results withNiels Bohr inCopenhagen, Bohr suggested
that these interactions might have to do something with quantum mechanical zero-
point energy. This comment inspired Casimir to explore a different theoretical
approach that starts from the interactions of the molecules with the photons present
due to zero-point energy inside a cavity. He obtained the result that two parallel
conducting plates will feel an attractive force simply due to the modifications of the
zero-point fluctuations of the electromagnetic field within the cavity between them.
In his publication from 1948, Casimir [18] considered a cubic cavity of volume L3

bounded by perfectly conducting walls with a perfectly conducting square plate with
side L placed in this cavity parallel to the xy face either (1) at a small distanceD from
the xy face (2) or at a much larger distance (e.g., L=2). The quantity 1=2

P
�hv where

the summation extends over all possible resonance frequencies v of the cavities is
divergent in both cases and devoid of physical meaning, but the difference between
these sums in the two situations,

1
2

X
�hv

� �
1
� 1
2

X
�hv

� �
2
;

will obtain a well-defined value and this value corresponds to the Casimir interaction
between the plate and the xy face.With this approach, Casimir derived a formula that
describes the force per unit area between two parallel metallic plates of area A at a
distance D in vacuum:

f ðDÞ ¼ � p2�hc
240D4

: ð2:88Þ

Casimir himself noted in his paper: �Although the effect is small, an experimental
confirmation seems not unfeasible and might be of a certain interest.�

This �certain interest� has grown significantly during the last decades especially
since 1990. Experiments of Lamoreaux [114] andMohideen [115] reached a precision
that allowed a critical comparison with existing theoretical models of the Casimir
force. From the standpoint of applications, Casimir forces can become a critical issue
in nanotechnology and MEMS, where they can lead to stiction or collapse of
components [116]. From the side of fundamental science, high-precision measure-
ments of Casimir forces have become a benchmark for the existence of new
hypothetical fundamental forces [117] that are often summarized as �non-Newtonian
gravitation.� This fancy name was coined due to the alternative experimental
approach to detect such forces as a deviation from the classical Newtonian laws of
gravitation. There are a number of recent review articles on the topic ofCasimir forces
[118, 119].
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At this pointwe should clarify that theCasimir force is not a really new type of force.
It is simply another term for a special case of the van der Waals forces, namely, the
retrarded van der Waals force between metallic surfaces. While the terms �retarded
van der Waals force� or �retarded London dispersion force� are prevalent in the
physical chemistry and colloid community, the term �Casimir force� or
�Casimir–Polder force� has become popular in the physics community. This means
that in principle the Lifshitz theory is applicable to describe the Casimir forces. The
problem with using Lifshitz theory for ideal metals is the fact that for these the
dielectric constant diverges (e!1) and therefore the Lifshitz theory breaks down.
However, for realmetals, the use of the Lifshitz theory is possible with corresponding
dielectric models of the metals.

The simple form of Eq. (2.88) is appealing, especially when compared to the more
complicated equations of the Lifshitz theory. However, one should not forget that the
derivation of Eq. (2.88) was done under assumptions that are usually not fulfilled in
practical situations:

. Temperature was assumed to be 0K.

. The metal surfaces were assumed to be perfect conductors.

. The metal surfaces were assumed to be perfectly flat.

. The equation is valid only for the arrangement of perfectly parallel plates.

We briefly discuss the relevance of the above assumptions for real experiments on
Casimir forces.

The Effect of Temperature This effect is in principle already included in the Lifshitz
theory. For distances in the order of� 1 mm that are much smaller than the thermal
wavelength lT ¼ �hc=kBT , which corresponds to 7:6 mmat room temperature, there is
only a weak influence of temperature. For x > lT, temperature will have a significant
influence. This is related to the fact that at such large distance all higher frequency
fluctuations have been damped out due to retardation and the thermal fluctuations
will become the dominating term in the summation over all frequencies in the
Lifshitz theory.

The influence of finite temperature on the Casimir force has been calculated
[120–122] and some experiments have been carried out [123]. Consensus has,
however, not been reached. This is partially due to the fact that an experimental
verification is difficult since van derWaals forces at large distances are weak. For that
reason, they are usually also insignificant, and our poor understanding is more an
academic problem.

Finite Conductivity of Real Metals Real metals will always have a finite conductivity.
Therefore, at very high frequencies they will no longer act as perfectmirrors but even
become transparent. This leads to corrections in the order of 10–20% for separations
largerthan� 1 mm.ThecalculationscanbecarriedoutwithintheLifshitz theoryeither
by using the plasma frequency model or by using the full spectral method explained
above [124].A relatedphenomenon is thefinitepenetrationdepthof electricfields into
a realmetal surface (skin depth). This has to be kept inmindwhenusingmetal-coated
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surfaces in force measurements. When the thickness of the metal layer becomes
comparable to the skindepth, theCasimir forcewill decrease [125].Ageneral problem
in calculations is the still limited availability of spectroscopic data for metals over the
required spectral range.This is evenexacerbatedby the fact that inmanyexperiments,
thin films of metals are used that were deposited by sputtering or evaporation. The
conductive properties of such films are known to deviate from bulk properties and in
principle one should use the same samples for force measurements and determina-
tion of the spectral properties for calculations based on the Lifshitz theory [126].

Surface Roughness Except for very small, single-crystalline surfaces, roughness
cannot be completely avoided. The effect of roughness is expected to be most
prominent at short distances. With increasing separation of the surfaces, nanoscale
roughness will become more and more averaged out. One possible approach for
calculating the Casimir force between surfaces with a given surface roughness is to
use a pairwise summation of the retarded interatomic potentials, as in the micro-
scopic Hamaker approach, and dividing the result by a renormalization parameter,
which is used to approximately correct for the nonadditivity of the forces [127]. For the
case of stochastic roughness with an amplitude d1;2 much smaller than the distance
between the parallel surfaces 1 and 2, perturbation calculations up to the fourth order
were used [127] to obtain the equation

fCRðxÞ ¼ fCðxÞ 1þ 10
d1
x

� �2

þ d1
x

� �2
" #

þ 105
d1
x

� �2

þ d2
x

� �2
" #2( )

;

ð2:89Þ

where fCR and fC are the Casimir force per unit area for two perfectly flat parallel
surfaces and for the rough surfaces, respectively. For the case of a sphere interacting
with a plane, the prefactors change:

FCRðDÞ ¼ FCðDÞ 1þ 6
d1
D

� �2

þ d1
D
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:

ð2:90Þ

Aspecial case is the interaction of periodically structured surfaces that can give rise to
a lateral Casimir force [128].

Casimir Force for Nontrivial Geometries As in the case of the normal van der Waals
forces, the Derjaguin approximation can be used to calculate the Casimir force for
geometries other than that of parallel plates. Note that in many papers on the
Casimir force, this approach is called �proximity force approximation� due to
historic reasons (see Section 2.3). It was shown that the error introduced by this
approximation should be smaller than 0:4D=R for D < 300 nm [129]. Full calcula-
tions without approximation have been done for some configurations, for example,
sphere/plate [130], but these are usually cumbersome. An alternative approach for
approximate calculations was introduced by Jaffe and Scardicchio [131]. It is based
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on classical ray optics. The results obtained using this method were found to be
closer to the full calculations than those from the proximity force approximation (for
a review, see Ref. [13]).

Measurements of the Casimir forces are especially demanding since the forces are
weak. An early attempt to verify Eq. (2.88) experimentally was carried out byOverbeek
and Spaarnay [133] in 1958. However, the error in their measurement was too large.
While there had been several later attempts to quantifyCasimir forces, their precision
was not yet convincing until the modern measurements by Lamoreaux [114].
Lamoreaux used a torsion pendulum to measure the interaction between a gold-
coated spherical lens (� 12 cm radius) and a flat plate for distances between 0.6 and
6mm. The torsion pendulum consisted of the gold-coated flat plate on one arm and a
plate that formed the center electrode of dual parallel capacitors on the other arm. The
spherical lens was mounted on a piezoactuator to vary the distance between sphere
and plate. The torsion of the pendulum due to the Casimir force was detected by the
change in capacitance and by using a feedback loop. As a feedback, a voltage was
applied to the capacitors to exactly counterbalance the Casimir force. An important
step in the data analysiswas the subtraction of electrostatic forces, which amounted to
about 80% of the total interaction at closest separation. The experimental error at
closest separation was estimated to be of the order of 5%. The following corrections
were later calculated by Bordag et al. [134]. The finite conductivity of the gold surfaces
should reduce the Casimir force by 23%. The thermal corrections that led to a higher
value compared to T ¼ 0 were calculated to be 2.7% at D ¼ 1 mm but 174% at
D ¼ 6 mm.The contribution of roughness was estimated to be 30%, assuming a ratio
of roughness amplitude to distance of 0.1.

One year later Mohideen and coworkers [115] used the colloid probe AFM
technique to probe the Casimir force between a metalcoated planar surface and a
metal coated sphere. After several improvements [135], they could achieve a mea-
surement over the range of distance starting from 62 to 400 nmwith an experimental
error of less than 1%at the lowest distance (Figure 2.10). This level of precision allows
a quantitative comparison with theory. In this case, the influences of surface
roughness, finite temperature, and finite conductivity of the metal have been taken
into account.

Aproblem is the correct determination of zero distance, especially in the presence
of surface roughness and deformation of the surfaces in contact. The problem of
surface roughness was addressed by Ederth [136] by using especially flat, template-
stripped gold surfaces. The gold surface was further coated with a thiol monolayer to
prevent surface contamination. In his SFA-like setup, the interaction of crossed
cylinders down to distances of 20 nm could be measured with 1% precision. In
addition, gold surfaces in the analysis of later experiments were usually taken as bare
gold even when experiments were carried out in air, where gold is known to readily
adsorb a carbonaceous contamination layer that is much less defined than the thiol
monolayer. van Zwol et al. [126] combined AFMmeasurements between gold-coated
surfaces with ellipsometric measurements of the optical properties of the gold layers
to obtain correct input data for the theoretical modeling of their results. Using stiffer
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AFM cantilever to shift the jump-in, they could record the forces down to separations
of 12 nm. However, experimental accuracy was lower than in the previous studies. A
modern approach to measure the Casimir force using the original parallel plate
geometry was first realized by Bressi et al. [137], who measured the change in
resonance frequency of a cantilever approaching a flat surface. This experiment was
carried out inside an SEM to allow precise parallel alignment. The parallel plate
configuration was implemented by usingmicromechanical torsion devices that were
operated either statically [138] or dynamically [139] and have led to the highest
precision measurements of the Casimir force with an experimental error of only
0.19% at the closest separation of 160 nm and 9.0% at the largest separation of
750 nm.

As mentioned above, van der Waals forces can become repulsive for the right
combination of materials but should always be attractive across vacuum. Thus,
Casimir forces should always be attractive. There has been some discussion if they
might become repulsive by using hypothetic materials with extraordinary magnetic
properties [140], but will in fact be hard to achieve with realistic materials [141]. We
also mentioned that van der Waals and Casimir forces between two identical
materials should be always attractive, independent of the intervening material. With
the advent of the so-called metamaterials, that is, materials that have a negative
refractive index, this is not necessarily true anymore [142]. By usingmetamaterials as
intervening medium, Casimir forces between metallic surfaces could in principle
become repulsive [143]. However, the experimental verification might be hard to
achieve in practice [144] because metamaterials are structured on the 100 nm length
scale. Practically, this effect should therefore be irrelevant.

Recently, there have been measurements of retarded van der Waals forces
between metal surfaces in liquid [145]. The forces were termed Casimir forces,

Figure 2.10 Measurement of the Casimir force between a gold-coated sphere and gold-coated
plate. (From Ref. [135] with permission from U. Mohideen.)
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although we prefer using the term only in the strict original definition that applies
only in vacuum. By an appropriate choice of the metals and the intervening
medium, repulsive van der Waals forces can occur, as already discussed. Repulsive
van der Waals forces have been measured for the nonretarded regime earlier (see
Section 2.5). Recently, the first observation of repulsive van derWaals forces for the
retarded, long-range regime was carried out for the combination of silica–bromo-
benzene–gold [146].

2.6.2
Critical Casimir Force

The original Casimir force discussed in the previous section arises from quantum
electromagnetic vacuum fluctuations between parallel metallic plates that restrict
the possible spectrum of fluctuations. In analogy to this phenomenon, in any
system with long-range forces, the energy of the ground state will depend on the
boundary conditions. Any change in confinement will therefore lead to change in
ground-state energy. Thus, a force will be connected to such a change. Just like the
quantum fluctuations in the original Casimir force, classical fluctuations of matter
due to thermal motion can lead to such a force. One example are the thermal
density fluctuations in a liquid due to the molecular motion. These fluctuations
will diverge near a second-order phase transition and will thus become long
ranged. These diverging fluctuations are usually denoted as �critical fluctuations�
and the temperature of the phase transition is called �critical temperature� Tc.
One well-known example of critical temperature Tc is that of the fluid–gas phase
transition. Above Tc; there exists only a single phase, while below Tc, fluid and gas
phase can coexist. When approaching Tc, strong long-range fluctuations in the
system are observed, as if the system were switching between the two states. Two
other examples are 4He at the superfluid transition and binary liquids close to
their critical point.

It was already predicted by Fisher and de Gennes [147] that suppression of the
critical fluctuations by confinement between two closely separated walls should lead
to a force between the plates. Unlike the classical Casimir force, this so-called critical
Casimir force strongly depends on temperature and should be largest when
approaching the critical temperature Tc (for an introduction, see Ref. [148]). The
length scale of the fluctuations is described by means of the so-called bulk order
parameter j. It changes with temperature according to

j ¼ j0 1� T
Tc

� ��1

ð2:91Þ

Here, v0 is an amplitude that corresponds to a typical length scale of the intermo-
lecular pair potential. The critical exponent b � 0:65 is an universal quantity; its
precise value depends on the internal symmetry of the system. The free energy per
unit area of a system confined by two parallel walls at distance x at temperature T can
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be expressed [147] as

VAðxÞ ¼ kBTc

x2
f �ðx=jÞ; ð2:92Þ

where f �ðxÞ is a universal scaling function that depends only on the symmetry and
boundary conditions of the system [149]. Unfortunately, an analytical expressions for
f �ðxÞ cannot be derived for the three-dimensional case. However, it was shown
recently that it can be derived numerically usingMonte Carlo simulations [150, 151].

First indirect experimental observations of the critical Casimir force weremade by
Chan and Garcia [152]. They measured the thickness of 4He films on a copper
substrate and detected a thinning of the films close to the critical point of transition to
superfluidity, indicating an attractive critical Casimir force. For a 3He/4He mixture
close to the tricritical point, the same authors found a repulsive critical Casimir force,
which caused film thickening on the copper substrate [153] (for a later, refined
theoretical analysis, see Ref. [154]). The tricritical point is the point in the phase
diagramwhere the superfluidity transition line terminates at the top coexistence line
of 3He/4He.

Whether the critical Casimir force is attractive or repulsive depends on the
boundary conditions. If the order parameter vanishes at both surfaces (symmetric
boundary conditions), the resulting critical Casimir forces is attractive. For nonsym-
metric boundary conditions (i.e., if the order parameter remains finite at one of the
interfaces while it vanishes at the other), the critical Casimir force is repulsive. The
critical Casimir force for a binary liquid mixture of methylcyclohexane and per-
fluoromethylcyclohexanewas studied by Fukuto et al. [155]. The increase in thickness
of such a liquidfilmon a siliconwafer close to critical point wasmeasured usingX-ray
reflectivity and agreed with theoretical models.

Directmeasurement of the critical Casimir forcewas achieved recently byHertlein
et al. [156] using TIRM (see Section 3.4) to probe the forces between small spheres
and a planar surface in binary mixtures of water and 2,6-lutidine. Close to the critical
temperature of the binary mixture, they observed long-range forces of � 600 fN. By
using a polystyrene sphere with strongly charged surface (preferentially wetted by
water) or without charges (preferentially wetted by lutidine) and by chemical
treatment of the silica substrate by NaOH (rendering it hydrophilic) or hexamethyl-
disilaxane (making it hydrophobic), the sign of the forces could be controlled. For
symmetric boundary conditions (both sides preferring the same liquid) attraction
was observed, whereas for asymmetric surfaces, repulsion occurred. For symmetric
conditions, the fluctuation spectrum is even more strongly suppressed than for
surfaces where no preferential adsorption is occurring, which leads to an amplifi-
cation of the attraction. For asymmetric boundary conditions, the concentration
fluctuations originating from the two different surfaces favor different species.When
the two surfaces approach each other, the overlap of the surface-induced fluctuations
with preference for different species hinders the occurrence of fluctuations of one
species with the correlations length j, which leads to a net repulsion. For both
situations, experimental potential energy versus distance profiles were in excellent
agreement with the theoretical predictions of Ref. [150].
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Critical Casimir forces are rather weak and therefore hard to detect. What might
still make them interesting for future applications is the fact that they are based on a
very universal concept, can be controlled by temperature, and can be either attractive
or repulsive depending on surface treatment.

2.7
Summary

. The van der Waals interaction between molecules is the sum of the Keesom,
Debye, and London dispersion interactions. The Keesom interaction describes
the average interaction between freely rotating dipoles. The Debye interaction
describes the interaction between amoleculewith permanent dipolemoment and
the induced dipole moment of a polarizable molecule. The London dispersion
interaction arises from quantum mechanical charge fluctuations. In most cases,
the London dispersion interaction gives the largest contribution to the total van
derWaals interaction. The van derWaals interaction energy betweenmolecules is
proportional to D�7.

. Between macroscopic bodies, the distance dependence of the van der Waals
interaction depends on the geometry of the objects. Generally, it decays less
steeply than between single molecules, for example, proportional to D�2 for two
planar surfaces.

. The van der Waals interaction between different materials depends on their
differences in optical properties and can be characterized by the so-called Ha-
maker constant. Hamaker constants either can be calculated from dielectric and
spectroscopic information of the materials using the Lifshitz theory or can be
determined experimentally.

. Between two bodies of the same material, the van der Waals interaction is always
attractive independent of the intervening medium. An intervening medium
reduces the van der Waals interaction. For certain combination of three different
materials, repulsive van der Waals forces can occur. This is important for the
stability of thin films.

. The Derjaguin approximation (also called proximity force approximation) allows
the calculation of the van derWaals interaction betweenmacroscopic bodies with
complex geometries from the knowledge of the interaction potential between
planar surfaces, as long as the radii of curvature of the objects are large compared
to the separation between them.

. For distances larger than 5–10 nm, the finite speed of light leads to a reduction of
the London dispersion interaction. This effect is called retardation. Retarded van
der Waals forces exhibit a distance dependence with a power law exponent that is
larger by 1 than for the unretarded case.

. A special case of the retarded van derWaals forces is the so-called Casimir force. It
is the attractive force between two metallic surfaces across vacuum that arises
from quantum fluctuations of the vacuum.
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. Long-range fluctuations in matter close to a critical point (phase transition) can
lead to long-range forces, which are called critical Casimir forces.

2.8
Exercises

2.1. In atomic force microscopy, the tip shape is often approximated by a parabolic
shapewith a certain radius of curvatureR at the end. Calculate the van derWaals
force for a parabolic tip versus distance. We only consider nonretarded con-
tributions. Assume that the Hamaker constant AH is known.

2.2. The van derWaals interaction between two parallel slabs approaches that of two
half-spaces if the slab thickness is much larger than the separation between the
slabs. How thick must a slab be to have a van derWaals interaction that deviates
less than 10% or less than 1% from that of a half-space, when the separation of
the slabs is D ¼ 1 nm or D ¼ 10 nm?

2.3. Explain by a simple argument why Hamaker constants of hydrocarbons with
longer chains are higher than those for shorter chains (see Table 2.3).
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3
Experimental Methods

The direct measurement of surface forces is challenging due to their short-ranged
nature. One has therefore to combine a sensitive detection of forces with a precise
control of distance on the subnanometer scale. A critical quantity in experiments on
force versus distance relations is the distance of closest approach that is actually
achieved in an experiment. Surface roughness and contaminations are serious issues
when trying to establish intimate contact between two objects. In contrast to friction
forces, which were already studied by Leonardo da Vinci, systematic studies of
surface forces were not done before the beginning of the twentieth century. For an
overview of the history of the development of devices to measure surface forces, see
Refs [157, 158].

Early attempts to measure surface forces were carried out by Tomlinson in 1928.
He studied adhesion forces between crossed glass fibers or glass fibers and glass
spheres [159]. He introduced the advantageous interaction geometry of crossed
cylinders, which avoids the complication in controling relative orientation of the
surfaces as in the case of parallel plates. In subsequent experiments, Bradley [10]
measured the adhesion between quartz spheres. However, these early measure-
ments did not include a precise determination of separation distance. A first step in
that direction were the experiments by Lord Rayleigh [160], who studied the work
necessary to peel a thin glass slide from a glass plate whilemonitoring the separation
by interference fringes.

In the 1950s, Derjaguin and Abricossova of the Russian Academy of Science,
Moscow, and Overbeek and Sparnaay, from the University of Utrecht, the Nether-
lands, tried to verify the theoretical predictions of Lifshitz on the distance dependence
of van der Waals forces. Derjaguin used a specially constructed microbalance with
electromagnetic feedback tomeasure the force between a quartz sphere and a quartz
plate for distances between 100 and 1000 nm [90, 91]. Their results were in
approximate agreement with the theoretical predictions for van der Waals forces
by Lifshitz. Overbeek and Sparnaay [92] measured van der Waals forces between
parallel glass plates by deflection of amechanical spring while observing the distance
by interferometry. Their experiments were complicated by having to keep the plates
precisely parallel. They measured a � 500 times larger value for the interaction
energy compared to Derjaguin�s results and a distance dependence of the van der

j55



Waals force that was less steep than expected in theory. Later experiments by
Kitchener andProsser, Imperial College of London [95], and by the groupofOverbeek
and Sparnaay [96] using a sphere-plate geometry confirmed the original findings by
Derjaguin and explained the discrepancy in the early experiments by Overbeek and
Sparnaay as originating from residual electrostatic charges.

A significant breakthrough in the experimental study of surface forces was the
introduction of the surface forces apparatus, which will be described in the next
section.

3.1
Surface Forces Apparatus

The surface forces apparatus (SFA) developed by Tabor, Winterton [30], and Israe-
lachvili [56] contains two crossed silica cylinders with a radius of curvature of roughly
1–2 cm to which thin sheets of mica are glued to obtain atomically flat surfaces (inset
of Figure 3.1). Onemica-coated cylinder ismounted to a piezoactuator, which is used
to change the distance between the two cylinders when recording force versus
distance curves.

White light

Mono-
chromator

Coarse positioning by
micrometer screws

Fine positioning by
double spring cantilever

and soft spring

Piezo
actuator

Double canti-
lever springs

Figure 3.1 Schematic of a surface forces
apparatus. Two mica sheets are glued to silica
half cylinders to form a crossed cylinder
geometry (inset on upper left). Their surfaces are
brought in close proximity by micrometer screws
and a double-cantilever spring mechanism and

can then moved in and out of contact by a
piezoactuator. The distance between the mica
sheets is measured using optical interferometry
and the force is deduced from the observed
deflection of the second, much softer double-
cantilever spring.
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Distance control between the surfaces typically consists of a combination of several
stages. For coarse approach, micrometer screws are used. In another stage, fine
movement can be achieved by a mechanical design that combines a stiff double-
cantilever spring with a much softer spring and a micrometer screw. When the soft
spring is compressedwith themicrometer screw at certain distance, the stiffer spring
will deflect by a fraction of that distance that is given by the ratio of the spring
constants. With this trick, deflection of the stiffer spring can be controlled on the
1 nm scale. Finally, a piezoactuator allowsmovements with subnanometer precision.
The second mica surface is mounted on a lever arm of known and adjustable spring
constant. To minimize sample tilting and twisting, this lever arm also follows a
double-cantilever spring design.

The separation between the two surfaces is optically measured by using multiple
beam interferometry (MBI) [161]. First the piezoactuator movement is calibrated at
large separation, where the lever arm is not deflected. At such large distances, the
MBI signal changes linearly with the actuator movement (measured in some type of
encoder units). At close distance, the lever arm starts to deflect due to surface forces
and the optical MBI reading is no longer a linear function of the actuator movement.
With the known spring constant k of the lever arm, the surface force can simply be
calculated using Hook�s law:

F ¼ kðD�D0Þ: ð3:1Þ
Here,D is the actual distance between the surfaces asmeasured byMBI andD0 is the
position calculated from encoder readings assuming zero deflection of the lever arm.
Spring constants range between 10 and 106Nm�1 and can often be adjusted within
that range by using a clamp that allows to vary the effective cantilever length. The
lowest value would correspond to a force resolution of 10�8N. Themost useful range
of spring constants lies between 100 and1000Nm�1, where the lower value is chosen
to reach a reasonably highmaximal force that can be achieved within the range of the
piezoactuator and the upper value is related to the maximum acceptable force error
due to instrumental drift [162]. An important issue that applies not only to the SFAbut
also to all systems using spring deflection-based forcemeasurements is the fact that if
the force gradient gets higher than the spring constant, an instability occurs. For
example, when the gradient of the attractive van derWaals forces upon approaching a
surface exceeds the spring constant, the surfaceswill jump into contact andduring this
jump no information about the interaction potential is obtained.

It should be emphasized that using the MBI method the absolute distance is
measured between the surfaces. This distance measurement can be extremely
precise (better than 1A

�
), is not affected by instrumental drift, and gives an absolute

value of separation distance D. It includes the determination of absolute zero
distance, which means it can be detected if the mica sheets get into molecular
contact or are still separated by adsorbed layers. In contrast, the forces acting between
the surfaces are deduced from the difference betweenmeasured absolute distanceD
and movement D0 of the actuator. Thus, the precision of the force measurement
depends on precise knowledge of the spring constant and the true actuator move-
ment. The calibration of the lever arm spring constant in the SFA is straightforward
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due to its macroscopic dimensions. It can, for example, be done by placing defined
masses on the lever arm while measuring the deflection. The precision of the
piezoactuator is typically in the order of 1A

�
. However, the precision of the actuator

movementwill be influenced by instrumental drift, which can becomea serious issue
if not properly accounted for. For an in-depth discussion of sources and conse-
quences of instrumental drift in the SFA, see Refs [162, 163].

3.1.1
Mica

The choice of the clay mineral muscovite mica for interacting surfaces in the SFA is
attributed to its unique combination of properties. Clay minerals are formed by two
building blocks [164]: tetrahedrons of oxygen with Si4þ ions in their centers and
octahedrons of oxygen with Al3þ or Mg2þ in their centers. The tetrahedrons share
oxygens and form hexagonal rings. Some oxygen atoms form hydroxyls, in particular
when the clay isfilledwithCa2þ . This pattern canbe repeated ad infinitum to formflat
tetrahedral sheets. Similarly, the octahedrons are linked to form octahedral layers.
The tetrahedral and octahedral sheets can be stacked on top of each other in various
forms to build different kinds of clays. Inmuscovite mica, each sheet is composed of
three layers (Figure 3.2). The top andbottom layers are formedbyhexagonsfilledwith
Si4þ . The intermediate layer is octahedral and each octahedron is filled with Al3þ or
Mg2þ . The sheets are held together by potassium cations in between. Since this
electrostatic binding is relatively weak, mica can easily be cleaved along the (001)
plane, obtaining an atomically flat surface over many mm2. Furthermore, mica is
flexible, has a high shear and tensile strength, is chemically stable, and is inert tomost
liquids. The only disadvantage of mica is that it is birefringent, which slightly
complicates evaluation of the FECO patterns (see Figure 3.2).

As interacting surfaces in the SFA,� 0:3�4mmthin sheets of freshly cleavedmica
are used. Mica is transparent and flexible enough to easily align onto the silica
cylinders. The preparation of these mica sheets is usually done from a large block of
muscovite mica by cleaving off thin sheets. Cleavage of defect-free sheets can be
achieved by inserting the sharp tip of pointed tweezers. Once thinned down to the
desired thickness by repeated cleavage, smaller rectangular sheets (� 10� 10mm2

in size) are cut out by melt cutting using a hot platinum wire. Melt cutting is used to
avoid generation of mica flakes that readily deposit on the freshly cleaved face.
However, great care has to be taken to avoid contamination of the mica surface with
platinum nanoparticles (for a discussion, see Ref. [165] and references therein).
Alternatively, careful cutting with precision surgical scissors was found to produce
contamination-free surfaces if properly carried out [166]. The freshly prepared sheets
are placed face down on a backing sheet of freshly cleavedmica for storage and silver
evaporation to avoid contamination. The backside of themica sheets is sputter coated
with a silver film of �55 nm thickness as a reflective coating. This thickness gives a
good compromise between sharpness of the interference fringes, which is higher for
thicker, better reflecting layers, and their intensity, which becomes smaller with
increasing layer thickness. In addition, at a thickness of 55 nm, slight variations in
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layer thickness do not significantly influence reflectivity, transmittance, and phase
change and thus the position of the fringes [167].

The mica sheets are finally glued onto the silica cylinders with the silvered face
against the glue. For measurements in air or aqueous solution, usually Epikote 1004
epoxy resin is used, which was tested to pose no contamination risk [168]. The silica
cylinders are simply precoated with a thin layer of molten glue. When themica sheet
is placed on topof the liquid glue, the highlyflexible sheets spontaneously adapt to the
curvature of the cylinders. An alternative preparation route is to do the final cleavage
of the mica sheets by peeling with an adhesive tape after mounting them onto the
glass cylinders [169]. The disadvantage of this method is that the thickness of the two
mica sheets will be different, whichwillmake interpretation of theMBI patternmore
complex.

3.1.2
Multiple Beam Interferometry

The surface separation between the mica surfaces is measured using multibeam
interferometry. Themultilayer structure formed by the silver layers, mica sheets, and
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Figure 3.2 Atomic structure of muscovite mica
(KAl2Si3AlO10(OH)2) in side view. A unit cell is
indicated by the dashed line. The number of
atoms of a certain species in a layer for two unit

cells is indicated at the top right. As an average in
the thirdmolecular layer from the top, one silicon
atom is replaced by an aluminum atom.

3.1 Surface Forces Apparatus j59



gap in between essentially resembles an optical interferometer. When illuminated
with white light from one side, constructive interference will occur only if the total
increase in the phase of a planewave that is going throughone reflection cycle onboth
mirrors matchesN times 360�, where N is an integer number. Only for wavelengths
that fulfill this condition, light will be transmitted. The transmitted light is sent to the
entrance slit of a spectrograph. For the case of parallel mirrors, one would obtain a
pattern of fringes in the focal plane of the spectrograph (Figure 3.3a). The numberN
is called the �chromatic� order and the fringes are therefore denoted as �fringes of
equal chromatic order� or �FECO.� The silver mirrors in the SFA are not parallel but
crossed cylinders, a configuration that is equivalent to a sphere-plate geometry. This
implies that for each point along a cross section the optical distance between the
mirrors will be different and the wavelength at which constructive interference
occurs will shift continuously with distance from the center. Therefore, the FECO
pattern observed in an SFA is curved (Figure 3.3b).

In reality, the FECO pattern of an SFAwill look more complex for several reasons.
First, odd- and even-order fringes are affected differently by the refractive index of the
gapmedium. Second, birefringence of themica leads to doubling of the fringes. This
effect can be suppressed by using mica sheets of the same thickness and orienting
them so that their optical axes are perpendicular to each other so as to cancel out the
effect of birefringence (alternatively onemaymaximize the effect to obtain two clearly
separated fringes). Third, reflections at the inner surfaces will lead to additional
secondary (reflections within each mica layer) and gap fringes (reflections with the
gap). Since these fringes originate from the inner surfaces, they contain information

Wavelength

N=18 N=17 N=16 N=15 N=14

N=18 N=17 N=16 N=15 N=14

(a)

(b)

Figure 3.3 Schematic of fringes of equal chromatic order for a parallel plate interferometer (a) and
as obtained for the crossed cylinder configuration in the SFA (b).
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about the surface topography. However, these fringes are hardly visible for the highly
reflective silver coatings (reflectivity of�98%). By using thinner, less reflective silver
layers, they can in principle be used to obtain topographic information [167].
Figure 3.4 shows examples of real FECO patterns observed in an SFA.

For the most simple and common case of a symmetric layer structure with mica
sheets of equal thickness separated by a gap of width D with refractive index n, an
analytical solution for extractingn andD from the observedFECOpattern exists [170].
This linearized approximation is valid for gap distances of up to�200 nm and allows
to determineDwith a resolution of 0.1 nm. At the start of an SFAmeasurement, the
mica surfaces are brought into contact to determine wavelength l0 and chromatic
order N0 of a lead fringe for zero distance. During the experiment, the distance D is
then calculated from thewavelength shift l�l0 of this lead fringe using the following
equations:

DðlÞ � ðl�l0ÞN0

2nmica
for odd N0; ð3:2Þ

DðlÞ � ðl�l0ÞN0nmica

2n2
for even N0; ð3:3Þ

Here, nmica and n are the refractive indices of mica and the medium in the gap,
respectively. Note that the positions of odd fringes depend only on the gap distanceD
whereas positions of even fringeswill also depend on the refractive index. This is why

Figure 3.4 Examples of the FECO patterns as
observed in a real SFA experiment. Top: with a
gap of 10 nm between the mica surfaces. The
curved shape resembles a cross section of the
sphere-plate geometry equivalent to the crossed
cylinders. Bottom: with surfaces in contact. The

flat portion of the fringes resembles the
width of the contact zone. Schematics
of the layer structure of the silvered mica sheets
for each situation are shown on the left. (Images
kindly provided by M. Heuberger.)
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usually an odd lead fringe is used. By combining the two equations and analyzing the
position of several fringes, D and n can both be determined.

For distances larger than 200 nm, a different, less accurate approximation [170] can
be used. Another limitation of this approach is that for large changes of D, the
wavelength of the lead fringe will move out of the visible range making detection
difficult. One way to overcome this limitation is to evaluate the relative positions of
adjacent fringes without the need of continuous monitoring the zero position FECO
l0 [171]. A more elaborate analysis of the FECO patterns was introduced by
Vanderlick and coworkers [172, 173] on the basis of spectral analysis of the whole
pattern. Their approach is based on themultilayermatrixmethod [174], which can be
used to calculate the transmission characteristics of anymultilayer interferometer on
the basis of theMaxwell equations. Thismeans for a given experimental arrangement
of the SFAwith silver layers, mica sheets, adsorbed layers, and gap, a full calculation
of the FECO pattern including its intensity distribution can be carried out. However,
there is no analytical way to invert this calculation process to conclude from the FECO
pattern about the layer structure. Spectral analysis requires, therefore, recording of
the full intensity versus wavelength information of the FECO pattern and the
numerical matching of this pattern with spectra calculated by the multilayer matrix
method. This method was optimized by the group of Heuberger [175] for real-time
operation in the SFA (see following discussion).

Historically, Bailey and Courtney-Pratt [176] were the first to combine crossed
cylinder mica sheets as molecularly smooth surfaces and FECO for distance
measurement in 1955. They used this approach to map out the contact area between
mica surfaces at different loads and shear forces. The first SFAwas built by Tabor and
Winterton in 1968 [30] and subsequently by Tabor and Israelachvili in 1972 [56]. In
1976, the newly designed SFA Mk 1 by Israelachvili and Adams [55, 177] was
introduced that allowed measurements in liquids or vapors. With the SFA Mk 2, an
adjustable double-cantilever spring extended the range of measurable forces and an
optional friction device [644] allowed tomeasure shear forces of molecular thin films
at defined loads. Between 1985 and 1989 Israelachvili andMcGuiggan developed the
SFA Mk 3I to overcome several limitations of the SFA Mk 2 [179]. The new system
had amore compact design for higher attainable stiffness and lower thermal drift, an
improved control system formechanicalmovement of surfaces, andwasmore easy to
clean.

Developments by other groups included the construction of an SFA with a glass
chamber by Klein [180] formeasurements in liquids and the SFAMk4 by Parker et al.
[181]. The latter was based on the SFAMk 2 but was more easy to assemble and use.
The so-called extended SFA or eSFAwas developed by Heuberger et al. [175, 182] on
the basis of the SFA Mk 3. To significantly reduce instrumental drift, a thorough
analysis of sources of errors [162] and thermal drift [163] was carried out and used to
optimize construction and temperature control [182]. The second improvement is the
use of fast spectral correlation [175] to make use of the full FECO pattern to
numerically obtain separation distance D with a precision of �25 pm as well as the
refractive index of the gapmedium at the rate of several hertz. Alternatively, distance
D can be monitored with higher time resolution (1 kHz) by detecting the shift of a
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single fringe via a split photodiode [183]. Recently, it was also shown that video rate
visualization of gap width and refractive index is possible using a combination of
optical correlator and CCD camera [184].

3.1.3
Friction Force Measurements

The SFAwas not only a major breakthrough in themeasurement of forces normal to
the surface but it also became a powerful tool to study friction on themolecular level,
especially for confined liquid films or adsorbed molecular layers. When confining
liquids in the SFA down to a few molecular layers, the mica sheets will deform and
flatten out in the contact region due to the relatively soft layer of glue. This leads to
parallel surfaces over a contact area of 10–100 mm. To allow friction force measure-
ments, two additions were necessary: the possibility to shear the two mica surfaces
relative to each other and to detect the corresponding shear force. These require-
ments were fulfilled using different designs (for a detailed review see Ref. [185]). The
first system introduced by the Israelachvili group used a double-cantilever spring
consisting of piezoelectric bimorphs to shear the lower surface. The upper surface
was held by vertical leaf springs with integrated strain gauges to detect their bending
due to the friction force. It is also possible to shear the whole upper holder with a
mechanical drive that is less precise than the bimorphs but allows 5mm of travel
range [186]. The Granick group used a design where the upper surface is held by a
pair of vertical leaf springs that were connected to piezoelectric bimorphs. One
bimorphwas used tomove the upper surface via one leaf spring, the second bimorph
acted as a sensor of the friction force via the second leaf spring [187]. The group of
Klein used a piezoelectric tube scanner for vertical and lateralmovement of the upper
mica surface. The tube scanner itself is mounted onto a platform that is held by
vertical leaf springs. Deflection of these springs is detected by capacitive sensor [188].
Another design that allows shearing of the lower surface in two dimensions was
introduced by Qian et al. [189], and recently a new system that allows large-scale (500
mm) sliding motion with closed loop control of normal load was introduced [190]. A
very different approach to study friction at very high oscillation frequencieswas taken
by Berg et al. [191] who combined an SFA setup with a quartz crystal microbalance.

3.1.4
Surface Modification

The use of molecularly smooth mica surfaces is a conceptual strength of the SFA. At
the same time, it is a severe limitation since it is the only surface that can be directly
studied. There have been several approaches to overcome this limitation and allow
the use of different surfaces. Evaporation of thin metal layers onto mica leads to
increased roughness of the surfaces even when template stripping [192–194] is used.
Most simple, but less controlled, is surfacemodification by adsorption, preferentially,
of molecules that self-assemble into monomolecular layers. Alternatively, chemical
modification of the mica surfaces by silanes can be achieved. Finally, mica can be
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replaced by other transparent materials, which will, however, not be atomically flat.
By redesigning the SFA, also nontransparent surfaces can become a possible target of
investigation. If only one of the two interacting surfaces is exchanged, one can still
use reflective MBI for distance measurement [195]. With both surfaces nontran-
sparent, a different detection scheme has to be introduced, which also means giving
up the independent measurement of absolute surface separation. Common to all
these approaches is the high demand of clean handling and operation to avoid
contamination within the relatively large contact area.

3.2
Atomic Force Microscope

The atomic force microscope (AFM) was invented in 1986 by Binnig et al. [196].
Originally, it was developed for imaging the topography of surfaces. In the AFM, a
sharp tip that sits at the end of a microfabricated cantilever is brought in contact with
the sample surface, the tip is then raster-scanned over the surface by moving either
the tip or the sample (Figure 3.5). The deflection of the cantilever due to the
surface topography is measured using a laser beam that is reflected from the
backside of the cantilever onto a split photodiode. Height traces of the single scan
lines are then put together to a three-dimensional surface topography by software on
the control computer. Imaging resolution will depend on several factors. Using
piezoactuatorsmakes themovement of the sample possiblewith angstromprecision,
and the optical lever technique allows a subangstrom resolution for detection of
the cantilever deflection. Typical tip radii for standard AFM probes are in the order
of 5–50 nm.

In many cases, imaging resolution critically depends on the tip–sample interac-
tion. For soft surfaces, contact pressure of the tip will lead to sample deformation and
reduced resolution. Understanding the forces acting between the tip and the sample

Detector

Laser beam

Sample

Cantilever
with tip

Piezo -
actuator

x y

z

Figure 3.5 Schematic of an AFM setup. The
sample is in contact with a sharp tip that sits at
the end of microfabricated cantilever and is
raster-scanned by a piezoactuator. The deflection

of the cantilever due to the surface topography is
measured by a laser beam that is reflected from
the backside of the detector onto a
photodetector.
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was therefore an important step in understandingAFMoperation and image contrast
mechanism. An example was the finding by Weisenhorn et al. [197] that under
ambient conditions, capillary forces will commonly dominate the forces between the
tip and the sample and thus imaging in water allows to dramatically reduce surface
forces. First force-versus-distance experiments to study surface forces in liquid were
carried out in 1991 [198, 199].

Since then, AFM force measurements have become a prominent tool in surface
science, covering a broad range of topics (review inRef. 200). The unique capability of
the AFM to acquire forces locally and with high sensitivity makes it possible to get
information about the interactions of even a single-molecular pair. This kind of
experiments is known as �single molecule force spectroscopy� and has been applied
mainly to the field of polymers and biomolecules (for reviews see Refs [201–203]).
Especially in the case of biological interactions, single molecule force spectroscopy
has become an important tool for investigation of receptor–ligand interaction at the
single–molecule level.

3.2.1
Force Measurements with the AFM

In an AFMmeasurement, the sample is moved up and down by the piezotranslator,
while measuring the deflection of the cantilever. In principle, almost any kind of
sample can be investigated byAFM, but for fundamental studies, preferentially planar
surfaces with low surface roughness such asmica, HOPG, or silicon wafers are used.
Problemsdue to sample roughness and contamination aregreatly reduced in theAFM
compared to other surface force techniques since the sample only needs to be smooth
ona scale comparable to the radius of curvature at theendof the tip. Surfacequality can
be directly checked by imaging the surface and allows to select clean and smooth areas
of the sample. Atomic force microscopes can be operated in air, different gases,
vacuum, or liquid. Different environmental cells, in which the kind of gas and the
temperature can be adjusted, are commercially available. To acquire force curves in
liquid, different types of liquid cells are employed. Typically, liquid cells consist of a
special transparent cantilever holder that forms the upper lid of the cell, an O-ring
sealing the cell from the side, and the sample surface forming the bottom of the cell.

In a typical AFM experiment, the piezoelectric translator moves with constant
velocity up and down so that its position versus time can be described by a triangular
functionwhile the detector signal of the photodiode is recorded. The outcomeof such
a measurement is a measure of the cantilever deflection, Zc, versus position of the
piezotranslator, Zp, normal to the sample surface. A schematic example is given in
Figure 3.6. For large distances between probe and surface, no surface forces are
acting and the deflectionwill be zero (1).When the probe gets close to the surface, the
cantilever will start to deflect due to surface forces (e.g., bend down due to attractive
van der Waals forces) (2). In cases where the gradient of the attractive force exceeds
the spring constant of the cantilever, the probe will jump in contact with the surface
(dotted line). From this point onward, probe and surface will move in parallel
(constant compliance region, 3) when assuming a hard contact. Upon reversal of
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the direction, the cantileverwill againmove in parallel with the sample (4). If adhesive
forces between probe and sample surface exist, the cantilever will bend downward (4)
until the restoring force of the cantilever exceeds the adhesion force and the cantilever
snaps back to its equilibrium position (5, dotted line).

The �jump to contact� (2) and �jump-out� (5) instabilities have the consequence that
not all parts of the interaction potential can be reconstructed from the measurement.
Such instabilities can be avoided or suppressed by using stiffer cantilevers, but this
would be at the cost of reduced sensitivity. To obtain a real force-versus-distance curve
(called �force curve�),Zc andZp have to be converted to force and distance. First, a line
fit is done on the zero force region to subtract any offset in the detector signal. Then, a
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Figure 3.6 Schematic of an AFM
measurement. (1) Zero force region, where
probe and surface are far from each other;
(2) �snap-in� to surface due to attractive force;
(3) approach part of the constant compliance
region, where probe and surface move up in
parallel; (4) retract part of the constant

compliance region, where probe and surface
move down in parallel and adhesion leads to
negative bending; and (5) �jump-out� occurs
when the restoring force of the cantilever exceeds
the adhesion force. (a) Detector signal versus
piezoactuator position. (b) Force versus distance
curve derived from (a).
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linear fit of the constant compliance region is done to obtain the slope that is equal to
the conversion factor between detector signal in Volts and cantilever deflection in
nanometers. The tip–sample separationD is calculated by adding the deflection to the
piezotranslator position D ¼ Zp þZc and the force F is obtained by multiplying the
deflection Zc with the spring constant Kc of the cantilever.

A critical point in the evaluation of AFM force curves is the determination of zero
distance, meaning the point where the probe starts to touch the surface. While in the
SFA, the analysis of the FECO pattern gives clear information on any gap remaining
between themica surfaces, there is no independent check for absolute distance in the
AFM. This can lead to ambiguities either due to adsorbed layers or due to defor-
mation of soft surfaces.One attempt to overcome this limitationwas the combination
of AFM with TIRM [204] (see Section 3.4), where the scattering signal from a colloid
probe was used for absolute determination of separation distance.

3.2.2
AFM Cantilevers

The cantilever is in fact a key element of the AFM and its mechanical properties are
largely responsible for its performance. The development of production processes for
AFM cantilevers made of silicon or silicon nitride using standard photolithography
[205, 206] allowed cost-effective and reliable manufacturing and has certainly driven
the commercial success of AFM. Today, AFM cantilevers with integrated tips are
mostly fabricated from silicon or silicon nitride in the shape of a single rectangular
beam or a triangle (Figure 3.7). Both are covered with a native oxide layer of 1–2 nm
thickness.

Themechanical properties of cantilevers are characterized by the spring constant
Kc and the resonance frequency. Both can in principle be calculated from the
material properties and dimensions of the cantilever. The spring constant of a
rectangular cantilever with length L, width w, and thickness d (Figure 3.7) made

Figure 3.7 (a) Schematic top view of a rectangular and triangular AFM cantilever with length L,
width w, and opening angle a; (b) SEM image of an AFM cantilever with sharp tip; and (c) colloid
probe prepared by sintering a polystyrene particle to a tipples AFM cantilever.
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fromamaterial with Young�smodulus E can be calculated by using thin plate theory
[208]:

Kc ¼ Ewd3

4L3
: ð3:4Þ

A good cantilever should have a high sensitivity. High sensitivity in Zc is achieved
with low spring constants or low d=L ratio.Hence, in order to have a large deflection at
small force cantilevers should be long and thin. In addition, the design of a suitable
cantilever is influenced by other factors:

. External vibrations, such as vibrations of the building, the table, or acoustical
noise, which are usually in the low-frequency regime, are less transmitted to the
cantilever, when the resonance frequency n0 of the cantilever

n0 ¼ 1:8752

2p
ffiffiffiffiffi
12

p d
L2

ffiffiffiffiffi
E
rc

s
: ð3:5Þ

is as high as possible. Here, rc is the density of the cantilever material. The
equation is valid for a rectangular cantilever. A high resonance frequency is also
important to be able to scan fast because the resonance frequency limits the time
resolution [205, 207].

. Cantilevers often have different top and bottom faces due to reflective coatings or
processing during manufacturing. Temperature changes, adsorption of sub-
stances, or electrochemical reactions in liquid environment can change the
surface stresses of both faces differently. This leads to a bending of the cantilever
[206, 210]. Practically, these changes in surface stress lead to anunpredictable drift
of the cantilever deflection that disturbs force measurements. To reduce drift the
ratio d=L should be high.

These requirements lead to the conclusion that AFM cantilevers should be small.
Only short and thin cantilevers are soft, have a high sensitivity, and a high resonance
frequency. Typical cantilevers are few 100mm long, some 10mmwide, and 0.5–3mm
thick. Resonance frequencies are in the range of 10–400 kHz in air. Especially in the
field of single-molecule force spectroscopy, several researchers aim to make even
smaller cantilevers with higher resonance frequency [211, 212]. The smallest
cantilevers were 10mm long, 0.1–0.3mm thick, and 3–5mm wide. Further size
reduction would, however, make it more and more difficult to fabricate cantilevers
and to focus the laser beam onto such small structures.

3.2.3
Calibration of the Spring Constant

To obtain quantitative force versus distance information, precise knowledge of the
cantilever spring constant is a prerequisite. In principle, values of the cantilever
spring constants are given by the manufacturers, but these values are often not very
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reliable. Therefore, calibration of spring constants is an important part of quantitative
AFM measurements. Several methods are employed. They can be grouped into
dimensional methods, that use the dimensions and material properties, static
methods that apply a known force andmeasure the resulting deflection, and dynamic
ones that are based on the resonance frequency of the cintilever.

Spring constants of AFM cantilevers can be calculated from the dimensions
and material properties of the cantilever according to Eq. (3.4). For triangular
cantilevers, as a first approximation, it can be viewed as the combination of
two parallel rectangular beams. If w is the width of one arm, the spring constant
is 205.

Kc ¼ Ewd3

2L3
: ð3:6Þ

More complex analytical equations have been deduced by several authors
[207, 213–215] that take into account deviations both from the ideal V-shape and
from the thin plate theory. Numerical calculations using finite element allow an even
more realistic simulation of shapes and bending behavior [207, 214, 216, 217]. For a
recent discussion of these different dimensional approaches and their refinement,
see Refs [218, 219].

Calculation of spring constant from cantilever dimensions andmaterial properties
suffers from two main problems – exact determination of cantilever thickness is
difficult and Young�smodulus of the thin layer of cantilevermaterial may differ from
the bulk value – and thus, calculated spring constants were found to significantly
deviate from actually measured ones [207, 215]. The possible existence of reflective
coatings on the backside of the cantilever further complicates the calculations.
Therefore, experimental determination for each single cantilever is usually
employed.

One method is the thermal noise method introduced by Hutter and Bechhoefer
[220]. It is implemented in many commercial AFMs. The thermal noise method is
based on the equipartition theorem of statistical mechanics that states that the mean
thermal energy of any harmonic system at temperature T is equal to kBT=2 per
degree of freedom. For the small thermal oscillation amplitudes (�0.1 nm), the AFM
cantilever can be seen as a harmonic oscillator with spring constant kc. The mean
square deflection of the cantilever due to thermal fluctuations must fulfill the
following condition:

hx2i ¼ kBT
Kc

: ð3:7Þ

Practically, the thermal noise of the cantilever is recorded bymeasuring the deflection
of the cantilever for some time while it is free in air far from any surface. From
recorded signals, the power spectrum PðnÞ, which is a plot of x2 versus frequency, is
calculated by fast Fourier transform.The total value of hx2iwould then be given by the
integral of the power spectrum:
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hx2i ¼
ð¥
0

PðnÞdn ¼ kBT
Kc

: ð3:8Þ

The first resonance peak is fitted after subtracting background noise. Since thermal
excitation acts as a white noise driving force, the power spectrum should follow the
response function of a simple harmonic oscillator:

PðnÞ ¼ An40
ðn2�n20Þþ ðnn0=QÞ2 : ð3:9Þ

Here, n0 andQ are the resonance frequency and quality factor of the first resonance
peak. By combining Eqs. (3.8) and (3.9) and solving the integral, we obtain

Kc ¼ 2kBT
pAn0Q

: ð3:10Þ

However, the value of Kc obtained from fitting just the lowest peak will overestimate
the spring constant, since part of the measured deflection will be due to higher
oscillation modes with each of the modes having the mean thermal energy kBT=2.
From an analysis of all vibration modes and their relative contributions, correction
factors have been deduced for rectangular [221] andV-shaped cantilevers [222, 223]. A
second important effect is that deflection is usually detected with the optical lever
technique. The optical lever technique measures the inclination at the end of the
cantilever rather than its deflection. Deflection and inclination are proportional to
each other, but the proportionality factor depends onwhether the end of the cantilever
is free or in contact with a surface. At the same deflection, the inclination of the first
vibration mode is lower than the inclination of a cantilever with a vertical end load.
Conversely, if the signal caused by the first vibration mode is similar to the signal of
the same cantilever with a vertical end load, the deflection for the first vibrationmode
is higher. Together these effects lead to correction factors of 0.81 for rectangular and
0.78 for V-shaped cantilevers. Detailed instructions on how to practically implement
the thermal noise calibration method including all necessary correction factors are
given in Ref. [224].

Cleveland et al. [225, 226] introduced another calibration method, which includes
dimensional data but without the need to know the cantilever thickness. The
Cleveland method requires knowledge of cantilever length L and width w, elastic
modulus E, and density r of the cantilever material. From the measured resonance
frequency n0, one can calculate the spring constant:

Kc ¼ 2wðpLn0Þ3
ffiffiffiffiffi
r3c
E

r
: ð3:11Þ

One possible source of error with this method are the material characteristics E and
rc. For thin films, they might deviate from the bulk literature values, depending on
how the cantilevers have beenproduced. Therefore, Cleveland et al.have shown in the
same paper that alternatively one could measure the change in resonance frequency
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upon addition of a massM at the end of the cantilever and then calculate the spring
constant from

Kc ¼ ð2pÞ2 M
1=n2M�1=n20

: ð3:12Þ

Here, nM and n0 are the resonance frequencies with and without added mass.
However, attaching the spheres is cumbersome and potentially destructive, and as an
alternative, addition of a thin gold layer [227] or small droplets by an inkjet nozzle
[228] has been used. The Sader method circumvents these problems by determining
spring constants from the resonance frequency and the quality factorQ alone, when
both the width w and length L of the rectangular cantilever and the damping
behavior of the surrounding fluid are known. The spring constant can be calculated
according to

Kc ¼ 0:1906rw2LQCiðReÞð2pn0Þ2; ð3:13Þ
where r is the density of the fluid and Ci(Re) is the imaginary part of the so-called
hydrodynamic function (plotted in Ref. [226]) that depends on the Reynolds number
Re and takes into account the viscosity g of the fluid.

Re ¼ rw22pn0
4g

: ð3:14Þ

Although in principle this method could be applied in any fluid, uncertainties
become higher for stronger hydrodynamic interaction [229]. For that reason, the
Sader method should preferentially be applied in air. Comparisons of the thermal
noise andSadermethod by several authors gave an uncertainty of 5–10% for obtained
spring constant for both methods [230, 231, 233].

Static methods of spring constant calibration apply a defined force while
measuring the resulting deflection of the cantilever. This can be done by adding a
defined mass to the end of the cantilever [234], applying a hydrodynamic drag
force on the cantilever by linear movement in a liquid [235], detecting the hydro-
dynamic force for a colloid probe approaching a wall [236, 237], a fit of DLVO
forces between a silica sphere and a silica surface [238], or use of a nanoindenter [239,
240].

A simple possibility is the use of a reference cantilever with known spring constant
Kref [241, 242, 244]. Therefore, the reference cantilever is used as sample and
the cantilever that should be calibrated is mounted in the AFM. Then, force curves
are taken on a hard substrate and on top of the end of the reference cantilever. From
the slopes of the force curves Sref and Ssubs taken on the solid substrate and the
reference cantilever, respectively, one can simply obtain the spring constant from

Kc ¼ Kref
Ssubs�Sref

Sref
: ð3:15Þ

If spring constant of reference cantilever was determined precisely, most of the
error stems from variation in alignment of cantilevers. Cumpson et al. [243] have
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addressed this issue by the use of a long (1.6mm) reference cantileverwith alignment
marks. The use of piezoresistive reference cantilever eliminates the need of photo-
detector calibration [245] and would even allow their use as traceable SI transfer
standards [246].

3.2.4
Microfabricated Tips and Colloidal Probes

For quantitative AFM force experiments not only the cantilever spring constant but
also the tip geometry needs to be known. A standard procedure is to use a scanning
electron microscope (SEM) to image the tip. However, charging of the tip during
imaging in case of the insulating silicon nitridemay be a problem unless low-voltage
or low-vacuum SEMs are used. Image resolution is typically in the order of 5 nm,
which may not be good enough to resolve the shape of very sharp tips. In addition,
SEMs are not calibrated in the normal direction. Therefore, SEM imaging is used for
semiquantitative tip shape and tip wear characterization.

Tip wear is one of the major problems in force measurements. The assumption
that the surfaces of tip and sample do not change during a force experiment is
probably inmost caseswrong.Computer simulations showed that a transfer of atoms
between the two surfaces is likely as they get into contact [247]. Chung et al. [248]
could show that during the first approach significant structural changes of the tip
apex can occur, even at low forces.

Higher resolution can be achieved with transmission electron microscopy (TEM),
where even the crystalline shape of the tip could be resolved [248], but this is achieved
at the price of much higher experimental effort and is not done routinely. An
alternative method for tip shape characterization is to image a sharp structure and
reconstruct the tip shape from the image [249–251]. In this case, one relies on a
defined structure of the sharp object and the characterization itself might cause
damage to the tip. Therefore, characterizing the tip size and shape for routine
applications is an unsolved problem, neither is the resolution satisfactory nor are the
methods noninvasive.

To overcome the problem of tip shape for nanoscale AFM tips, the so-called
colloid probe technique was introduced [198, 199] (for reviews, see Refs [252–254]).
By attaching smooth and spherical particles to the end of (tipless) AFM cantilevers,
one obtains a probe with defined geometry and surface chemistry (Figure 3.7c).
Attachment of the particles is usually done under the control of an optical
microscope with a micromanipulator. A tiny amount of glue is placed onto the
very end of the cantilever and then the colloidal probe is brought in contact with this
spot. This can be achieved either by placing glue and particle by the use of thin wires
[255, 256] or a micropipette [257] or by moving the cantilever and first touching a
small glue droplet and then the particle to be mounted [258, 259]. If a microma-
nipulator is not available, an AFM itself may be employed by using its sample stage
and integrated video microscope [260, 261]. For some materials such as glass [262]
or polymers [263], sintering instead of gluing was demonstrated to exclude the risk
of probe contamination.
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However, the colloid probe technique is not limited to particles. For biological
studies, strategies to attach single spores [264], bacteria-coated beads [265], or single
cells [266, 267] have been developed. To study forces in emulsions [268] or flotation
cells such as oil drops [269, 270, 696] and bubbles have been attached to cantilevers
[271].

A limitation of the colloid probe technique, however, is theminimum particle size
that can be reproducibly attached by using optical microscopy. For spheres smaller
than 1mm, it becomes difficult to correctly position the particle at the very end of the
cantilever to avoid touching the substrate with the edge of the cantilever. In this
respect, the name colloid probe is somewhat misleading since colloidal particles are
usually smaller than 1mm.Recently, there have been attempts to attach nanoparticles
to the end of AFM tips either by wet chemistry [272] or by epoxy-coating of tips and
dipping them into a powder [273].

In cases where AFM tips have been functionalized with special chemical end
groups, they can be used to map out chemical interactions between tip and surfaces
using either the force volumemode or the friction forcemicroscopy. For both types of
experiments, the term�chemical forcemicroscopy� has been introduced (reviewed in
Ref. [274]).

3.2.5
Friction Forces

Soon after the introduction of the AFM, it was recognized that small modifications
allowed the detection of friction forces [275]. For this purpose, a scan direction
perpendicular to the long axis of the cantilever is used. A friction force between the tip
and the substrate will then lead to a torsion of the cantilever and this in turn induces a
lateral movement of the laser beam on the detector. By using a quadrant photodiode
as shown in Figure 3.8, this lateral shift can be recorded and allows simultaneous
recording of surface topography and friction [276]. This mode of operation is called
friction force microscopy (FFM) or lateral force microscopy (LFM).

Quadrant
photodiode

Cantilever
with tip

Sample

Light
beam

Figure 3.8 Schematic of the friction force microscopy operation of an AFM. When using a scan
direction perpendicular to the long axis of the cantilever, friction between tip and surfaces leads to a
lateral deflection of the laser beam that is recorded by a quadrant photodiode.
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A typical lateral deflection signal recorded for a single left/right scan cycle along a
scan line is plotted in Figure 3.9. The upper and lower parts of this so-called friction
loop result from trace (scanning left) and retrace (scanning right back on the same
line). Thewidth of the friction loop, whichmeans the difference of the average values
from trace and retrace, is proportional to the friction force.

To carry out quantitative friction force measurements with the AFM, a calibration
of the lateral force sensitivity is necessary. A number of different techniques have
been introduced, which can be divided into one-step and two-step procedures. The
one-step procedures directly give a conversion factor a in units of NV�1 to convert
detector voltage to friction force. The most common way to obtain this conversion
factor is the so-called wedge method introduced by Ogletree et al. [277] and later
refinedby others [278–280]: friction loops are recorded on a test samplewith different
well-defined slopes using different applied loads. Since the ratio of normal and lateral
forces changes with surface slope, one can obtain a by comparing width and offset of
the friction loops on the different slopes. A second type of approach is to apply a
knownnormal forcewith theAFMto the cantilever at an off-center position by using a
tipmounted on a surface [281], by attachment of a lever arm perpendicular to the end
of the cantilever [282, 283].

Figure 3.9 Example of the friction force
obtained in an AFM friction force measurement
[295]. The friction force between probe and
surface induces a tilt of the cantilever that is
recorded as a lateral movement of the laser spot
on the photodetector. The upper and lower parts

of the so-called friction loop correspond to the
trace and retrace scan, respectively. The width of
the friction loop (i.e., the difference between
trace and retrace) is proportional to the friction
force.
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A third possibility is to apply a defined friction or torque while recording the
detector response. This was achieved using the Lorentz force on a conductive
cantilever in a magnetic field [284], using glass fibers of known stiffness [285,
286], or using especially designed micromechanical devices [287, 288].

The two-step processes consist of (1) determination of the torsional spring
constant KL of the cantilever and (2) the lateral sensitivity of the detection system.
With the known height of the AFM tip or diameter of the colloid probe, the friction
force can then be calculated from the measured detector signal.

If the dimensions of the cantilever are known, the torsional spring constant can be
calculated [214, 219, 289]. For rectangular cantilevers, calibrationmethods equivalent
to the Cleveland and Sader methods for the normal spring constant have been
developed [290]. Another approach uses the application of a defined vertical force at
the end of the cantilever with a defined lateral offset [281]. The lateral sensitivity can
be obtained from a lateral movement of the detector by a defined distance in case of
known geometry of cantilever position and laser alignment [291, 292] or by placing a
mirror in the beam path that can be tilted by defined angles [281]. In principle, the
lateral sensitivity could also be deduced from the initial slope of the friction loop [293];
however, this is valid only if the contact stiffness is high enough [294]. In the case of
colloid probes, these can be pushed by a defined distance against a vertical step [295,
296], and in the case of AFM tips, a calibration grating with vertical steps of defined
height can be used to cause defined lateral bending while recording the detector
signal [297].

3.2.6
Force Maps

Instead of taking force–distance curves only on selected points of the sample, one can
also acquire force-versus-distance curves at every point corresponding to a pixel of the
AFM image. Since the tip is scanned along the surface and also moves in the z-
direction normal to the surface, the term �force volume mode� has been coined for
this mode of operation. From the array of force–distance curves, the spatial variation
of interactions throughout the sample surface can be obtained. This is usually done
by postprocessing of the force data, resulting in two-dimensional maps of physico-
chemical sample properties. Since lateral movement of the AFM tip can be done in a
retracted position in force volume mode, lateral forces on the sample during
scanning can be avoided.

A fundamental problem in force volume mode is the relatively long acquisition
time that can easily amount to tens ofminutes and can give rise to excessive drift. This
and thememoryusage for storing all data points limit the resolution of the forcemaps
to typically 64� 64 data points compared to the typical 512� 512 pixels for standard
AFM images. A critical point that has hindered the widespread use of force volume is
automated data evaluation, which is currently not part of standard AFM software of
the commercial suppliers. Since some thousand force curves have to be evaluated for
each data set, sophisticated software routines have to be developed by the users for
automated analysis to efficiently use force volume mode.
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3.2.7
Dynamic Modes

Recently, it has even become possible to probe the interaction between single atoms
by using frequency modulation AFM (FM-AFM) (for a review see Ref. [298]. This
special AFM mode was introduced by Albrecht et al. [299] to allow noncontact
imaging of surfaces in ultrahigh vacuum up to atomic resolution images that could
be obtained with this method. In FM-AFM, one uses active excitation of the
resonance of the AFM cantilever with a fixed oscillation amplitude at its resonance
frequency n0.When the tip is brought in close proximity to the surface, the presence
of a force gradient will correspond to an additional spring constant

DK ¼ dF
dz

; ð3:16Þ

which leads to a change in resonance frequency by

Dn ¼ n0
DK
Kc

; ð3:17Þ

An active feedback circuit is used to sense this change in resonance frequency and
allow scanning of the surface at constant frequency shiftDn, which corresponds to a
scan at constant potential gradient. In 2001, Lantz et al. [300] were able to measure
forces between single atoms on a silicon tip and a silicon surface, and in 2002Giessibl
et al. could probe the friction forces between single silicon atoms [301]. While
originally developed forUHVconditions, it was recently shown that operation of FM-
AFM is even possible in liquid [302] and can be used for quantitative force
measurements in solution [303].

3.3
Optical Tweezers

In optical tweezers, the interaction between light and matter is used to control the
movement of micrometer-sized objects by a single laser beam. Optical trapping of
particles in a liquid was first demonstrated by Ashkin et al. [304], who showed that
dielectric particles in the size range of 10 mm down to 25 nm could be trapped in
aqueous solution using a single laser beam. Soon after they demonstrated that this
technique also allows the trapping and manipulation of biological objects such as
cells [305], which has much inspired their use in biological applications [306–308] as
well as in the fields of colloid science [309, 310] and microrheology [311]. Although
optical tweezers are almost exclusively used in liquids, where hydrodynamic drag
facilitates stable trapping, there has been recent effort to establish this technique also
for aerosols [312, 313]. For reviews on optical tweezers, we refer toRef. [314] that gives
a very detailed description of the technique and Refs [315, 316] for recent trends and
developments.
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Optical tweezers are based on the premise that a particle placed into the focus of a
collimated laser beamwill feel two optical forces. The first one is the scattering force.
It points in the direction of the light propagation and is proportional to the light
intensity. The second one is the gradient force. For a dielectric particle with higher
refractive index than the surrounding medium, this force is directed toward higher
light intensity (i.e., toward the focal spot) and is proportional to the intensity gradient.
Therefore, the particle will be trapped close to the focal spot if the gradient force is
large enough.

For particles with a large diameter compared to the laser wavelength l, this
gradient force can be explained by simple geometric optics (Figure 3.10); this is
within the framework of Mie theory. The rays A and B are diffracted by the optically
more dense particle. Conservation ofmomentum for the diffracted rays leads to a net
force on the particle that is directed toward the focus of the laser beam. Reflected rays
contribute only little to the force. When the particle diameter is much smaller than
wavelength l, wave optics has to be used and the theory for Rayleigh scattering can be
applied to calculate the scattering and gradient force. Rayleigh theory treats the
scattering particle as a single point dipole. In this picture, the scattering force arises
from absorption and re-emission of light from the dipole and is given by

FS ¼ 128I0p5R6
pn1

3cl4
� ðn2=n1Þ2�1

ðn2=n1Þ2 þ 2
: ð3:18Þ

I0 is the laser intensity, Rp is the particle radius, c is the speed of light, and n1 and n2
are the refractive indices of medium and particle, respectively. The gradient force

FAFB

AB

Focus
Position

Figure 3.10 Optical gradient force on a particle with refractive index higher than the surrounding.
Conservation ofmomentum for the diffracted rays leads to a net force that pulls the particle into the
focus.
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arises from interaction of the induced dipole with the intensity gradient rI0:

FG ¼ 2pR3
p

c
� ðn2=n1Þ2�1

ðn2=n1Þ2 þ 2
� rI0: ð3:19Þ

Both, Mie and Rayleigh scattering can give a qualitative understanding of the
working principle of optical tweezers. In most applications, particles with diameters
of 0.2–5mm are used, which fall just in between these two limiting ranges. For a
quantitative evaluation of trapping potentials, complex numerical calculations are
unavoidable. Results of such calculations agree with experimental results [317, 318].
Close to the trap center, the particle will feel a quadratic potential corresponding to a
linear spring. For this situation, the trap stiffness, (i.e., the restoring force on the
particle toward the trap center due to a deviation from the trap center) can simply be
characterized by a spring constantKt. The range over which the trap still behaves as a
linear spring is limited to about 150 nmand themaximumdistance a trapped particle
can move within losing it from the trap is in the order of 400 nm. Trapping is only
possible if the scattering force does not exceed the gradient force. In addition, the
trapping force has to be stronger than thermalmotions of the particle. While the first
condition will be easier to match with smaller particles, the second one will limit the
minimum size of particles that can be trapped. Thismakes trapping of nanoparticles
demanding. A few examples of optical tweezer studies of nanoparticles are reviewed
in Ref. [319].

Tomaximize the gradient force, highnumerical aperture objectives should be used
to focus the laser beam to a diffraction limited spot. Note that for a given optical setup,
scattering force and gradient force will both increase linearly with laser intensity. As a
consequence of the scattering force, the equilibrium position of the trapped particle
will be located slightly beyond the focal spot in the direction of the beampropagation.
To achieve a low noise trapping, the optical system should have a high pointing
stability to avoid fluctuations of the trap position and a high power stability to
minimize force fluctuations.

An important issue is the choice of laser wavelength. In principle, any laser with
sufficient beam stability and laser power can be used. In the case of biological
samples, however, radiation damage by the laser power is a critical issue. In this case,
awavelength in thenear infrared ismost suitable due to the low absorption ofwater in
the range of 800–1200 nm. Typically, diode-pumped solid-state lasers such as Nd:
YAG, Nd:YLF, or Nd:YVO4 with wavelengths between 1047 and 1064 nm are used in
a Gaussian TEM00 mode that allows to minimize the focal spot. The laser power
required will depend on the precise application, especially on the size of the object to
be trapped and the desired trap stiffness. A typical force of 1 pN per 10mWof laser
power in the specimen plane has been reported for micrometer-sized beads [306].
The lowest laser power that still allowed stable trapping of a 0.53mm particle in an
optimized setup was reported as 0.6mW [320]. The force range of optical tweezers of
0.025 pN [321] to 100 pN [322] is a perfect match for single-molecule studies.

To apply a force with optical tweezers to single molecules, typically a spherical
particle of� 1mm diameter is trapped with the laser. The bead will act as a handle to
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exert forces onto the molecule that is additionally fixed either to a surface or to a
second bead. In the latter case, the second beadmay be held by a second optical trap or
by aspiration with a micropipette.

In many cases, optical tweezers are built with an inverted optical microscope that
gives a convenient platform providing the focusing optics, a measurement chamber,
and imaging capabilities. The main additional components are the laser, a
beam shaping and steering optics, and a detection system for the bead position
(Figure 3.11). The laser beam is sent through a beam expander to widen its diameter.
This leads to a cutoff of the shoulders of the Gaussian beam profile by the entrance
aperture of the microscope objective, which results in a more stable trapping. The
reason for this can be seen fromFigure 3.10. The outer part of the focused laser beam
will contribute most to the gradient force, whereas the central part will hardly be
diffracted and will mainly contribute to the scattering force. Therefore, widening
the beam above the size of the objective entrance aperture can maximize the relative

Laser

Beam

expansion

Trap

positioning

Dichroic mirror
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Detector
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Camera
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Chamber and

Sample Stage

L1 L2 L3 L4

Figure 3.11 Schematic of an optical tweezer
setup. It consists of an optical video microscope
(components within dotted line) and the
components needed for the laser trap. The laser
beam is widened by a beam expander and
coupled into themicroscope by a dichroicmirror.
The beam is focused on a diffraction limited spot
by the high numerical aperture objective to form

the laser trap for the bead. The light scattered by
the bead is collected by the condenser and
reflected onto the detector by a second dichroic
mirror to monitor the bead position. Positioning
of the laser trap can be done by either a
displacement of lens (L3, slow) or an
acoustooptical deflector (AOD, fast).
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intensity of the extremal rays and thus optimize trapping efficiency. The objective
itself must be a high numerical aperture objective (NA¼ 1.2–1.4) to obtain a
steep intensity gradient. This limits the effective z working distance and thus the
maximum distance the trapped object can be above the glass bottom of the
measurement cell.

Beam steering can be achieved by severalmeans. One possible approach is to use a
beam steering mirror and a simple telescope to reimage the mirror plane onto the
entrance aperture of the objective. A tilting of the mirror will lead to a lateral
movement of the focal spotwithout changing focus and intensity. This elementmight
simultaneously act as a dichroic mirror to separate the incoming laser light from the
imaging light path going in the opposite direction from the collimator to the CCD
camera. Alternatively, one of the lenses of a telescope in the beam path can be
repositioned. Amuch faster steering control is possible by acoustooptical deflectors.
These consist of a transparent crystal in which a diffraction grating is induced by an
acoustic wave. The deflection angle is controlled via the acoustic wavelength and the
intensity can be controlled by the acoustic wave amplitude, which means that both
trap position and stiffness can be controlled.

Position detection of the trapped bead can in the simplest case be done by using
the CCD video camera and digital image analysis. This will, however, limit the
detection speed to video frame rates and the accuracy to about 5 nm. A more
advanced approach is the use of back focal plane detection [323]. For this purpose,
the laser light passing from the objective through the focal spot is collimated again
by the condenser and reflected by a second dichroic mirror onto a quadrant
photodetector. The intensity pattern resulting on the quadrant photodetector arises
from interference between forward-scattered light and unscattered light. For a
spherical bead centered along the optical axis, this pattern will have rotational
symmetry. Any excursion from the centered position will lead to a distortion of the
interference pattern, resulting in changes of intensity in the four quadrants.
Differential signals that are calculated from the pairs for both x- and y-directions
lead to signals that are in first approximation proportional to the distance in x- and
y-directions from the trap center. Detection beam and trap position are automat-
ically aligned and thus the signal from the quadrant photodiode measures the
relative displacement from the laser focus.

While the use of the tracking beam for backfocal plane detection is straightforward,
sometimes a separate detection laser is used. In this way, one can obtain the absolute
position of the bead, not just the one relative to the trap focus. The focus of the
detection laser can coincide with the particle (which is not possible for the trapping
beamdue to the large scattering force thatwill always drive the bead beyond the focus)
resulting in highest sensitivity. The beam of the detection laser can also be less
sharply focused, allowing a larger detection range. While position detection in the xy
plane is straightforward, it is more difficult in axial direction along the laser beam.
The back-focal plane detection approach also allows, in principle, to deduce the
vertical position of the trapped bead to be recorded since the total laser light intensity
hitting the four quadrants of the photodetector will depend on the vertical position
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due to interference between the forward-scattered light and the light directly passing
onto the detector [324].

3.3.1
Calibration

Whenever optical tweezers are used not only for manipulation but also for quan-
titative measurements, a calibration of distance and force detection must be carried
out. The most straightforward distance calibration is to apply defined forced move-
ments to the particle in steps of known distance across the detector region while
recording the detector output. This approach can be implemented either bymoving a
fixed bead using definedmovements of the sample stage or by defined displacements
of a bead caught in a steerable trap that has been calibrated beforehand, for example,
by video tracking. Alternatively, the thermal motion of a bead with known size in the
trap can be analyzed [323]. The power spectrum of the thermal motion of a trapped
bead in (nm2Hz�1) is given by [306]

SxðnÞ ¼ kBT
p2bðn20�n2Þ : ð3:20Þ

Here, n0 is the roll-off frequency (the frequencywhere the power spectrumvalues had
dropped to half its asymptotic low frequency value) and b is the hydrodynamic drag
coefficient. For a sphere with radius Rp in a liquid with viscosity g, it is given by
b ¼ 6p gRp. The uncalibrated power spectrum SV measured by the detector in
(V2Hz�1) is connected with the calibrated one by

SV ðnÞ ¼ a2detSxðnÞ: ð3:21Þ
Here, adet is the linear sensitivity of the detector in (Vnm�1). For frequencies n � n0,
the quantity SxðnÞn2 will approach a constant value of kBT=p2b. By plotting SV ðnÞn2
versus n and taking the plateau value in the limit of n � n0, one obtains the
calibration factor r simply from

r ¼ SV ðnÞn2
SxðnÞn2 ¼ SV ðnÞn2p2b

kBT
: ð3:22Þ

The advantage of thismethod is that no forcedmovement of the bead is required. It is,
however, valid only for small displacements where linear dependence between
displacement and detector signal is still valid, and onemustmake sure that detection
bandwidth is high enough to obtain an undistorted power spectrum.

Force calibration is commonly not directly done, but trap stiffness is determined.
Then, the force is calculated by multiplying trap stiffness by particle displacement
from the trap center. The first method involves againmeasuring the power spectrum
of thermal motion of a bead in the harmonic potential, which is described by a
Lorentzian as given byEq. (3.20). Byfitting the power spectrumandusing the relation
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n0 ¼ Kt

2pb
; ð3:23Þ

the trap stiffness Kt can be calculated.
Several issues have to be considered when this method is used. The first is the fact

that for particles close to a surface, the hydrodynamic drag coefficient b will be
increased due to wall effects and depend on surface separation D. For movements
parallel to the surface, this can be taken into account using [325, 326] (see Eqs. (6.46)
and (6.50))

bðDÞ ¼ 6pgRp
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16
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D

� �5 : ð3:24Þ

For calibration of vertical stiffness, the same procedure is carried out for the vertical
detector signal but using a different correction formula for b derived by Brenner
[327]. The second issue is connected to the bandwidth of the quadrant photodiode,
which should be at least one order of magnitude higher than n0. This condition may
not always be fulfilled especially if silicon photodiodes are used in combination with
infrared lasers. A detailed discussion on this topic can be found in Ref. [328].

A second possibility to calibrate trap stiffness is to use the equipartition theorem.
Themean square displacement of a particle in a harmonic potential with stiffness Kt

is given by the equipartition theorem as

1
2
kBT ¼ 1

2
Kthx2i: ð3:25Þ

So, bymeasuring the variance hx2i of the bead displacement, the stiffness is obtained
without the need to know particle shape, height above the surface, or viscosity of the
medium. However, it requires distance calibration of the detector and sufficiently
high detection bandwidth as before.

The third and most direct method is to apply a defined viscous drag force on the
particle and detect its response, for example, by moving the stage with a triangular
waveform with amplitude A0 and frequency n. This will result in a trajectory of the
bead within one period described by

xðtÞ ¼ A0bn

2Kt
1�exp �Kt

b
t

� �� �
: ð3:26Þ

Here, the asymptotic value A0bf =2kt can be used to estimate trap stiffness. This
method does not require high detection bandwidth and allowsmapping of the linear
range of the trap where kt is constant. Recently, Tolic-Norrelykke et al. [329] used a
combination of sinusoidal drag force andpower spectrum to obtain both distance and
force calibration without the need of independent information on the hydrodynamic
drag coefficient. A similar approach has been introduced to allow calibration in
viscoelastic media such as the cytoplasm, where the viscoelastic properties of the
medium are not known a priori [330].

82j 3 Experimental Methods



3.3.2
Multiple Traps

With optical tweezers more than one object can be simultaneously trapped. First
implementations used beam splitters [331] or rapid switching between different
positions with a single beam [332]. Interference patterns between two laser beams
may be used to trap particles at the intensity maxima [333, 334]. A more flexible way
to create fixed arrays of optical tweezers is to use holographic beam splitters that
can even be constructed as phase-only diffractive elements, which allows to direct
all laser power to the trapping points [335]. A breakthrough based on this principle
was the introduction of spatial light modulators (SLMs) as holographic elements
[336]. Spatial light modulators are two-dimensional arrays of pixels that allow to
impose a defined phase shift for each pixel by varying the optical path length, for
example, by variation of the orientation of a liquid crystal. By using computer-
controlled spatial light modulators with numerical calculation of the required
holograms, not only lateral movement of the trap position can be achieved but
also the focal power can be controlled and the axial position can be shifted relative
to the focal plane of the microscope objective. This allows full three-dimensional
motion of many independent optical traps [337, 338] and creation of three-
dimensional crystals [339] and microstructures [340] over a range that is limited
by the out-of-focus performance of the microscope and the spatial resolution of the
spatial light modulator [341].

Another extension of the classical optical tweezers is the introduction of torque
generation using the angular momentum carried by light. An overview of the
different ways to apply torque by using optical means is given In ref. [342]. However,
up to now such experiments were mainly proof of principle, and torque application
with optical tweezers has not yet reached widespread use compared to magnetic
tweezers.

3.4
Total Internal Reflection Microscopy

Total internal reflection microscopy (TIRM) was introduced in 1987 by Prieve et al.
[343]. TIRMallows to probe the interaction of a singlemicrospherewith a transparent
flat plate. In a TIRM experiment, a microsphere is allowed to sediment toward the
plate. The technique relies on repulsive forces between sphere and plate. This
repulsion will typically result from electric double layer or steric forces. They keep
the sphere from getting into contact with the plate. Thermal fluctuations will
constantly change the precise distance. The distance between sphere and plate is
monitored by the light intensity scattered from the particle when illuminated by an
evanescent wave and can be determinedwith a resolution of�1 nm. By recording the
fluctuations in vertical position of the sphere due to Brownian motion, the potential
energy of interaction and the diffusion coefficient of the sphere can be deduced. For
overviews of the technique, see Refs [344, 345].
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A basic TIRM setup consists of a laser, a prism that either forms the bottom of the
measurement cell or is attached via an indexmatchingmaterial to the glass bottom of
the cell, and an inverted opticalmicroscope equippedwith a sensitive photon detector
to collect the scattered laser light (Figure 3.12).

TIRM is based on the following effect: If we shine light onto an interface coming
from an optically dense medium to an optically less dense medium, it is totally
reflected provided the angle is below a certain critical angle qc. This angle is given by
sin qc ¼ n2=n1, where n1 and n2 are the refractive indices of the dense and less dense
medium, respectively. Far away from the interface, we will not observe any light. The
light intensity does, however, not abruptly decrease to zero at the interface but it can
penetrate into the less dense medium for a short distance. This is called the
evanescent field. The intensity of the evanescent light field decays exponentially.
The decay length lev is given by

Figure 3.12 Schematic of a TIRM setup. A laser
is reflected from the bottomof themeasurement
cell at an angle above the critical angle to achieve
total internal reflection of the light. Light of the
evanescent wave that is scattered by a colloidal
particle is collected by a microscope objective

and detected by a photomultiplier. From
observed intensity fluctuations, the Brownian
motion of the particle within the combined
surface and gravitational potential can be
determined and thus a calculation of the surface
potential is possible.
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lev ¼ l

4pn1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 q�sin2 qc

p : ð3:27Þ

Here, l is the laser wavelength. The actual angle of incidence q of the laser beam has
to be above the critical angle. Equation (3.27) shows that we can adjust the penetration
depth lev by changing the angle of incidence.

Example 3.1

At a wavelength of 633 nm zinc crown glass has a refractive index of n1 ¼ 1:52.
The critical angle with water (n2 ¼ 1:33) is qc ¼ 61�. For an angle of incidence
of q ¼ 65�, the decay length of the evanescent field is lev ¼ 140 nm. For
qc ¼ 85�, it decreases to lev ¼ 70 nm.

For the dependence of the scattered intensity IðzÞ on distance z, one assumes that
IðzÞ decays with distance z of the particle from the planar surface in the same way as
the intensity of the evanescent wave itself [346]:

IðzÞ ¼ I0e
�z=lev ð3:28Þ

Here, I0 is the intensity at the surface. Togetherwith the exponential dependence, this
leads to a distance resolution of about 1 nm [344].

The optical microscope can be used to find a particle within the cell and move it
above the laser spot by the microscope stage. Then, the measurement is started by
recording the scattered light intensity with millisecond time resolution for an
extended time (�15min). Due to the Brownian motion, the particle will not stay
at the potential minimum Umin ¼ UðzmÞ, where zm is the height above the planar
surface where the potential energy is minimal. The probability density PðzÞ to find
the particle at a given distance z above the surface is given by a Boltzmann
distribution:

PðzÞ ¼ PðzmÞexp �UðzÞ�Umin

kBT

� �
; ð3:29Þ

with PðzmÞ being the probability density at the potential minimum. The recorded
intensity versus time series is converted into a histogram NðIÞ. Here, N is the
number of time intervals, in which an intensity I was observed. When recording a
sufficiently high number of data points, this histogram will converge to the
probability density distribution PðIðzÞÞ. The measured probability density distribu-
tion PðIðzÞÞ is related to the theoretical distribution PðzÞ via

PðzÞdz ¼ PðIÞdI ¼ NðIÞ dIðzÞ
dz

: ð3:30Þ

By inserting Eq. (3.28) into Eq. (3.30), we obtain

PðzÞdz ¼ �NðIÞ IðzÞ
lev

: ð3:31Þ
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Combining Eqs. (3.29) and (3.31) leads to

NðIðzmÞÞ IðzmÞ
lev

� e�
UðzÞ�Uðzm Þ

kBT ¼ NðIðzÞÞ IðzÞ
lev

: ð3:32Þ

By defining UðzmÞ ¼ 0 and rearranging Eq. (3.32), we finally obtain a relation
between the measured data and the potential energy:

Uðz�zmÞ
kBT

¼ ln
NðIðzmÞÞIðzmÞ
NðIðzÞÞIðzÞ

� �
¼ ln

NðIðzmÞÞ
NðIðzÞÞ

� �
þ z�zm

lev
: ð3:33Þ

Equation (3.33) gives information only in terms of the relative positions z�zm. To
obtain the absolute distance, one has to determine I0. In the case of electric double-
layer repulsion, this can be achieved by exchanging the solution against onewith high
salt concentration to suppress repulsion and thus bring the particle in contact with
the surface, to which it will attach by the van derWaals forces. Particle attachment can
be verified by the strong decrease in fluctuation of intensity. The directmeasurement
of I0 then allows to calculate the distance zm from

zm ¼ lev ln
I0

IðzmÞ : ð3:34Þ

This type of calibration experiment has to be repeated for each particle, since
scattering intensities can vary up to one order of magnitude for nominally identical
particles. Slight size variations may or may not lead to resonant scattering [347]. The
potential energy profile can be determined with a resolution of about 0:1kBT ,
corresponding to forces as small as 10 fN [344]. For low forces, the radiation pressure
force from the evanescent wave may no longer be negligible [348]. To avoid lateral
drift of the particle and to allow exchange of solutions without flushing the particle
from the area of the evanescentwave, optical tweezers canbe combinedwith the basic
TIRM setup [349]. While TIRM has mainly been used to study colloidal interactions,
its application to cells or liposomes is possible as well [350].

It should be noted that hydrodynamic forces on the sphere, which will be
significant close to a wall, do not contribute to the observed equilibrium potential
energy profile. Drag forces do not change the equilibrium distribution. They only
change the speed of fluctuations. As a result, the TIRM signal can also be used to
measure the hydrodynamic drag on the particle by determining its averaged apparent
diffusion coefficient from the autocorrelation function of the scattering signal [351].
The disadvantage of this method is that it only probes the diffusion at the potential
minimum. Alternatively, one may analyze the distribution of vertical displacements
of a particle at short timescales from an arbitrary starting point. For short timescales
(�1ms), the variance of the displacements was found to be proportional to the
diffusion coefficient times the displacement time [352].

One limitation of the TIRM method is the poor sampling of energetically
unfavorable positions by the particle: according to Eq. (3.29), an increase in potential
energy of 7kBT leads to decrease in probability by a factor of 1000. To extend the
range of probed particle–substrate separations, an additional force can be applied.
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Such attempts have beenmadewith the radiation pressure of a laser beam [353, 349],
optical trapping [354], and electrophoresis [355].

Backgroundnoise can lead to a shift and broadening of the potential energy profile.
For standard experimental conditions with clear solutions and particles with high
scattering intensities, signal-to-noise ratio should not be an issue. However, for
poorly scattering objects such as cells or for turbid solutions, background scattering
can become significant. In such situations, subtraction of background scattering can
still lead to valid potential energy profiles [356]. While in traditional TIRM experi-
ments, only a single particle is studied at a time, an extension of the method to
ensembles of particles was demonstrated recently [357]. This allows to study not only
isolated particle–wall interactions but also forces within the particle ensemble by
additional video microscopy.

The exponential dependence between scattering intensity and separation between
surface and particle is at the heart of the TIRM method. At the time of the
development of the method, no full theoretical calculations for this scattering
problem existed, but this type of dependence was shown experimentally [346]. In
recent years, the validity of this assumption was analyzed in more detail and
significant deviations were found under certain conditions. By combining TIRM
and AFM [204], direct measurement of the change in scattering amplitude with
distance could be obtained both for AFM tips and for colloid probes. Deviations from
the expected exponential decaywere found for distances smaller than 3lev [358] in the
case of larger particles. Deviations could beminimized by using smaller particles and
p-polarized light.Hertlein et al. [359] used a dual-wavelengthTIRMsetup that allowed
the detection of the separation distance at twodifferentwavelengths. Thus, they could
use one laser wavelength at optimized conditions for independent distance mea-
surements while probing influence of different experimental parameters on the
quality of distancemeasurement at the other wavelength. The observed deviations of
the IðzÞ profiles from the idealized exponential dependence were compared with
numerical simulations and excellent agreementwas found, opening the possibility to
improve distance detection by detailed numerical analysis.

3.5
Magnetic Tweezers

The use of magnetic forces to manipulate particles for studying biological objects
dates back to the 1920s. First uses were the movement of magnetic particles in
protoplasts [360] or echinoderm eggs [361]. In later experiments, magnetic forces
were used to study the viscoelastic properties of the cytoplasm of cells [362–364].
Ziemann et al. [365] designed a setup for linear oscillation of a magnetic particle to
measure the viscoelastic modulus of actin networks and coined the term �magnetic
tweezers� for their setup. In themost simple implementation,magnetic tweezers can
be set up by combining two permanent magnets with a superparamagnetic bead
(Figure 3.13). The particle will feel an upward pulling force in the direction of the
gradient of the magnetic field. In contrast to the situation with optical tweezers, the
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particle is not trapped in a potential well. The magnetic force has to be counter-
balanced, for example, by the force needed to stretch a linkermolecule that binds the
particle to the substrate, typically a DNA or other biomolecule of interest. The force
exerted on the magnetic bead leads to a movement of the bead that is recorded by
using an inverted optical microscope with a digital camera.

The beads used in magnetic tweezers are usually superparamagnetic beads since
they have no remnantmagnetization without external magnetic field and thus do not
pose the problem of agglomeration. Superparamagnetic materials consist of small
clusters (�10 nm) of a ferromagnetic material (in most cases, iron oxide) embedded
in a polymeric matrix. Due to the small size of the ferromagnetic clusters, they can
randomly flip their magnetization direction just by thermal excitation. Therefore,
they will not exhibit a permanent magnetic moment and behave like a paramagnetic
material but exhibit a high magnetic susceptibility due to the ferromagnetism of the
ferromagnetic material.

In an external magnetic field of field strength B, a superparamagnetic bead with
radius Rp will have a magnetic moment mm of

mm ¼ 4pR3
p

m0

mr�1
mr þ 2

B ð3:35Þ

Figure 3.13 Schematic of a basic magnetic
tweezer setup. A paramagnetic bead is attached
to the bottomof themeasurement cell via a linker
molecule. The field gradient of the two
permanent magnets induces a pulling force on

the molecule. The bead can be moved vertically
or rotated bymoving themagnets. Displacement
of the bead is measured by a combination of
digital video microscopy and image processing.
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as long as the magnetic field is lower than the material-dependent saturation field.
The related potential energy of the bead is U ¼ � 1

2mmB. The force on the bead is
given by

F ¼ �rU ¼ 2pR3
p

m0

mr�1
mr þ 2

rðB2Þ: ð3:36Þ

The selection of the optimum bead size is a compromise. On the one hand, the
particles should be as small as possible to minimize force due to Brownian motion.
On the other hand, optical video microscopy is used for position tracking and the
magnetic force scales with the particle volume (Eq. (3.36)). Typical bead diameters are
0.5–5mm.

For a perfectly paramagnetic bead, a magnetic field cannot impose any torque.
Superparamagnetic beads exhibit a slight polarization anisotropy. This leads to a
torque proportional to B in a magnetic field. It tends to orient the particle along the
anisotropic axis and can be as high as 1 nN nm. This value is higher than any torque
that will be imposed on the bead by the linking molecule and allows to rotate the
particle by the magnetic field, by rotating the permanent magnets.

The permanent magnets – typically made of the rare earth magnetic alloy
neodymium iron boron – are mounted with a small ( < 1mm) gap between them.
The maximummagnetic field is proportional to the inverse of the gap width and the
typical length scale is of the order of the gap size. The force acting on the particle can
be controlled bymoving themagnets up and down and will typically change by about
1 pN per 1mm of movement. This corresponds to an extremely soft spring constant
of 10�6 pNnm�1. As a result, inmagnetic tweezers the change in force over distances
of typical bead sizes is negligibly small. This implies that the bead is held by a constant
force independent of its precise position, as long as the position of the permanent
magnets is not changed. Such a situation is commonly denoted as �force clamp.�
Therefore, magnetic tweezers are intrinsically force clamp experiments, and since
they do not need any complex active force feedback controls, they have �infinite�
bandwidth of the force control.

The position of the probe bead is commonly determined by video microscopy and
digital image processing. The x- and,y- positions can be determined from fits of the
bead image with a resolution of�10 nm [366]. Higher resolution in bead position in
all directions can be achieved if the magnetic tweezers are equipped with a laser
illumination allowing back-focal plane interferometry [367, 368].

The magnetic force acting on the bead can be calculated from its thermal
fluctuations. For a given extension l of the linker molecule under a magnetic force
F, one can assume that for small excursions of the bead the systembehaves as a linear
spring with spring constant F=l. Therefore, the equipartition theorem tells us that

F ¼ kBTl
hDx2i : ð3:37Þ

Another possibility is measuring the drift speed vp of a particle in a liquid of known
viscosity g [363]. In equilibrium, the magnetic force is counterbalanced by the drag

3.5 Magnetic Tweezers j89



force that can be calculated using Stokes Eq. (6.11)F ¼ 6p gRpvp. This type of
calibration becomes difficult for multipole setups with small distances between the
poles as the force will be position-dependent and the distances may be too small for
the particles to reach a stationary speed. An alternative approach is then to measure
the deflection of a glass cantileverwith known spring constant ontowhich amagnetic
bead with know magnetization is attached [369].

Magnetic tweezers based on permanent magnets have a disadvantage that force
can be applied only in one direction without any three-dimensional position control.
The use of electromagnets for magnetic tweezers (which are therefore sometimes
called electromagnetic tweezers) allows easy control of the amplitude of themagnetic
field by the current through the coils.Using softmagneticmaterials as pole pieces of a
coil magnet enables high field gradients but limits the time response due to
hysteresis effects. Early designs used only two pole pieces to allow one-dimensional
oscillatorymovement for rheological applications [365]. Amblard et al. [370] used four
independent magnetic elements to enable two-dimensional control of the bead
position and bead rotation.

The group of Croquette [366] was the first to implement a full three-dimensional
control of the bead movement using an array of six electromagnets above the
measurement chamber. Even such magnetic tweezers do not create a stable
three-dimensional potential minimum to hold the bead but rely on dynamic
stabilization by using feedback from the optical detection system to dynamically
adjust the field distribution. A more sophisticated system with tetragonal arrange-
ment of pole tips and three-dimensional optical position tracking by back-focal plane
scattering similar to that used in optical tweezerswas introduced by Fisher et al. [367].

A severe limitation of magnetic tweezers is the maximum force that can be
achieved. Early setups could only reach maximal forces in the order of 1–200 pN.
Higher field gradients would allow either higher forces or use of smaller particles for
intracellular applications. One way to accomplish higher field gradients is the use of
pole pieces with a sharp tip. Several setups have used this effect to allow higher field
gradients by using pole tip arrays with optimized shape [369, 371, 371–373]. The high
field gradient at the end of a single pole tip can also be used for three-dimensional
movement by scanning the tip in close proximity of the bead [374]. Kollmannsberger
and Fabry [375] could achieve forces of up to 100 nN following that concept. Active
feedback from the optical tracking was used to reposition the needle to allow the
application of a constant force. In some cases, ferromagnetic beads were used to
achieve higher forces [372, 376, 377].

Magnetic tweezers are especially well suited for measuring forces in biological
systems. They do not have the radiation and heat damage issues like optical tweezers,
can act as a perfect force clamp, and easily allow the application of torque. The latter
option has made them the preferred tool to study DNA coiling or rotation of
molecular motors. Three-dimensional manipulation with magnetic tweezers is less
straightforward than for optical tweezers, but dynamic bead control using active
feedback is now possible. The lower resolution of position determination in earlier
setups has been improved in recent years by adding more sophisticated interference
tracking systems.
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3.6
Summary

. Much of the fundaments we know about surface forces are based on experiments
with the SFA.With the SFA, surface forces are measured between two atomically
smooth mica surfaces. Distance is measured interferometrically, which allows
absolute determination of separation distancewith a resolution of typically 0.1 nm
(with down to 25 pm achievable). Its absolute force sensitivity is not as high as in
several other methods, but in terms of the usually more relevant force per unit
area, its sensitivity is excellent. Lateral (friction) forces can be measured in
addition to normal standard force versus distance measurements and have
contributed much to our understanding of lubrication by thin films. Additional
information such as refractive index and contact area can be obtained. The main
reason for the limited number of groups using this instrument is the difficult
operation of such a system that needs a very experienced and skillful expert. The
large interaction areas demand a contamination-free surface preparation and can
lead to significant hydrodynamic forces in highly viscous media, which could
make equilibrium measurements hard to achieve.

. The atomic force microscope has become one of the key tools in nanoscience.
While the force sensitivity is smaller than for some of the other methods,
measurements can be done under a wide range of conditions (from highly
viscous media to ultrahigh vacuum) and on almost any material. Its high spatial
resolution can result in single molecule or even atom force profiles and force
maps that show lateral variation in interaction forces. Forces ranging from5pN to
some 100 nN resolution can typically be detected or applied. Friction forces can be
recorded and related to the atomic structure of the sample surface. Computer-
controlled movement of the AFM tip with defined applied load opens up the field
of nanolithography and nanomanipulation. The small interaction areas and the
possibility to image samples with molecular resolution makes the issue of
contamination much less critical.

. Optical tweezers have become a versatile tool for force measurements in liquids,
with typical force range of 0.1–100 pN, which makes it an excellent tool to study
biological interactions down to the molecular level. Apart from force measure-
ment, they have also found application in the micromanipulation of colloids and
cells, especially with the advent of multiple holographic tweezers.

. Total internal reflection microscopy enables the measurement of colloidal forces
down to weak forces of 10 fN under conditions of free Brownianmotion that may
better resemble true colloidal systems compared to other methods where force
distance curves are recorded via enforced movement of surfaces. However, its
application is limited to transparent surfaces and repulsive interaction potentials.

. Magnetic tweezers allow themeasurement of forces down to 10�3 pN. Therefore,
magnetic tweezers have mainly been applied to the measurement of molecular
interactions. One advantage is the possibility to apply a defined torque, which
has made them the most prominent tool to study twisting of molecules such as
DNA.
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3.7
Exercises

3.1. What will be a typical thermal noise of an AFM cantilever at room temperature
with a spring constant of (a) 0.1Nm�1 and (b) 40Nm�1?

3.2. TIRM.How large is the penetration depth of the evanescentwave intowater for a
TIRM setup using aHeNe laser (wavelength 633 nm) and a coupling prismwith
a refractive index of 1.6 for an angle of incidence that is 0.1�, 1�, 5�, and 10� above
the critical angle?

3.3. Assuming that the colloid is stabilized by an electric double-layer force (see
Chapter 4), derive an expression that gives the location of the potential
minimum and the shape of the potential around this minimum.
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4
Electrostatic Double-Layer Forces

4.1
The Electric Double Layer

This chapter is about charged solid surfaces in liquids. The most important liquid is
water. Because of its high dielectric constant, water is a good solvent for ions. For
this reason, most surfaces in water are charged. Different processes can lead to
charging. Ions adsorb to a surface or dissociate from a surface. A protein might,
for instance, expose an amino group on its surface. This can become protonated and
thus positively charged (�NH2 þ Hþ ! �NH3

þ ). Oxides are often negatively
charged in water due to the dissociation of a proton from a surface hydroxyl group
(�OH ! �O� þ Hþ ). Another way of charging a conducting surface is to apply an
external electric potential between this surface and a counterelectrode. This is
typically done in an electrochemical cell.

Surface charges cause an electric field. This electric field attracts counterions.
The layer of surface charges and counter ions is called �electric double layer.� In the
simplestmodel of an electric double layer, the counterions directly bind to the surface
and neutralize the surface charges much like in a plate capacitor. In the honor of
thework of LudwigHelmholtz1) on electric capacitors, it is called theHelmholtz layer.
The electric field generated by the surface charges is accordingly limited to the
thickness of a molecular layer. On the basis of the Helmholtz picture, one could
interpret some basic features of charged surfaces, but themodel failed to explain one
of the main properties that could be easily measured: the capacitance of an electric
double layer.

In the years 1910–1917, Gouy2) and Chapman3)went a step further. They took into
account a thermal motion of the ions. Thermal fluctuations tend to drive the

1) Hermann Ludwig Ferdinand Helmholtz, 1821–1894. German physicist and physiologist, professor
in K€onigsberg, Bonn, Heidelberg, and Berlin.

2) Louis George Gouy, 1854–1926. French physicist, professor in Lyon.

3) David Leonard Chapman, 1869–1958. English chemist, professor in Manchester and Oxford.
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counterions away from the surface. They lead to the formation of a diffuse layer,
which is more extended than a molecular layer. For the simple case of a planar,
negatively charged plane, this is illustrated in Figure 4.1. Gouy andChapman applied
their theory on the electric double layer to planar surfaces [378, 379]. Later, Debye4)

and H€uckel5) calculated the potential and ion distribution around spherical surfaces
[380].

Both the Gouy–Chapman and Debye–H€uckel are continuum theories. They treat
the solvent as a continuous medium with a certain dielectric constant, ignoring the
molecular nature of the liquid. Also, the ions are not treated as individual point
charges but as a continuous charge distribution. For many applications, this is
sufficient and the predictions of continuum theory agree with experimental results.
Before we finally calculate the free energy of an electric double layer and force
between two double layers, we discuss the limitations and problems of the contin-
uum model. At the end of this chapter, electrostatic forces in nonpolar media are
described.

4.2
Poisson–Boltzmann Theory of the Diffuse Double Layer

4.2.1
The Poisson–Boltzmann Equation

The aim of this chapter is to calculate the electric potential y near a charged planar
interface. In general, this potential depends on the distance normal to the surface x.
Therefore, we consider a planar solid surface with a homogeneously distributed
electric surface charge density s, which is in contact with a liquid. The surface charge
generates a surface potential y0 ¼ yðx ¼ 0Þ.

Gouy-Chapman

Solid

x Helmholtz

Water

Figure 4.1 Helmholtz and Gouy–Chapman model of the electric double layer.

4) Peter Debye, 1884–1966. American physicist of Dutch origin, professor in Z€urich, Utrecht,
G€ottingen, Leipzig, Berlin, and Ithaca. Nobel Prize for chemistry, 1936.

5) Erich Armand Arthur Joseph H€uckel, 1896–1980. German chemist and physicist, professor in
Marburg.
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What is the potential distribution yðx; y; zÞ in the solution? In general, charge
density and electric potential are related by the Poisson6) equation:

r2y ¼ q2y
qx2

þ q2y
qy2

þ q2y
qz2

¼ � re
ee0

: ð4:1Þ

Here, re is the local electric charge density in Cm�3. With the Poisson equation, the
potential distribution can be calculated once the exact charge distribution is known. A
complication in our case is that the ions in solution are free to move. Before we can
apply the Poisson equation, we need to know more about their spatial distribution.
This information is provided by Boltzmann7) statistics. According to the Boltzmann
equation, the local ion density is given by

ci ¼ c0i � e�Wi=kBT ; ð4:2Þ
whereWi is the work required to bring an ion in solution from infinite distance to a
certain position closer to the surface. Equation (4.2) tells us how the local ion
concentration ci of the ith ion species depends on the electric potential at a certain
position. For example, if the potential at a certain position in solution is positive, the
chance offinding an anion at this position is increasedwhile the cation concentration
is reduced.

Now,we assume that only electricworkhas to be done.Weneglect, for instance, that
the ion must displace other molecules. In addition, we assume that only a 1:1 salt is
dissolved in the liquid. We further assume that the concentration of this background
salt is much higher than the concentration of ions, which have dissociated from the
surface to build up the surface charge (otherwise the number of anions and cations
would not be the same); for low ion concentration, see Ref. [381]. The electric work
required tobringachargedcation toaplacewithpotentialy isW þ ¼ ey. Forananion,
it isW� ¼ �ey. The local anion and cation concentrations c� and cþ are related to the
local potential y by the Boltzmann factor: c� ¼ c0 � eey=kBT and cþ ¼ c0 � e�ey=kBT .
Here, c0 is the bulk concentration of the salt. The local charge density is

re ¼ e ðcþ�c�Þ ¼ c0e � e�
eyðx;y;zÞ

kBT �e
eyðx;y;zÞ

kBT

� �
: ð4:3Þ

To remind you that the potential depends on the position, we explicitly wrote
yðx; y; zÞ. Substituting the charge density into the Poisson equation (4.1) leads to

r2y ¼ c0e
ee0

� e
eyðx;y;zÞ

kBT �e�
eyðx;y;zÞ

kBT

� �
: ð4:4Þ

Often, this equation is referred to as the Poisson–Boltzmann equation. It is a partial
differential equation of second order, which in most cases has to be solved numer-
ically. Only for some simple geometries can it be solved analytically. One such
geometry is a planar surface.

6) Denis Poisson, 1781–1840. French mathematician and physicist, professor in Paris.

7) Ludwig Boltzmann, 1844–1906. Austrian physicist, professor in Vienna.

4.2 Poisson–Boltzmann Theory of the Diffuse Double Layer j95



4.2.2
Planar Surfaces

For the simple case of an infinitely extended planar surface, the potential cannot
change in the y- and z-directions because of the symmetry and so the differential
coefficients with respect to y and z must be zero. We are left with the Poisson–
Boltzmann equation that contains only the coordinate normal to the plane x:

d2y
dx2

¼ c0e
ee0

� e
eyðxÞ
kBT �e�

eyðxÞ
kBT

� �
: ð4:5Þ

Before we solve this equation for the general case, it is illustrative and, for many
applications, sufficient to treat the special case of low potentials. How does the
potential change with distance for low potentials? �Low� means, in a strict sense,
e yj j � kBT . At room temperature, this is y � 25mV. Fortunately, in most applica-
tions, the result is valid even for higher potentials, up to 50–80mV.

For low potentials, we can expand the exponential functions into a series and
neglect all but the first (i.e., the linear) term:

d2y
dx2

¼ c0e
ee0

� 1þ ey
kBT

�1þ ey
kBT

� � � �
� �

� 2c0e2

ee0kBT
�y: ð4:6Þ

This is sometimes called the �linearized Poisson–Boltzmann equation.�8) The
general solution of the linearized Poisson–Boltzmann equation is

yðxÞ ¼ C1 � e�kx þC2 � ekx; ð4:7Þ
with

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c0e2

ee0kBT

s
: ð4:8Þ

C1 andC2 are constants, which are definedby the boundary conditions. The boundary
conditions require that, at the surface, the potential is equal to the surface potential,
yðx ¼ 0Þ ¼ y0, and that, for large distances from the surface, the potential should
disappear yðx!1Þ ¼ 0. The second boundary condition guarantees that, for very
large distances, the potential becomes zero and does not grow infinitely. It directly
leads to C2 ¼ 0. From the first boundary condition, we get C1 ¼ y0. Hence, the
potential is given by

y ¼ y0 � e�kx ð4:9Þ
The potential decreases exponentially. The decay length is given by lD ¼ k�1. It is
called the Debye length.

The Debye length decreases with increasing salt concentration. This is plausible
because the more ions are in solution the more effective is the screening of surface

8) In the physics community, the linearization is sometimes called �Debye–H€uckel approximation.�
Debye and H€uckel used the approximation to describe the electric potential around a sphere.
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charge. If we quantify all factors for water at 25 	C, then for a monovalent salt, the
Debye length is

lD ¼ 3:04A
	ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c0 l mol�1
p ; ð4:10Þ

with the concentration c0 in M (¼mol l�1). For example, the Debye length of a 0.1M
aqueous NaCl solution at 25 	C is 0.96 nm.

In water lD cannot be longer than 960 nm. Due to the dissociation of water
(according to 2H2O ! H3O

þ þ OH�), the ion concentration cannot decrease
below 1
 10�7 M. Practically, the Debye length even in distilled water is only a few
100 nm.One reason is dissolvedCO2 that is converted to carbonic acid and is partially
dissociated:

CO2 þH2O Ð H2CO3 Ð HCO�
3 þHþ

Until now,we have assumed that we are dealing onlywith themonovalent so-called
1 : 1 salts. If ions of higher valency are also present, the inverse Debye length is
given by

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2

ee0kBT

X
i

c0i Z
2
i

s
: ð4:11Þ

Here,Zi is the valency of the ith ion sort. Please keep inmind that the concentrations
have to be given in particles per m3.

Example 4.1

Human blood plasma, that is, blood without red and white blood cells and
without thrombocytes, contains 143mMNaþ , 5mMKþ , 2.5mMCa2þ , 1mM
Mg2þ , 103mMCl�, 27mMHCO3

�, 1mMHPO4
2�, and 0.5mMSO4

2�.What
is the Debye length? We insert

c0Na ¼ 861
 1023 m�3 ZNa ¼ 1 c0K ¼ 30
 1023 m�3 ZK ¼ 1

c0Ca ¼ 15
 1023 m�3 ZCa ¼ 2 c0Mg ¼ 6
 1023 m�3 ZMg ¼ 2

c0Cl ¼ 620
 1023 m�3 ZCl ¼ �1 c0HCO3
¼ 163
 1023 m�3 ZHCO3 ¼ �1

c0HPO4
¼ 6
 1023 m�3 ZHPO4 ¼ �2 c0SO4

¼ 3
 1023 m�3 ZSO4 ¼ �2

into Eq. (4.11). Considering that at 36 	C the dielectric constant of water is
e ¼ 74:5, we get a Debye length of 0.78 nm.
All ions come from the dissociation of salts according to AB!A� þBþ . For

this reason, the sum
P

c
	
i Zi should always be zero (electroneutrality). Inserting

the values from above, we find a surplus of cations of 22mM. These cations
come from the dissociation of organic acids (6mM) and proteins (16mM).
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Figure 4.2 illustrates several features of the diffuse electric double layer. The
potential decreases exponentially with increasing distance. This decrease becomes
steeper with increasing salt concentration. The concentration of counterions is
drastically increased close to the surface. As a result, the total concentration of ions
at the surface and thus the osmotic pressure is increased.

4.2.3
The Full One-Dimensional Case

In many practical cases, we can use the low-potential assumption and it leads to
realistic results. In addition, it is a simple equation and dependencies like the one on
the salt concentration can easily be seen. In some cases, however, we have high
potentials and we cannot linearize the Poisson–Boltzmann equation. Now, we treat
the general solution of the one-dimensional Poisson–Boltzmann equation and drop
the assumption of low potentials. It is convenient to solve the equation with the
dimensionless potential y � ey=kBT . Please do not mix this up with the spatial
coordinate y! In this section, we use the symbol �y� for the dimensionless potential
because many textbooks do so. The Poisson–Boltzmann equation for a 1:1 salt
becomes

d2y
dx2

¼ c0e2

ee0kBT
� ðey�e�yÞ ¼ 2c0e2

ee0kBT
� 1
2
ðey�e�yÞ ¼ k2 � sinh y ð4:12Þ

using sinhy ¼ 1=2 � ðey�e�yÞ. To solve the differential equation, we multiply both
sides by 2 � dy=dx:

2 � dy
dx

� d
2y

dx2
¼ 2 � dy

dx
� k2 � sinh y: ð4:13Þ

Figure 4.2 (a) Potential versus distance for a
surface potential of y0 ¼ 50mV and different
concentrations of a monovalent salt in water.
(b) Local co- and counterion concentrations
are shown for a monovalent salt at a bulk

concentration of 0.1M and a surface potential of
50mV. In addition, the total concentration of
ions, that is, the sum of the co- and counterion
concentrations, is plotted.
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The left-hand side is equal to d
dx

dy
dx

� �2
. We insert this and integrate:

ð
d
dx0

�
dy
dx0

�2

dx0 ¼ 2k2 �
ð
dy
dx0

� sinh y � dx0 ,

�
dy
dx

�2

¼ 2k2 �
ð
sinhy0 � dy0 ¼ 2k2 � coshyþC1:

ð4:14Þ

C1 is an integration constant. It is determined by the boundary conditions. At large
distances, the dimensionless potential y and its derivative dy=dx are zero. Since
coshy ¼ 1 for y ¼ 0, this constant is C1 ¼ �2k2. It follows that

dy
dx

� �2

¼ 2k2 � ðcosh y�1Þ ) dy
dx

¼ �k �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cosh y�2

p
: ð4:15Þ

In front of the square root there is aminus signbecause yhas to decrease for a positive
potential with increasing distance, that is, y > 0 ) dy=dx < 0. Now, we remember

the mathematical identity sinh y
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 ðcosh y�1Þ

q
. Thus,

dy
dx

¼ �2k � sinh y
2
: ð4:16Þ

Separation of variables and integration leads to

dy

sinh
y
2

¼ �2k � dx )
ð

dy0

sinh
y0

2

¼ �2k �
ð
dx0 )

2 � ln
�
tanh

y
4

�
¼ �2kxþ 2C2:

ð4:17Þ

C2 is another integration constant. Written explicitly, we get

ln
ey=4�e�y=4

ey=4 þ e�y=4

� �
¼ �kxþC2: ð4:18Þ

Multiplying the denominator and numerator (in brackets) by ey=4 leads to

ln
ey=2�1
ey=2 þ 1

� �
¼ �kxþC2: ð4:19Þ

By using the dimensionless surface potential y0 ¼ yðx ¼ 0Þ ¼ ey0=kBT we can
determine the integration constant
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ln
ey0=2�1
ey0=2 þ 1

� �
¼ C2: ð4:20Þ

Substituting the results in Eq. (4.19)

ln
ey=2�1
ey=2 þ 1

0
@

1
A�ln

ey0=2�1
ey0=2 þ 1

0
@

1
A ¼ ln

ðey=2�1Þðey0=2 þ 1Þ
ðey=2 þ 1Þðey0=2�1Þ

2
4

3
5 ¼ �kx

) e�kx ¼ ðey=2�1Þðey0=2 þ 1Þ
ðey=2 þ 1Þðey0=2�1Þ

2
4

3
5:

ð4:21Þ

Solving the equation for ey=2 leads to the alternative expression

ey=2 ¼ ey0=2 þ 1þðey0=2�1Þ � e�kx

ey0=2 þ 1�ðey0=2�1Þ � e�kx
: ð4:22Þ

It is useful to define

a ¼ eey0=2kBT�1
eey0=2kBT þ 1

¼ tanh
ey0

4kBT

� �
: ð4:23Þ

Both expressions are identical, which is easily seen when remembering the
definition of the tanh function:

tanhz ¼ ez�e�z

ez þ e�z
:

Multiplication of both the numerator and denominator by ez leads to
ðe2z�1Þ=ðe2z þ 1Þ. For low surface potentials, ey0 � 4kBT , we have
a ¼ ey0=4kBT . With a defined in Eq. (4.23), we can express Eq. (4.22) by

ey=2 ¼ 1þae�kx

1�ae�kx
: ð4:24Þ

Let us compare results obtained with the linearized Poisson–Boltzmann equa-
tion (4.9) with the full solution equation (4.24). Figure 4.3 (left) shows the potential
calculated for a monovalent salt at a concentration of 20 mM in water. The Debye
length is 6.8 nm. For a low surface potential of 50mV, both results agree well. When
the surface potential is increased to 100, 150, or even 200mV, the full solution leads to
lower potentials. At distances below� lD=2, the decay is, therefore, steeper than just
the exponential decay. This steep decay at small distances becomes progressively
more effective at higher and higher surface potentials, which leads to saturation
behavior. For example, the potential at a distance of one Debye length can never
exceed 40mV irrespective of the surface potential.

Such saturation behavior should also lead to a saturation in the electrostatic double-
layer repulsion. This has been experimentally observed in one case [382] but not in
others [383, 384]. The force resulting at high surface potentials is therefore still an
open question.
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4.2.4
The Electric Double-layer Around a Sphere

Inmany applications, the electric double layer around spherical particles is studied. If
the radius of the particle, Rp, is much larger than the Debye length, we can treat the
double layer as planar. Otherwise, we have to consider the Poisson–Boltzmann
equation for spherical symmetry:

d2y
dr2

þ 2
r
dy
dr

¼ c0e
ee0

� e
eyðrÞ
kBT �e�

eyðrÞ
kBT

� �
: ð4:25Þ

Here, r is the radial coordinate. The boundary conditions are yðr ¼ RpÞ ¼ y0 for a
given surface potential y0 and y ¼ 0 for r!1.

For low potentials, we can linearize the differential equation:

d2y
dr2

þ 2
r
dy
dr

¼ k2y: ð4:26Þ

This linearized Poisson–Boltzmann equation is solved by [380, 385]

yðrÞ ¼ y0 �
Rp

r
� e�kðr�RPÞ: ð4:27Þ

For high potentials, one has to solve the full Poisson–Boltzmann equation in radial
coordinates. To our knowledge, no analytical solution of Eq. (4.25) has been reported.
In analogy to Eq. (4.22), a good approximation for large kRp is [386]

ey=2 ¼ 1þa � e�kðr�RpÞ �Rp=r

1�a � e�kðr�RpÞ �Rp=r
: ð4:28Þ

Figure 4.3 Potential versus distance for surface
potentials of 50, 100, 150, and 200mV (from
bottom to top) with 2mMmonovalent salt. Left:
Planar surface. Results calculated with the full
solution equation (4.24) and the solution of the
linearized Poisson–Boltzmann equation (4.9)

are shown. Right: Potential around a sphere of
15 nm radius. The radial coordinate originating
in the center of the particle is plotted rather than
the distance from the surface of the particle.
Solutions for the linearized (Eq. (4.27)) and the
full (Eq. (4.28)) Poisson–Boltzmann are plotted.
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Other approximate analytical expressions have been derived [387]. As an example,
the calculated electric potential around a sphere of Rp ¼ 15 nm in an aqueous
medium containing 2mMmonovalent salt is plotted in Figure 4.3 on the right. As for
planar surfaces, the linear solution overestimates the potential for surface potentials
higher than 50mV. The decay of the potential is steeper than for planar surface due to
the additional factor 1=r.

4.2.5
The Grahame Equation

In many cases, we have an idea about the number of charged groups on a surface.
Then, wemight want to know the potential. The question is how are surface charge s
and surface potentialy0 related? This question is also important because if we know
s versus y0 we can calculate ds=dy0. This is basically the capacitance of the double
layer and can be measured. The measured capacitance can be compared with the
theoretical result to verify the whole theory.

Grahame derived an equation between s and y0 based on the Gouy–Chapman
theory. We can deduce the equation easily from the so-called electroneutrality
condition. This condition demands that the total charge, that is, the surface charge
plus the charge of the ions in thewhole double layer,must be zero. The total charge in
the double layer is

Ð1
0 redx and we get [388]

s ¼ �
ð1
0
redx: ð4:29Þ

By using the one-dimensional Poisson equation and the fact that at large distances
the potential, and thus its gradient, is zero (dy=dxjz¼1 ¼ 0), we get

s ¼ ee0

ð1
0

d2y
dx2

� dx ¼ �ee0
dy
dx

�����
x¼0

: ð4:30Þ

With dy=dx ¼ �2k � sinh ðy=2Þand

dy
dx

¼ dðey=kBTÞ
dx

¼ e
kBT

� dy
dx

; ð4:31Þ

we get the Grahame equation:

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8c0ee0kBT

p
� sinh ey0

2kBT

� �
: ð4:32Þ

For low potentials, we can expand sinh into a series (sinhx ¼ xþ x3=3!þ � � � Þ and
ignore all but the first term. That leads to the simple relationship

s ¼ ee0y0

lD
: ð4:33Þ
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Example 4.2

On the surface of a certain material, there is one ionized group per (4 nm)2 in
aqueous solution containing 10mM NaCl. What is the surface potential?
With aDebye length of 3.04 nmat 25 	C the surface charge density in SIunits

is s ¼ 1:60
 10�19A s=16
 10�18 m2 ¼ 0:01A sm�2. With this we get

y0 ¼
slD
ee0

¼ 0:01A sm�2 � 3:04
 10�9m

78:4 � 8:85
 10�12A s V�1m�1
¼ 0:0438V: ð4:34Þ

By using the Grahame equation (4.32), we get a surface potential of 39.7mV.

Figure 4.4 shows the calculated relationship between the surface potential and
surface charge for different concentrations of amonovalent salt.We see that for small
potentials the surface charge density is proportional to the surface potential.
Depending on the salt concentration, the linear approximation (dashed) is valid till
y0 � 40�80mV.At high salt concentration,more surface charge is required to reach
the same surface potential than for a low salt concentration.

4.2.6
Capacity of the Diffuse Electric Double Layer

The differential capacitance between two regions of separated charges is, in general,
defined as dQ=dU. Here, Q is the charge on each �electrode� and U is the voltage.
The capacity of an electric double layer per unit area is thus

CA
GC ¼ ds

dy0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e2c0ee0
kBT

s
� cosh ey0

2kBT

� �
¼ ee0

lD
� cosh ey0

2kBT

� �
: ð4:35Þ

The index �GC� is a reminder that we calculated the capacitance in the Gouy–
Chapmanmodel. For sufficiently small surface potentials, we can expand cosh into a

0.00 0.01 0.02 0.03

Figure 4.4 Surface potential versus surface charge calculated with the full Grahame equation
(4.32), (continuous line) and with the linearized version (4.33), (dotted).
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series (coshx ¼ 1þ x2=2!þ x4=4!þ � � � Þ and consider only the first term. Then, we
get

CA
GC ¼ ee0

lD
: ð4:36Þ

It is instructive to compare this to the capacitance per unit area of a plate
capacitor ee0=d. Here, d is the separation between the two plates. We see that the
electric double layer behaves like a plate capacitor, in which the distance between the
plates is given by theDebye length. The capacity of a double layer– that is the ability to
store charge – rises with increasing salt concentration because the Debye length
decreases.

To avoid confusion, we should point out that CA
GC as defined above is the

differential capacitance. The integral capacitance per unit area is s=y0. Experimen-
tally, the differential capacitance is easier to measure.

4.3
Beyond Poisson–Boltzmann Theory

4.3.1
Limitations of the Poisson–Boltzmann Theory

In the treatment of the diffuse electric double layer, several assumptions were made
[389–392]:

. The finite size of the ions was neglected [393, 394]. In particular, close to the
surface, this is a daring assumption because the ion concentration can get very
high. For example, if we have a surface potential of 100mV, the counterion
concentration is increased by a factor �50. At a bulk concentration of 0.1M, the
Poisson–Boltzmann theory predicts a local concentration at the surface of roughly
5M. Then, the ions have an average distance less than 1 nm. Considering the
diameter of an ionwith its hydration shell of typically 3–6A

	
, the detailedmolecular

structure should become significant.
. Poisson–Boltzmann theory is ameanfield theory. Each ion is supposed to interact

only with the average electrostatic field of all its neighbors, not with the individual
neighbors. However, under certain conditions ions coordinate their mutual
arrangements such as to lower the free energy even further. These ionic correla-
tions are neglected in mean field theory [390, 395].

. The ions in solution were considered as a continuous charge distribution. We
ignored their discrete nature, namely, they can carry only a multiple of the unit
charge. In particular for di- or trivalent ions, this can lead to strong deviations [394,
396, 397]. Also, the surface charge is assumed to be homogeneous and smeared
out. In reality, it is formedby individual adsorbed ionsor chargedgroups [398–400].

. All non-Coulombic interactions and thus ion-specific effects were disregarded.
In water, for example, each ion has a hydration shell. If the ions approach each
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other, these hydration shells overlap and drastically change the interaction (see
Section 10.2.1).

. The solvent is supposed to be continuous and we took the permittivity of the
medium to be constant. This is certainly a rough approximation because polar
molecules are hindered from rotating freely in the strong electric field at the
surface. In addition, the high concentration of counterions in the proximity of the
surface can drastically change the permittivity.

. Surfaces are assumed to be flat on themolecular scale. Inmany cases, this is not a
reasonable assumption. If we, for instance, consider a biological membrane in a
physiological buffer, the ion concentration is roughly 150mM leading to a Debye
length of 0.8 nm. Charges in phospholipids are distributed over a depth of up to
8A

	
. In addition, the molecules thermally jump up and down so that the charges

are distributed over a depth of almost 1 nm.

Despite these strong assumptions, the Poisson–Boltzmann theory describes
electric double layers surprisingly well. The reason is that errors partly compensate
each other. Including non-Coulombic interactions leads to an increase of the ion
concentration at the surface and a reduced surface potential. On the other hand,
taking the finite size of the ions into account leads to a lower ion concentration at the
surface and thus an increased surface potential. A reduction of the dielectric
permittivity due to the electric field increases its range but at the same time reduces
the surface potential because less ions dissociate or adsorb.

Ion-specific effects, however, cannot be explained by the Poisson–Boltzmann
theory. Specific effects of divalent cations, for example, are an active field of
research. A specific effect of anions was already discovered in 1888. Lewith and
Hofmeister observed great differences between the minimum concentrations of
various salts required to precipitate a given protein from solution [401, 402].
The precipitation capacity of a salt was largely given by the specific anion. They
could arrange the anions in a series according to their precipitation capability.
This series is called the Hofmeister series. Later, it was discovered that the same
capacity of a specific anion to precipitate proteins was also manifest in very
different effects (reviewed in Ref. [403]). The effect is still not fully understood.
Two contributions are the different abilities of anions to arrange the water molecules
around them and their different van der Waals interactions [404, 405]; anions
have stronger van der Waals interactions than cations because of the additional
electron.

In summary, for aqueous solutions the Gouy–Chapman theory provides relatively
good predictions for monovalent salts at concentrations below 0.2M and for
potentials below 50–80mV [390]. The fact that the surface charge in reality is not
continuously but discretely distributed leads, according to experience, to deviations
onlywith bivalent and trivalent charges.Often, however, the surface charges donot lie
precisely in one plane. This is true, for example, for biological membranes. In this
case, larger deviations might result.

How can we improve the Poisson–Boltzmann theory? Basically, it is not that
difficult to account for one or two of the mentioned defects, but such improvements
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have limited practical relevance. Since the defects introduced by the assumptions
lead to compensating errors, removing a defect might even lead to less realistic
results. Themost rigorous approach to improve the Poisson–Boltzmann theory is by
starting from first principles, applying statistical thermodynamic equations for bulk
electrolytes and nonuniform fluids. Excellent reviews about the statistical mechanics
of double layers have appeared [406, 407]. Also, computer simulations significantly
increased our understanding of electric double layers [389, 390, 408, 409]. The
practical significance of statistical mechanics and computer simulations remains,
however, somewhat academic because it does not lead to simple analytical formulas
that can easily be applied.

There is one relatively simple semiempirical extension of the Gouy–Chapman
theory, which can improve the description of charge and potential at the surface. This
extension was proposed by Stern.9)

4.3.2
The Stern Layer

Stern combined the ideas of Helmholtz and that of a diffuse layer [410]. In Stern
theory, we take a pragmatic, though somewhat artificial, approach and divide the
double layer into two parts: an inner part, the Stern layer, and an outer part, the Gouy
or diffuse layer. Essentially, the Stern layer is a layer of ions that is directly adsorbed to
the surface and that is immobile [411]. In contrast, theGouy–Chapman layer consists
of mobile ions that obey Poisson–Boltzmann statistics. The potential at the point
where the bound Stern layer ends and the mobile diffuse layer begins is the zeta
potential (z potential).

Stern layers can be introduced at different levels of sophistication. In the simplest
case, we only consider the finite size effect of the counterions (Figure 4.5). Due to
their size, which in water might include their hydration shell, they cannot get
infinitely close to the surface but always remain at a certain distance. This distance d
between the surface and the centers of these counterions marks the so-called outer

δ
x

ψδ

ψ0

Figure 4.5 Simple version of the Stern layer.

9) Otto Stern, 1888–1969. German physicist, professor in Hamburg. Nobel Prize in physics in 1943.
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Helmholtz plane. It separates the Stern from the Gouy–Chapman layer. For a
positively charged surface, this is indicated in Figure 4.5.

At the next level, we also take specific adsorption of ions into account (Figure 4.6).
Specifically adsorbed ions bind tightly at a short distance. This distance characterizes
the inner Helmholtz plane. In reality, all models can describe only certain aspects of
the electric double layer. A goodmodel for the structure of manymetallic surfaces in
an aqueous medium is shown in Figure 4.6. The metal itself is negatively charged.
This can be due to an applied potential or due to the dissolution of metal cations.
Often, anions bind relatively strongly, and with a certain specificity, to metal surfaces
because anions are more polarizable than cations. Water molecules show a distinct
preferential orientation and thus a strongly reduced permittivity. They determine the
inner Helmholtz plane.

Next comes a layer of nonspecifically adsorbed counterions with their hydration
shell. Still, the permittivity is significantly reduced because the water molecules are
not free to rotate. This layer specifies the outer Helmholtz plane. Finally, there is the
diffuse layer. A detailed discussion of the structure of the electric double layer at a
metal surface is included in Ref. [412].

An important quantity with respect to experimental verification is the differential
capacitance of the total electric double layer. In the Stern picture it is composed of two
capacitors in series: the capacity of the Stern layer, CA

St, and the capacitance of the
diffuse Gouy–Chapman layer. The total capacitance per unit area is given by

1
CA

¼ 1
CA
St

þ 1
CA
GC

: ð4:37Þ

Let us estimate CSt using the simple equation for a plate capacitor. The two plates
are formed by the surface and by the adsorbed ions. Denoting the radius of the
hydrated ions byRion, the distance is in the order ofRion=2 � 2A

	
. The capacitance per

unit area of the Stern layer is CA
St ¼ 2eSte0=rion. The permittivity at the surface is

reduced and typically of the order of eSt � 6--32 for water. Using a value of eSt ¼ 10we
estimate a capacitance for the Stern layer of CA

St ¼ 0:44 Fm�2 ¼ 44mFcm�2.
Experimental values are typically 10–100mFcm�2.

Bulk water

Metal

Hydrated
cations

Adsorbed
anions

Diffuse
layer

Stern layer

OHP

ψM

IHP, ψ0

Secondary
bound water

Primary
bound water

Figure 4.6 Stern layer at ametal surface. Due to
the high electrical conductivity, the potential in
the metal yM is constant up to the surface. The
inner (IHP) and outer (OHP) Helmholtz planes

are indicated. In the first layer of primary bound
water, the permittivity is typically e ¼ 6. In the
secondary layer of water, it is of the order of
e � 30.

4.3 Beyond Poisson–Boltzmann Theory j107



4.4
The Gibbs Energy of the Electric Double Layer

To calculate the electrostatic force, we first derive an expression for the Gibbs energy
of an electric double layer. The energy of an electric double layer plays a central role in
colloid science, for instance, to describe the properties of charged polymers (poly-
electrolytes) or the interaction between colloidal particles. Here, we only give results
for diffuse layers because it is simpler and inmost applications only the diffuse layer
is relevant. The formalism is, however, applicable to other double layers as well.

In order to calculate the Gibbs energy of a Gouy–Chapman layer, we split its
formation into three steps [413, 415]. In reality, it is not possible to do these steps
separately, but we can do the gedankenexperiment without violating any physical
principle.

First, the uncharged colloidal particle is brought into an infinitely large solution.
This solution contains specifically adsorbing ions and indifferent ions. Surface ions
will bind or dissociate from surface groups, driven by chemical forces. It is important
to realize that these chemical forces drive the formation of the double layer. To
calculate the chemical energy, we have to realize that the dissociation (or binding) of
ions does not proceed forever because the more the ions dissociate the higher the
electric potential. This potential prevents ions from dissociating further from the
surface. The process stops when the chemical energy is equal to the electrostatic
energy. The electrostatic energy of one ion of charge Q at this point is simply Qy0.
The chemical energy of this ion is�Qy0. Hence, the Gibbs energy per unit area for
the formation of an electric double layer is �sy0.

Second,we bring the counterions to the surface. They are supposed to go directly to
the surface at x¼ 0. The number of counterions is equal to the number of ions in the
diffuse double layer. The first counterions are still attracted by the full surface
potential. Their presence, however, reduces the surface potential and the following
counterions only notice a reduced surface potential. To bring counterions to the
surface, the work dG ¼ y 0

0 ds has to be performed, wherey 0
0 is the surface potential

at a certain time of charging – or better discharging – process. The total energy we
gain (and the double layer loses) is

ðs
0
y 0

0 ds0: ð4:38Þ

In the third step, the counterions are released from the surface. Stimulated by
thermal fluctuations, they partially diffuse away from the surface and form the
diffuse double layer. The entropy and, at the same time, the energy increases.One can
show that the gain in free energy due to an increase in entropy and the loss in free
energy due to an increase is inner energy just compensate, so that in the third step no
contribution to the Gibbs energy results.

Summing up all contributions, we obtain the total Gibbs energy of the diffuse
double layer per unit area:
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g ¼ �sy0 þ
ðs
0
y 0

0 ds
0: ð4:39Þ

Calculus tells us that

dðy 0
0 s0Þ ¼ s0 dy 0

0 þy 0
0 ds0 )

ð
dðy 0

0 s
0Þ ¼

ð
s0 dy 0

0 þ
ð
y 0

0 ds0: ð4:40Þ

By using this equation, we can write

g ¼ �sy0 þ
ðsy0

0
dðs0y 0

0 Þ�
ðy0

0
s0 dy 0

0 ¼ �
ðy0

0
s0 dy 0

0 : ð4:41Þ

The integral can be solved with the help of Grahame�s equation (4.32):

g ¼ �
ðy0

0
sdy 0

0 ¼ �
ðy0

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8c0ee0kBT

p
� sinh ey 0

0

2kBT

0
@

1
A � dy 0

0

¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8c0ee0kBT

p � 2kBT
e

� cosh
ey 0

0

2kBT

0
@

1
A

2
4

3
5
y0

0

¼ �8c0kBTlD � cosh
ey0

2kBT

0
@

1
A�1

2
4

3
5:

ð4:42Þ

For low potentials we can use the even simpler relation (4.33) and get

g ¼ �kee0 �
ðy0

0
y 0

0 dy
0
0 ¼ � kee0

2
y2

0 ¼ � 1
2
sy0: ð4:43Þ

The Gibbs energy of an electric double layer is negative because it forms sponta-
neously. Roughly, it increases in proportion to the square of the surface potential.

Example 4.3

Estimate the energy per unit area of an electric double layer for a surface
potential of 40mV in an aqueous solution containing 0.01Mmonovalent ions.
With

g ¼ � kee0
2

y2
0 ¼ � ee0

2lD
y2

0

and a Debye length of 3.04 nm we get

g ¼ � 78:4 � 8:85
 10�12 A s V�1 m�1

2 � 3:04
 10�9 m
� ð0:04 VÞ2 ¼ �0:183
 10�3 Jm�2:

Compared to typical surface tensions of liquids, this is small.
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4.5
The Electrostatic Double-Layer Force

If two charged surfaces approach each other and the electric double layers overlap, an
electrostatic double-layer force arises. This electrostatic double-layer force is essential
for the stabilization of dispersion in aqueous media.

Please note that the electrostatic double-layer force is fundamentally different from
the Coulomb force. The difference is the presence of free charges (ions) in solution.
They screen the electrostatic field emanating from the surfaces.

The interaction between two charged surfaces in liquid depends on the surface
charge. Here, we only consider the linear case and assume that the surface potentials
are low. If we had to use the nonlinear Poisson–Boltzmann theory, the calculations
would become substantially more complex. In addition, only monovalent salts are
considered. An extension to other salts can easily be made.

4.5.1
General Equations

When calculating the Gibbs energy per unit area VAðxÞ two approaches can be used.
Either the change in Gibbs energy of the two double layers during the approach is
calculated or the disjoining pressure in the gap is determined. Both approaches lead
to the same result. Depending upon conditions and on personal preference, one or
the other method is more suitable. Hogg, Healy, and Fuerstenau used the first
condition to calculate the energy between two spheres with constant, but different,
surface potentials [416]. Parsegian and Gingell chose to determine the osmotic
pressure for two different surfaces with different boundary conditions [417].

We start with the first approach and calculate the change in Gibbs free energy for
two approaching double layers. TheGibbs energy of one isolated electric double layer
per unit area is (Eq. (4.41))

�
ðy0

0
s0 dy 0

0 : ð4:44Þ

For two homogeneous double layers, which are infinitely separated, theGibbs energy
per unit area is twice this value:

g1 ¼ �2
ðy0

0
s0 dy 0

0 : ð4:45Þ

If the two surfaces approach each other up to a distance x, the Gibbs energy changes.
Now, surface charge and potential depend on the distance:

gðxÞ ¼ �2
ðy0ðxÞ

0
s0ðxÞ dy 0

0 : ð4:46Þ

The Gibbs free interaction energy per unit area is [413, 416]

VAðxÞ ¼ Dg ¼ gðxÞ�g1: ð4:47Þ
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For the force per unit area, we get

f ¼ � dVA

dx
: ð4:48Þ

Why do charged surfaces interact? To get an intuitive understanding, we consider
what happens to surface charges when two surfaces are brought closer, holding the
potential constant. Remember, surface charge and surface potential are related by
(Eq. (4.32))

s ¼ �ee0
dy
dj

����
j¼0

:

The surface charge is (except for two constants) equal to the potential gradient
dy=djj j at the surface. If two surfaces approach each other, the potential gradient
decreases (Figure 4.7). The surface charge density decreases accordingly. If, for
instance, AgI particles are brought together, then I� ions are removed from the
negatively charged surface and the surface charge density decreases. During the
approach of SiO2 particles, previously dissociated Hþ ions bind again. Neutral
hydroxide groups are formed and the negative surface charge becomes weaker. This
reduction of the surface charge increases their Gibbs energy (otherwise the double
layer would not have formed). As a consequence the surfaces repel each other.

At this point, it is probably instructive to discuss the use of the symbolsD, x, and j.
D is the shortest distance between two solids of arbitrary geometry. Usually, we use x
for the thickness of the gap between two infinitely extended solids. For example, it
appears in the Derjaguin approximation because there we integrate over many such
hypothetical gaps. j is a coordinate describing a position within the gap. At a given
gap thickness x, the potential changes with j (Figure 4.7). D is the distance between
finite, macroscopic bodies.

Alternatively, the interaction can be calculated with the force per unit area f

VAðxÞ ¼ �
ðx
1
f ðx0Þdx0: ð4:49Þ

By using Poisson–Boltzmann theory, we can derive a simple expression for the
disjoining pressure. For the linear case (low potentials) and for amonovalent salt, the
one-dimensional Poisson–Boltzmann equation (Eq. (4.9)) is

ξ

ψ

x
ψ

0

x
ψ

0

ψ
m

Figure 4.7 Change in the potential distribution when two parallel planar surfaces approach each
other. The gap is filled with electrolyte solution.
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ec0 e
ey
kBT�e�

ey
kBT

� �
�ee0 � d

2y

dx2
¼ 0: ð4:50Þ

The first term is sometimes written as 2ec0 � sinh ðey=kBTÞ. Integration leads to
[417]

c0kBT e
ey
kBT þ e�

ey
kBT

� �
� ee0

2
� dy

dx

� �2

¼ P: ð4:51Þ

So far, P is only an integration constant. As we see later, it has a physical meaning: P
corresponds to the pressure in the gap. The first term describes the osmotic pressure
caused by the increased number of particles (ions) in the gap. The second term,
sometimes called the Maxwell stress term, corresponds to the electrostatic force
caused by the electric field of one surface that affects charges on the other surface and
vice versa.

To obtain the force per unit area, we have to realize that the solution in the infinitely
extended gap is in contact with an infinitely large reservoir. As the force per unit area
f , only the difference of the pressure inside the gap and the pressure in the reservoir
is effective. Therefore, the osmotic pressure in the reservoir 2kBTc0 must be
subtracted from P to get the force per unit area: P ¼ P�2kBTc0. Finally, for the
force per unit area, we obtain [418]

f ¼ c0kBT � e
ey
kBT þ e�

ey
kBT�2

� �
� ee0

2
� dy

dj

� �2

: ð4:52Þ

To determine the force in a specific situation, the potential must first be calculated.
This is done by solving the Poisson–Boltzmann equation. In a second step, the force
per unit area is calculated. It doesnotmatter forwhichpoint jwe calculate f , the value
must be the same for every j.

In order to calculate the potential distribution in the gap, we not only need the
Poisson–Boltzmann equation but also boundary conditions must be specified. Two
common types of boundary conditions are as follows:

. Constant potential: Upon approach of the two surfaces, the surface potentials
remain constant: yðj ¼ 0Þ ¼ y1 and yðj ¼ xÞ ¼ y2.

. Constant charge: During approach, the surface charge densities s1 and s2 are
constant. The boundary conditions for the potential are (Eq. (4.30))

dy
dj

����
j¼0

¼ � s1
ee0

and
dy
dj

����
j¼x

¼ s2
ee0

ð4:53Þ

Also, intermediate models have been proposed in which the potential at the surface
regulates the surface charge [408, 419–423].

4.5.2
Electrostatic Interaction Between Two Identical Surfaces

An important case is the interaction between two identical parallel surfaces of two
infinitely extended solids. It is, for instance, important to understand the coagulation
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of sols. We can use the resulting symmetry of the electric potential to simplify the
calculation. For identical solids, the surface potentialy0 on both surfaces is equal. In
between, the potential decreases (Figure 4.7). In the middle, the gradient must be
zero because of the symmetry, that is, dyðj ¼ x=2Þ=dj ¼ 0. Therefore, the disjoin-
ing pressure in the center is given only by the osmotic pressure. Toward the two
surfaces, the osmotic pressure increases. This increase is, however, compensated by a
decrease in the Maxwell stress term. Since in equilibrium the pressure must be the
same everywhere, we have

f ðxÞ ¼ c0kBT e
eym
kBT þ e�

eym
kBT�2

� �
; ð4:54Þ

where ym is the electric potential in the middle. f depends on the gap thickness x
since ym changes with x. We can thus determine the force from the potential in the
middle [425].

For low potentials, we can further simplify this expression. Therefore, we write the
exponential functions in a series and neglect all terms higher than the quadratic one:

f ¼ kBTc0 1þ eym

kBT
þ 1

2
eym

kBT

0
@

1
A2

þ � � � þ 1� eym

kBT
þ 1

2
eym

kBT

0
@

1
A2

� � � � �2

0
@

1
A

� c0e2

kBT
y2

m ¼ ee0

2l2D
�y2

m:

ð4:55Þ
It remains tofindym. If the electric double layers of the two opposing surfaces overlap
only slightly ðx � lDÞ, then we can simply superimpose them and approximate

ym ¼ 2y0ðx=2Þ; ð4:56Þ
where y0 is the potential of an isolated double layer. Adding the potentials of the
undisturbed surfaces to obtain the potential in the gap is often referred to as the linear
superposition approximation. For y0, we can use various exact functions. For low
potentials, we can insert Eq. (4.9) that leads to a repulsive force per unit area of

f ðxÞ ¼ 2ee0
l2D

�y2
0 � e�x=lD : ð4:57Þ

To calculate the Gibbs interaction energy per unit area, we still have to integrate

VAðxÞ ¼ �
ðx
1
Pðx0Þ dx0 ¼ � 2ee0y2

0

l2D

ðx
1
e�x0=lD dx0 ¼ 2ee0y2

0

lD
� e�x=lD : ð4:58Þ

If we use expression (4.22) for y0, which is also valid at higher potentials, we get

VAðxÞ ¼ 64c0kBTlDa
2 � e�

x
lD ð4:59Þ

with a defined by Eq. (4.23).
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An expression valid to even higher potentials than Eq. (4.59) is [413, p. 97], [414, p.
407]

VAðxÞ ¼ 64c0kBTlDa
2 � e�x=lD

1þ e�x=lD
; ð4:60Þ

f ðxÞ ¼ 64c0kBTa
2 � e�x=lD

ð1þ e�x=lDÞ2 :

To obtain the force per unit area, we applied f ¼ �dVA=dx. Equation (4.60) is valid
for constant surface potential. For constant charge boundary conditions, we get [417]

VAðxÞ ¼ 2s2lD
ee0

� 1þ e�x=lD

ex=lD�e�x=lD
; ð4:61Þ

f ðxÞ ¼ 2s2

ee0
� 2þ ex=lD þ e�x=lD

ðex=lD�e�x=lDÞ2 :

For low surface potentials and large distances, both equations reduce to

VAðxÞ ¼ 2ee0
lD

�y2
0 � e�x=lD ¼ 2lD

ee0
� s2 � e�x=lD ; ð4:62Þ

which is equal to Eq. (4.58).

4.5.3
Electrostatic Interaction Between Different Surfaces

Let us finally turn to the more general case of two dissimilar surfaces. We start with
two parallel, planar surfaces having constant and dissimilar surface potentials
y1 6¼ y2. It is not possible to find a simple analytical expression using the full
Poisson–Boltzmann equation. Depending on the approximations made, different
expressions have been proposed [416–418.].

By using the linearized Poisson–Boltzmann equation (4.6), the free energy of
interaction per unit area can be calculated to be [416–418.]

VAðxÞ ¼ ee0k
2y1y2�ðy2

1 þy2
2Þ e�kx

ekx�e�kx
: ð4:63Þ

Comparison with exact solutions of the Poisson-Boltzmann equation showed that
expression (4.63) gives adequate agreement for low surface potentials [418]. For
ekx � e�kx , Eq. (4.63) can be simplified:

VAðxÞ ¼ ee0k½2y1y2e
�kx�ðy2

1 þy2
2Þe�2kx
: ð4:64Þ

For constant charge, surfaces with carges of equal sign repel each other at all
distances. For constant potential surfaces of equal sign in potential also repel each
other at large distances. If the surface potentials are not equal for very short distance
the force becomes attractive. (Figure 4.8) [426].
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For constant surface charge densities s1 and s2, various expressions have been
proposed, using different approximations. With the linearized Poisson–Boltzmann
equation (4.6) one obtains [417, 418, 427]

VAðxÞ ¼ 1
ee0k

2s1s2 þðs21 þ s22Þe�kx

ekx�e�kx
: ð4:65Þ

For ekx � e�kx, we can again simplify:

VAðxÞ ¼ 1
ee0k

2s1s2e
�kx þðs21 þ s22Þe�2kx

� 	
: ð4:66Þ

Unequal plates of constant charge give repulsion at close distance, even though the
plates may have charges of opposite sign. An essential feature of the interaction of
double layers at constant charge is that the total charge in the diffuse layer remains
constant. As the plates approach each other, this charge is compressed into a
decreasing volume. As a result, the ion density and the osmotic pressure increase,
giving a repulsive force.

Gregory [418] points out that Eq. (4.66) tends to overestimate the interaction
energy, in particular at short distances. He derives a more accurate though slightly
more complex equation. The mixed case of a surface with constant charge and one
with constant potential has been treated in Ref. [428].

Let us turn from planar, parallel surface to spheres. The interaction between
spheres can be calculated in different ways. (a) We can start with expres-
sions (4.63–4.66) and apply the Derjaguin approximation [416, 427–430]. This leads
to a good approximation for R1;R2 � lD and short distance. (b) Or, we superimpose
the potentials around spheres [430–433]. This is a good approximation for small
spheres and large distances. (c) Ohshima solved the linearized Poisson–Boltzmann
equation in two dimensions analytically for constant potential conditions [434]. As a
leading term, he obtained

0.1

Figure 4.8 Electrostatic double-layer force
between a sphere of R1 ¼ 3 mm radius and a flat
surface in water containing 1mM monovalent
salt. Results were calculated for constant
potentials (y1 ¼ 80mV, y2 ¼ 50mV) with

Eq. (4.68). For constant surface charge density
(s1 ¼ 0:0058 Cm�2 ¼ 0:036 e nm�2,
s2 ¼ 0:0036 Cm�2 ¼ 0:023 e nm�2), we
applied Eq. (4.69).
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VðDÞ ¼ 4pee0R
� y1y2e

�kD� 1
4
ðy2

1 þy2
2Þ e�2kd


 �
: ð4:67Þ

Here, R� ¼ R1R2=ðR1 þR2Þ with R1 and R2 as the radii of the two spheres.
Equation (4.67) agrees with the results obtained with Derjaguin�s approximation
FðDÞ ¼ 2pR�VAðDÞ when inserting Eq. (4.64):

FðDÞ ¼ 4pee0kR
� y1y2e

�kD� 1
2
ðy2

1 þy2
2Þ e�2kd


 �
: ð4:68Þ

Integration of Eq. (4.68) according to V ¼ � Ð
FdD directly leads to Eq. (4.67). For

constant surface charge density and with Eq. (4.66), we obtain

FðDÞ ¼ 4pR�

ee0k
s1s2e

�kx þ 1
2
ðs21 þ s22Þe�2kx


 �
; ð4:69Þ

VðDÞ ¼ 4pR�

ee0k2
s1s2e

�kx þ 1
4
ðs21 þ s22Þe�2kx


 �
: ð4:70Þ

As one example, the electrostatic double-layer force was calculated for a sphere of
R1 ¼ 3 mm radius interacting with a flat surface (R2 ¼ 1). The surface charge was
adjusted by s1=2 ¼ ee0ky1=2 so that at large distances both lead to the same potential.

So far all surfaces considered have a homogeneous charge distribution. In many
applications, charges are, however, heterogeneously distributed. The relevant length
scale of whether a charge distribution is homogeneous or not is determined by the
Debye length. If the distance between surface charges is much smaller than the
Debye length, we take it as homogeneous. Heterogeneous charge distributions can
lead to various effects, depending on how the charges are distributed [435, 436]. Even
net neutral surfaces can interact. The force can be either attractive or repulsive
depending on whether the regions of like and unlike charges are in opposition [437].

4.6
The DLVO Theory

It has been known formore than 100 years thatmany aqueous dispersions precipitate
upon addition of salt [438]. Schulze and Hardy observed that most dispersions
precipitate at concentrations of 25–150mM of monovalent counterions [439, 440].
For divalent ions, they found far smaller precipitation concentrations of 0.5–2mM.
Trivalent counterions lead to precipitation at even lower concentrations of
0.01–0.1mM. For example, gold colloids are stable in NaCl solution, as long as the
NaCl concentration does not exceed 24mM. If the solution containsmoreNaCl, then
the gold particles aggregate and precipitate. The appropriate concentrations for
KNO3, CaCl2, and BaCl2 are 23, 0.41, and 0.35mM [441], respectively.

This coagulation can be understood as follows. The gold particles are negatively
charged and repel each other. With increasing salt concentration, the electrostatic
repulsion decreases. The particles, which move around thermally, have a higher
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chance of approaching each other to a few A
	
ngstr€oms. Then, the van der Waals

attraction causes them to aggregate. Since divalent counterions weaken the electro-
static repulsion more effectively than monovalent counterions, only small concen-
trations of CaCl2 and BaCl2 are necessary for coagulation.

About seven decades ago, Derjaguin, Landau, Verwey, and Overbeek developed a
theory to explain the aggregation of aqueous dispersions quantitatively [413, 442,
443]. This theory is calledDLVO theory. This theory explains coagulation of dispersed
particles by the interplay between two forces: the attractive van der Waals force and
the repulsive electrostatic double-layer force. These forces are sometimes referred to
as DLVO forces. Van der Waals forces promote coagulation while the double-layer
force stabilizes dispersions. Taking into account both components, we can approx-
imate the energy per unit area between two infinitely extended solids that are
separated by a gap x:

VAðxÞ ¼ 64c0kBTlDa
2 � e�x=lD� AH

12px2
; ð4:71Þ

with a defined in expression (4.23).
Figure 4.8 shows the interaction energy between two identical spherical particles

calculated with the DLVO theory. In general, it can be described by a very weak
attraction at large distances (secondary energy minimum), an electrostatic repulsion
at intermediate distances, and a strong attraction at short distances (primary energy
minimum). At different salt concentrations, the three regimes are more or less
pronounced and sometimes even completely missing. At low and intermediate salt
concentrations, the repulsive electrostatic barrier prevents the particles from aggre-
gating.With increasing salt concentration, the repulsive energy barrier decreases. At
low salt concentration, the energy barrier is so high that particles in a dispersion have
practically no chance of gaining enough thermal energy to overcome it. At high salt
concentration, this energy barrier is drastically reduced and the van der Waals
attraction dominates. This leads to precipitation. In addition, the surface potential
usually decreases with increasing salt concentration thus lowering the energy barrier
even more (this effect was not taken into account in Figure 4.9).

For small distances DLVO theory predicts that the van der Waals attraction always
dominates. Please remember, the van der Waals force between identical media is
always attractive irrespective of the medium in the gap. Thus thermodynamically, or
after long periods of time, we expect all dispersions to precipitate. Precipitation
might, however, be so slow that it exceeds the life span of any human observer. Once
in contact, particles should not separate again, unless they are strongly hit by a third
object and gain a lot of energy.

A closer look at the interaction at large distances shows the weak attractive energy.
This secondary energy minimum can lead to a weak, reversible coagulation without
leading to direct molecular contact between the particles.

For many systems, this is indeed observed and many aqueous dispersions and
emulsions are efficiently stabilized by electrostatic double-layer forces. Electrostatic
stabilization is, however, sensitive to salts. If the salt concentration increases, both the
range and the amplitude of electrostatic double-layer forces decrease. The dispersion
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might become unstable and flocculate. Some aqueous dispersions are stable even at
high salt concentrations. Then, short range hydration forces more than compensate
the van der Waals attraction. Hydration forces are discussed in Section 10.2. If one
cannot rely on hydration repulsion, one way to prevent coagulation is to coat particles
with polyelectrolytes. This leads to an electrosteric repulsion (see Section 11.3).

Experimentally, electrostatic double-layer forces versus distance were first quan-
titatively measured in foam films [444–446]. Aqueous foam films with adsorbed
charged surfactant at air–liquid interfaces are stabilized by double-layer forces, at
least for some time. Voropaeva et al. measured the height of the repulsive barrier
between two platinumwires at different applied potentials and in different electrolyte
solutions [447].Usui et al. [448] observed that the coalescence of twomercury drops in
aqueous electrolyte depends on the applied potential and the salt concentration.
Accurate measurements between solid–liquid interfaces were first carried out
between rubber and glass with a special setup [449]. In the late 1970s, DLVO force
could be studied systematicallywith the surface forces apparatus [424, 450, 451].With
the introduction of the atomic force microscope, DLVO forces between dissimilar
surfaces could be measured [198, 199, 452, 453].

For example, Figure 4.10 shows force-versus-distance curves between two mica
cylinders in aqueous electrolyte [424]. Results measured at different concentrations
of themonovalent salt KNO3 are plotted. Under the conditions of the experiment, the
mica surfaces are negatively charged. This leads to an exponentially decaying double-
layer repulsion. On the logarithmic scale, the straight lines indicate that for distances
larger than the respective Debye length a single exponential is sufficient to describe
force versus distance. The measured decay lengths agreed with the calculated Debye
lengths within the accuracy of the experiment.

In DLVO theory van der Waals attraction and electrostatic forces are added. One
may question whether this superposition is justified. Could it not be that electro-
dynamic effects influence the electrostatic force or vice versa and that electric charges
change the van derWaals interaction? In a strict sense, van derWaals and electrostatic

Figure 4.9 Gibbs interaction energy (in units of
kBT) versus distance for two identical spherical
particles of Rp ¼ 100nm radius in water,
containing different concentrations of
monovalent salt. The calculation is based on

DLVO theory using Eqs. (4.71) and (2.67). The
Hamaker constant was AH ¼ 7
 10�21 J, the
surface potential was set to y0 ¼ 30mV. Both
figures show the same curves, only at different
scales.
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forces indeed cannot be completely decoupled [454]. Practically, the superposition is
valid if we consider distances above a few atoms. Thus, for distances where
continuum theory can be applied, the superposition of double-layer and van der
Waals forces is also valid.

4.7
Electrostatic Forces in Nonpolar Media

�Early in 1954 a large tank in Shell�s refinery at Pernis exploded 40minutes after the
start of a blending operation inwhich a tops-naphthamixturewas being pumped into
straight-run naphtha. The fire was quickly brought under control and the salvaged
contents transferred to another tank. On the following day a second attempt was
made to blend these materials and again an explosion occurred 40 minutes after
starting the pumps. This striking andunusual coincidence could only be explained by
the assumption that both explosions had been caused by static electricity.� This
description is quoted from the report of Klinkenberg and van derMinne, inwhich the
effect of electrostatic charging in a nonpolar liquid is vividly described [455].

The charging of surfaces in nonpolar liquids is relevant not only when oil is
transported but also to understand surface forces and the stabilization of dispersions
in nonpolar liquids. In this section, we describe electrostatic forces inmedia with low
dielectric constant (reviewed in Ref. [456]).

A major difference between nonpolar liquids and water is that ions do not easily
dissociate because the work required to separate two charges is higher. Let us, for
example, take the dissociation of the carboxylic group on benzoic acid:
C6H5COOH>C6H5COO� þHþ . The pK of the dissociation is 4.24 in water with
e ¼ 78:4 at 25 	C. In a 1: 1 water–ethanol mixture with e ¼ 50:4, it increases to
pK¼ 5.87 [457]. To estimate the electrostatic work required to separate two charges,

Figure 4.10 Force versus distance between two
curvedmica cylindersmeasured with the surface
forces apparatus [424]. The force is divided by the
radius of curvature of the cylinders. The

experiment was carried out in aqueous
electrolyte containing different concentrations of
KNO3. Continuous lines are to guide the eye.
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we apply the Coulomb10) equation. For simplicity, we assume that both ions are
initially separated by a distance d. The work required to separate the two ions from a
distance d to infinity is

U ¼ e2

4pee0d
: ð4:72Þ

It decreases with increasing dielectric permittivity. For example, the work to create an
ion pair with both ions having a radius Ri ¼ 0:2 nm so that d ¼ 2Ri at 25 	C is
7:4
 10�21J ¼ 1:8kBT in water. In methanol with e ¼ 32:6 (Table 4.1), the work is
4:4 kBT . In acetone, it requires 6:9 kBT . Experimental values for the solubility of salts
confirm this prediction. For example, 360 g l�1 of sodium and potassium chloride are
soluble of both salts in water. In methanol, the solubilities are 30.2 and 53 g l�1, in
acetone the values are 0.00042 and 0.00091 g l�1, respectively. In less polarmedia, the
solubility decreases further and below e � 5, it is negligible. Ion dissociation in
nonpolar liquids has been extensively studied [458, 459, 460, 461], in particular by
conductivity measurements.

Equation (4.72) not only shows how important the dielectric permittivity for ion
dissociation is but also tells us that ion dissociation requires less energy if the ions are
large. If we take the distance of closest approach d to be the sumof the two ionic radii,
the dissociation energy decreases for large ions.

Practically, it is useful to distinguish three regimes [456]:

. For e � 11, in the semipolar regime, dispersions can be charge stabilized as in
aqueous media.

Table 4.1 Dielectric permittivity e of various liquids.

Liquid e Liquid e

Water (0 	C) 87.9 n-Hexane 1.88
Water (10 	C) 84.0 n-Octane 1.94
Water (20 	C) 80.2 n-Decane 1.98
Water 78.4 n-Dodecane 2.02
Water (30 	C) 76.6 Methanol 32.6
Water (40 	C) 73.2 Ethanol 24.3
Benzene 2.27 1-Propanol 20.5
Toluene 2.37 1-Butanol 17.8
Dichloromethane (CH2CI2) 8.93 1-Pentanol 15.1
Chloroform (CHCI3) 4.71 1-Hexanol 12.5
1,4-Dioxane (C4H8O2) 2.21 1-Octanol 9.86
Tetrahydrofuran 7.43 1,2-Propanediol (C3H8O2) 28.6
Acetone 20.5 Glycerol 45.6
Dimethyl sulfoxide 46.8 Diethylformamide 37.2
Methyl ethyl ketone 18.5 Methylformamide 181.6

If not otherwise mentioned the temperature is 25 	C.

10) Charles Augustin de Coulomb, 1736–1806. French physicist.
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. For 5 � e � 11, in the low-polar regime, charge stabilization is still possible
provided some dissociated electrolyte is present.

. For e � 5, in the apolar regime, the electric conductivity of the pure liquid is very
low. Screening by free ions is negligible and electrostatic stabilization of disper-
sions is problematic.

Nonpolar liquids in their pure form have low electric conductivities. Typical
specific conductivities in the semipolar regime range from 10�5 to 5
 10�4 Sm�1

and 10�7 to 10�5 Sm�1 in the low-polar regime. In the apolar regime, conductivities
are even lower. For example, typical conductivities of light distillates range from 0.01
to 10 pSm�1. Electric conductivities in particular in the low-polar regime also cannot
be increased by the addition of simple salts due to the poor dissociation.

In their report, Klinkenberg and van der Minne drew the conclusion that
conductivity is determined by some trace compounds present in the oil [455]. In
particular, ionic surfactants such as metal salts of carboxylic acids were found to
significantly increase the conductivity of nonpolar liquids [462]. Ions remain disso-
ciated only in low dielectric media if they are large or contained in some large
structure (reviewed in Ref. [461]). Ionic surfactants dissociate to a minor extent. As
inverse micelles, they are large enough to keep that charge or to solubilize ions in
their interior. Micelles also get charged by collisions with other micelles [463, 464].
One surfactant used frequently is sodium di-2-ethylhexylsulfosuccinate (sodium
aerosol-OT or NaAOT). It dissociates into C8H17COOCH2CH(SO3

�)OOC8H17 and
Naþ . When adding NaAOT to liquid alkanes, the conductivity first increases due to
charged monomers [465]. At a certain concentration, the critical micelle concentra-
tion (CMC), surfactants start to form inverse micelles. In an inverse micelle, the
hydrophobic tails of the surfactant molecules point outside while the hydrophilic
head groups are inside. The interior of inverse micelles also tends to accommodate
some water. When reaching the CMC, the reverse micelles dominate as charge
carriers (Figure 4.11, top).

Charging of surfaces in nonpolar liquids not only occurs when the liquid is
pumped through a tube. Particles often charge spontaneously. This was demon-
strated bymeasuring themobility of charged particles in electric fields. Traditionally,
the zeta potential is obtained from such electrophoresis experiments [466, 467].
Recently, the sensitivity could be increased to such a degree that very few and even
single charges were detected [469, 468].

In nonpolar media, less charge is needed to reach a certain surface potential.
Quantitatively, this is deduced from the Grahame equation (4.32). At low potentials,
the surface potential is given by Eq. (4.33):

y0 ¼
s

ee0k
¼ s

e

ffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT
2c0ee0

s
: ð4:73Þ

With decreasing e the surface potential for a given surface charge density s increases.
Since only few charges are needed to reach high potentials, surface potentials of
50–100mV are common.
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Although it is not completely clear how surfaces are charged in nonpolar media,
two processes seem to dominate [470]: surfactant adsorption and proton exchange. If
surfactant is present in the solution, it will strongly influence the surface charge of
particles due to adsorption to the surface [469]. The effect of surfactant is often not
simple. Very different dependencies of the zeta potential on the concentration have
been observed [471]. Two examples are plotted in Figure 4.11 (bottom). One shows
the zeta potential of titania particles in cyclohexane and the other the surface potential
of PMMA particles in hexadecane, both at different concentrations of NaAOT.

In the absence of surfactants, the dissociation of surface groups prevails surface
charging. The ion that is almost exclusively responsible for the charge transfer between
liquid and surface is the proton. If we represent the solid by SH and the solution by
HB, the sign of the surface charge due to proton acceptance or donation is governed by

SHþ
2 þB� Ð SHþHB Ð S� þH2B

þ

This implies that the charge of surfaces depends on the proton accepting/donating
properties of the liquid. Itwas indeedobserved that the charge of particles depends on
the liquid. For example, titanium dioxide particles were observed to be negative in n-
butylamine and positive in n-butanol [472]. a-Fe2O3 particles are negative in
cyclohexanone and positive in isopropanol [473]. Labib and Williams related the
charge of particles to the electron donacity scale of the solvent [474].

A practically relevant question is if electrostatic forces are sufficient to stabilize
dispersions in nonpolar liquids. In principle, we can apply DLVO theory also to

Figure 4.11 Specific electric conductivity (top) and zeta potential versus concentration of
NaAOT in hexadecane (.) [464] and cyclohexane (*) [467]. Zeta potentialsweremeasured on titania
[467] and surface potentials on spherical poly(methyl methacrylate) (PMMA) particles [464].
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nonaqueous dispersions [456].We only have to insert the correct Hamaker constants
and the correct Debye length. In fact, some dispersion can be stabilized by electro-
static forces [456, 472, 475, 476]. Practically, it is, however, rarely used and particles in
nonpolar media are usually sterically stabilized (see Chapter 11). For a reliable
electrostatic stabilization of dispersions, two conditions have to be fulfilled [456, 477].
First, the particles should carry sufficient surface charge. Second, the Debye length
should not be too short so that the potential decays steeply enough. Otherwise, the
repulsive force is not sufficiently strong to prevent the particles to come close. The
first condition can be fulfilled, although surfactant is required for the particles to
acquire sufficient charge. In addition, trace amounts of water can drastically change
the charging mechanism [476, 467].

The second condition is more difficult to fulfill. As seen from Eq. (4.8), the Debye
length is predicted to decrease with decreasing e. In the semipolar regime, this is
indeed observed. However, for the low-polar or apolar regime, the low dissociation
becomes the dominant effect. The low ion concentration leads to longDebye lengths.
Debye lengths in low-polar or apolar liquids can be much larger than the size of
dispersed particles. Then, we explicitly have to take into account the spherical shape
of the particles. The electrostatic double-layer repulsion is then better described by a
screened Coulomb potential [478]

VðdccÞ ¼ ðey0RpÞ2
kBTlD

� e
�dcc�2Rp

lD

dcc
; ð4:74Þ

Figure 4.12 Electrostatic force between
charged PMMA particles of 1.2m diameter in
hexadecane for different concentrations of
NaAOT [464]. Forces for successive

concentrations have been offset by 50 fN. Solid
lines are fits with the screened Coulomb
potential (Eq. (4.74)). (Force curves were
provided by E. Dufresne.)
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FðdccÞ ¼ ðey0RpÞ2
kBTl

2
D

� e
�dcc�2Rp

lD

dcc
� lD

dcc
þ 1

� �
:

Here, V is the Gibbs free energy of interaction between two particles and
dcc ¼ Dþ 2Rp is the center-to-center distance between two interacting particles.

The long range of double-layer forces in nonpolar media is demonstrated by force
measurements. The first direct force experiments were carried out with the SFA
[479]. More recently, forces in nonpolar liquids have been measured with optical
techniques [464, 478]. Optical techniques are more suitable for such long-range
interaction potentials. One example is shown in Figure 4.12. Sainis et al. [464]
measured the force between two PMMAparticles by first bringing both particles into
close proximity by optical tweezers. Then, the particles are released and they start to
diffuse apart, driven by the electrostatic force. Theirmovement is hindered by Stokes
friction. Their position is trackedby opticalmicroscopy. From the trajectories ofmany
events, the force versus distance was calculated.

4.8
Summary

. Most solid surfaces in water are charged. Reason: Due to the high dielectric
permittivity of water, ions are easily dissolved. The resulting electric double layer
consists of an inner Stern or Helmholtz layer, which is in close contact with the
solid surface, and a diffuse layer, also called the Gouy–Chapman layer.

. The electric potential in the diffuse layer of a planar surface decays exponentially

y ¼ y0 � e�x=lD ;

provided the potential does not exceed 50–80mV.
. For amonovalent salt at 25 	C, theDebye length is given by lD ¼ 3:04=

ffiffiffiffi
c0

p
A
	
, with

the concentration c0 in mol L�1.
. In an aqueous medium, the electrostatic double-layer force is present. For

distances x larger than the Debye length lD, it decays roughly exponentially:
F / exp ð�x=lDÞ.

. The stability of dispersions in aqueousmedia can often be described by the DLVO
theory, which contains the double-layer repulsion and the van der Waals attrac-
tion. Specific force versus distance curves depend on the Hamaker constant, the
surface charges, and the salt concentration. In general, DLVO theory predicts an
electrostatic repulsion at intermediate distance and a van der Waals dominated
attraction at short distance.

. Charging and electrostatic forces in nonpolar liquids are less understood than in
water and polar liquids. Charging is mainly due to protonation/deprotonation of
surface groups or due to the adsorption of surfactants. Debye lengths even in the
presence of surfactants are usually so large that an effective stabilization of
dispersions is problematic.
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4.9
Exercises

4.1. Compare the Debye length of 0.1 mM NaCl solution of water and ethanol
(e¼ 24.3).

4.2. Plot the potential versus distance curves for surface potentials of 60, 100, and
140mV using the solution of the linearized and the full Poisson–Boltzmann
equation for an aqueous solution with 2mM KCl.

4.3. Silicon oxide has a typical surface potential in an aqueousmediumof�70mV in
50mMNaCl at pH9.Which concentration of cations do you expect to be close to
the surface?What is the average distance between two adjacent cations?What is
the local pH at the surface?

4.4. FollowDebye andH€uckel [380] and calculate the potential distribution around a
spherical particle with a low surface potentialy0. Use polar coordinates. For this
geometry, only the dependency in r remains and the Poisson equation reads
1
r2

d
dr r2 dy

dr

� �
¼ � re

ee0
. The general solution of the linearized Poisson–Boltzmann

equation isy ¼ Ae�kr=rþBekr=r, where the constants A and B are determined
by the boundary conditions. Verify that the total charge of the particle is given by
Q ¼ 4pee0Rpy0 1þRp=lD

� 

.

4.5. What is the Gibbs energy of the electrostatic double layer around a sphere of
radius RP that has a surface charge density s? Derive an equation where the
Gibbs energy of one sphere is given as a function of the total charge (see Exercise
4.4). You can assume a low surface potential.

4.6. In an aqueous electrolyte, we have spherical silicon oxide particles. The
dispersion is assumed to be monodisperse with a particle radius of 1 mm.
Please estimate the concentration of monovalent salt at which aggregation sets
in. Use the DLVO theory and assume that aggregation starts, when the energy
barrier decreases below 10 kBT. The surface potential is assumed to be inde-
pendent of the salt concentration at �20 mV. Use a Hamaker constant of
0:4
 10�20 J.
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5
Capillary Forces

Everyone who has been at a beach knows that dry sand flows easily. It is impossible to
shape dry sand. To build a sand castle, the sand has to be wet.Wet sand can be shaped
because particles adhere to each other. The strong adhesion is caused by liquid
menisci, which form around the contact areas of two neighboring particles. The force
caused by such a liquid meniscus is called �capillary force,� also called meniscus
force. In the mid-1920, Fisher [480] and Haines [481] were the first to realize the
significance of capillary forces. Capillary forcesmust be taken into account in studies
of powders, soils, and granularmaterials [482–490], the adhesionbetweenparticles or
particles to surfaces [491–493], adhesion of insects [494], friction [495, 496], and
sintering of ceramic andmetallic particles [497]. Capillary forces are also important in
technological interfaces such as heads on storage disks where they cause stiction
[498–501].

Capillary forces are not only caused by liquidmenisci in gaseous environment but
can also be caused by capillary bridges of one liquid in another immiscible liquid
[502, 503]. Bloomquist and Shutt, for example, observed that particles suspended in
organic liquids tend to aggregate when trace amounts of water are dissolved in the
organic liquid [504]. When the particles happen to come close to each other by
Brownian motion, a phase separation into water and organic liquid can occur in the
gap. Thewater forms a liquid bridge and the particles are attracted by capillary action.

In this chapter, the term �surface forces� has an additional meaning. Surface
forces are forces that act between interfaces. Capillary forces not only act between
surfaces but are also mediated via interfaces.

In this chapter, we first get to know some of the fundamental equations
describing liquid surfaces: the equation of Young and Laplace, the Kelvin equation,
and Young�s equation. Each equation describes a physical effect. The equation of
Young and Laplace describes the shape of a liquid surface. The Kelvin equation
relates the vapor pressure of a liquid to the curvature of its surface. Young�s
equation describes wetting of a liquid on a solid surface. Then, we describe how the
capillary force between two perfectly smooth spheres can be calculated. Capillary
forces for objects with other geometries and the influence of roughness are
discussed in the next sections. All calculations assume equilibrium. If the contact
between the two interacting solid surfaces is formed or ruptured fast, such as for a
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flowing powder or if two rough surfaces slide over each other, we have to take the
kinetics into account. This is discussed in the next section. Then, capillary forces
involving liquid–liquid interfaces are described. Finally, we introduce lateral
capillary forces that act between two particles floating at a surface or being
immersed in a thin liquid film.

5.1
Equation of Young and Laplace

The equation of Young1) and Laplace2) describes one of the fundamental laws in
interface science: If an interface between two fluids is curved, there is a pressure
difference across it provided the system is in equilibrium. The Young–Laplace
equation relates the pressure difference between the two phases DP and the
curvature of the interface. In the absence of gravitation, or if the objects are so
small that gravitation is negligible, the Young–Laplace equation is

DP ¼ cL �
1
r1

þ 1
r2

� �
: ð5:1Þ

Here, r1 and r2 are the two principal radii of curvature. DP is also called Laplace
pressure. Equation (5.1) is also referred to as the Laplace equation.

The factor 1=r1 þ 1=r2 describes the local curvature of an interface at a point on
an arbitrarily curved surface. The curvature is obtained as follows. At the point of
interest, we draw a normal through the surface. Then, we pass a plane through
this line and the intersection of this line with the surface. One angle of orientation
of this plane is not defined and can be chosen conveniently. The line of
intersection will, in general, be curved at the point of interest. The radius of
curvature r1 is the radius of a circle inscribed to the intersection at the point
of interest. The second radius of curvature is obtained by passing a second plane
through the normal line but perpendicular to the first plane. This gives the second
intersection and leads to the second radius of curvature r2. So, the planes defining
the radii of curvature must be perpendicular to each other and contain the surface
normal. Otherwise, their orientation is arbitrary. A law of differential geometry
says that the value 1=r1 þ 1=r2 for an arbitrary interface is invariant and does not
depend on the orientation as long as the radii are determined in perpendicular
directions.

Let us illustrate the curvature for two examples. For a sphere with radius r, we have
r1 ¼ r2 ¼ r and the curvature is 1=rþ 1=r ¼ 2=r (Figure 5.1a). For a cylinder of radius
rc, a convenient choice is r1 ¼ rc and r2 ¼ 1 so that the curvature is
1=rc þ 1=1 ¼ 1=rc (Figure 5.1b).

1) Thomas Young, 1773–1829. English physician and physicist, professor in Cambridge.

2) Pierre-Simon Laplace, Marquis de Laplace, 1749–1827. French natural scientist.
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Example 5.1

How high is the pressure in a spherical bubble with a radius rb of 1mm and a
bubble of 10 nm radius in pure water, compared to the pressure outside? For a
bubble, the two radii of curvature are identical to that of a sphere: r1 ¼ r2 ¼ rb.
Therefore,

DP ¼ 2cL
rb

: ð5:2Þ

With rb ¼ 1mm, we get

DP ¼ 0:072 Jm�2 � 2

10�3 m
¼ 144 Pa:

With rb ¼ 10 nm, the pressure is DP ¼ 0:072 Jm�2 � 2=10�8 m ¼ 1:44�
107 Pa ¼ 144 bar. The pressures inside the bubbles are, therefore, 144 and
1.44� 107 Pa, respectively, higher than the outside pressure.

The Young–Laplace equation has several fundamental implications:

. If we know the shape of a liquid surface, we know its curvature and we can
calculate the pressure difference.

. In the absence of externalfields (e.g., gravity), the pressure is the same everywhere
in the liquid; otherwise, there would be a flow of liquid to regions of low pressure.
Thus, DP is constant and the Young–Laplace equation tells us that the surface of
the liquid has the same curvature everywhere.

. With the help of the Young–Laplace equation, it is possible to calculate the
equilibrium shape of a liquid surface. If we know the pressure difference and
some boundary conditions (such as the volume of the liquid and its contact line),
we can calculate the geometry of the liquid surface.

In practice, it is usually not trivial to calculate the geometry of a liquid surface with
Eq. (5.1) andnumerical procedures have to be applied. The shape of the liquid surface
can be mathematically described by a function z ¼ zðx; yÞ. The z-coordinate of the

r1 r2

r2

(a)

(b)

(c)

r2

r1= Radius of cylinder

r1

Figure 5.1 Illustration of the curvature of a sphere, a cylinder, and a drop placed between the flat
ends of two cylinders.
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surface is given as a function of its x- and y-coordinates. The curvature involves the
second derivative. As a result, calculating the shape of a liquid surface involves
solving a partial differential equation of second order.

Inmany cases, we dealwith rotational symmetric shapes. Assuming that the axis of
symmetry is identical to the z-axis, z ¼ zðxÞ describes the liquid surface, where x is
the radial coordinate. Let us assume the z-axis is vertical and in the plane of the paper.
Then, it is convenient to put one radius of curvature also in the plane of the paper.
This radius is given by

1
r2

¼ z0

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z02

p : ð5:3Þ

The other principal radius of curvature is in a plane perpendicular to the plane of the
paper and oriented parallel to r2. It is given by

1
r1

¼ z00ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ z02Þ3

q ; ð5:4Þ

where z0 and z00 are the first and second derivatives with respect to x.
When applying the equation of Young and Laplace to simple geometries, it is

usually obvious at which side the pressure is higher. For example, both inside a
bubble and inside a drop, the pressure is higher than outside. In other cases, this is
not so obvious because the curvature can have an opposite sign. One example is a
drop placed between the planar ends of two cylinders (Figure 5.1c). Then, the two
principal curvatures, defined by

C1 ¼ 1
r1

and C2 ¼ 1
r2
; ð5:5Þ

can have a different sign. We count it positive if the interface is curved concave with
respect to the liquid. The pressure difference is defined as DP ¼ Pliquid�Pgas.

Example 5.2

For a drop in a gaseous environment, the two principal curvatures are positive
and given by C1 ¼ C2 ¼ 1=rd. The pressure difference is positive, which
implies that the pressure inside the liquid is higher than outside.
For a bubble in a liquid environment, the two principal curvatures are

negative: C1 ¼ C2 ¼ �1=rb. The pressure difference is negative and the
pressure inside the liquid is lower than inside the bubble.
For a drop hanging between the ends of two cylinders (Figure 5.1c) in a

gaseous environment, one curvature is conveniently chosen to be C1 ¼ 1=r1.
The other curvature is negative, C2 ¼ �1=r2. The pressure difference depends
on the specific values of r1 and r2.

The shape of a liquid surface is determined by the Young–Laplace equation. In large
structures, we have also to consider the hydrostatic pressure. Then, the equation of
Young and Laplace becomes
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DP ¼ cL �
1
r1

þ 1
r2

� �
þ rgh: ð5:6Þ

Here, g is the acceleration of free fall and h is the height coordinate.
What is a large and what is a small structure? In practice, this is a relevant question

because for small structures we can neglect rgh and use the simpler equation. It is
convenient to define the capillary constant

kc ¼
ffiffiffiffiffi
cL
rg

r
: ð5:7Þ

For liquid structureswhose curvature ismuch smaller than the capillary constant, the
influence of gravitation can be neglected. Please note that sometimes

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cL=rg

p
is

also defined as the capillary constant. Capillary constants for some common liquids
are listed in Table 5.1.

5.2
Kelvin Equation and Capillary Condensation

The subject of the Kelvin3) equation is the vapor pressure of a liquid. Tables of vapor
pressures for various liquids and different temperatures can be found in common

Table 5.1 Saturation vapor pressure P0, surface tension cL, density r, capillary constant kc, and
Kelvin length lK of liquids at 25 �C.

Substance P0 (Pa) cL (mNm�1) r (kgm�3) kC (mm) lK (nm)

Water 3169 71.99 1000 2.71 0.52
Toluene 3790 27.93 866 1.81 1.20
Diiodomethane (CH2CI2) 172 49.90 3308 1.24 1.63
Chloroform (CHCI3) 26200 26.67 1465 1.36 0.88
n-Pentane 68300 15.49 626 1.59 0.72
n-Hexane 20200 17.89 655 1.67 0.95
n-Octane 1860 21.14 699 1.76 1.39
Benzene 12700 28.22 879 1.81 1.01
Methanol 16900 22.07 787 1.67 0.36
Ethanol 7870 21.97 789 1.68 0.52
1-Propanol 2760 23.32 803 1.72 0.70
1-Butanol 860 24.93 810 1.77 0.92
1-Pentanol 259 25.36 811 1.79 1.11
1-Hexanol 110 25.81 814 1.80 1.31
1-Octanol 10 27.10 817 1.84 1.74
Acetone 30800 23.46 785 1.75 0.70
1,2-Propanediol (C3H8O2) 20 40.10 1036 1.99 1.19
Methyl ethyl ketone (MEK) 12.000 28.00 810 1.74 0.86
Mercury 1:6� 10�4 485.48 13534 1.91 2.90

3) William Thomson, later Lord Kelvin, 1824–1907. Physics professor at the University of Glasgow.
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textbooks or handbooks of physical chemistry. These vapor pressures are reported for
vapors that are in thermodynamic equilibrium with liquids having planar surfaces.
When the liquid surface is curved, the vapor pressure changes. The vapor pressure of
a drop is higher than that of a flat, planar surface. In a bubble, the vapor pressure is
reduced. The Kelvin equation tells us how the vapor pressure depends on the
curvature of the liquid. Like the Young–Laplace equation, it is based on thermody-
namic principles and does not refer to a special material or special conditions. It is
valid only in equilibrium.

The cause for this change in vapor pressure is the Laplace pressure. The raised
Laplace pressure in a drop causes the molecules to evaporate more easily. In the
liquid, which surrounds a bubble, the pressure with respect to the inner part of the
bubble is reduced. This makes it more difficult for molecules to evaporate. Quan-
titatively, the change of vapor pressure for curved liquid surfaces is described by the
Kelvin equation:

RT � ln P
P0

¼ cLVm � 1
r1

þ 1
r2

� �
; ð5:8Þ

where P is the vapor pressure of the vapor equilibrium with the liquid of curvature
1=r1 þ r2, P0 is the vapor pressure of a vapor in equilibrium with the liquid having a
planar surface, and Vm is the molar volume of the liquid. Please keep inmind that in
equilibrium the curvature of a liquid surface is constant everywhere.

The Kelvin equation is derived by equating the chemical potential of the liquid
molecules in the meniscus, m0 þVmDP ¼ m0 þ cLVmð1=r1 þ 1=r2Þ, with that of
molecules in the vapor phase, m0 þRT ln ðP=P0Þ. Here, m0 is the standard chemical
potential of the liquid with a planar surface. We assumed that the gas behaves like an
ideal gas.

When applying theKelvin equation, it is instructive to distinguish two cases: a drop
in its vapor (or more generally, a positively curved liquid surface) and a bubble in
liquid (a negatively curved liquid surface).

Drop in its Vapor For a spherical drop of radius rd, the Kelvin equation can be
simplified:

RT � ln P
P0

¼ 2cLVm

rd
or P ¼ P0 � e

2cLVm
RTrd : ð5:9Þ

The constant 2cLVm=RT characterizes the curvature for which the vapor pressure
changes by a factor e. For convenience, we call

lK ¼ cLVm

RT
ð5:10Þ

�Kelvin length�. Kelvin lengths for several liquids are given in Table 5.1.
The vaporpressure of a drop ishigher than that of a liquidwith a planar surface.One

consequence is that an aerosol of drops (fog) should be unstable. To see this, let us
assume that we have a box filled with many drops in a gaseous environment. Some
drops are larger than others. The small drops have a higher vapor pressure than the
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large drops.Hence,more liquid evaporates from their surface. This tends to condense
into large drops. Within a population of drops of different sizes, the bigger drops will
grow at the expense of the smaller ones – a process called Ostwald ripening.4) These
drops will sink down and, finally, bulk liquid fills the bottom of the box.

For a given vapor pressure, there is a critical drop size. Every drop bigger than this
size will grow. Drops at a smaller size will evaporate. If a vapor is cooled to reach
oversaturation, it cannot condense (because every drop would instantly evaporate
again), unless nucleation sites are present. In that way, it is possible to explain the
existence of oversaturated vapors and also the undeniable existence of fog.

Bubble in a Liquid In case of a bubble, the curvature is negative. As a result, we get

RT � ln P
P0

¼ � 2cLVm

rb
: ð5:11Þ

Here, rb is the radius of the bubble. The vapor pressure inside a bubble is therefore
reduced. This explainswhy it is possible to overheat liquids:When the temperature is
increased above the boiling point occasionally, tiny bubbles are formed. Inside the
bubble, the vapor pressure is reduced, the vapor condenses, and the bubble collapses.
Only if a bubble larger than a certain critical size is formed is itmore likely to increase
in size rather than to collapse.

Example 5.3

The relative vapor pressure of a spherical water drop of 1mm radius is

P
P0

¼ exp
2cLVm

RTrd

� �
¼ exp

2 � 0:072 Nm�1 � 18� 10�6 m3 mol�1

8:31 J mol�1 K�1 � 298 K � 10�6 m

 !
¼ 1:001:

For a drop of 10 nm radius, it increases to P=P0 ¼ 1:114. For a bubble of 1mm
radius, the curvature is negative and thus P=P0 ¼ 0:999. In a bubble radius of
10 nm, the relative vapor pressure decreases to 0.901.

At this point, it is instructive to discuss one question that sometimes causes
confusion: How does the presence of an additional background gas change the
properties of a vapor? For example, does pure water vapor behave differently from
water vapor at the same partial pressure in air (in the presence of nitrogen and
oxygen)?Answer: To afirst approximation, there is no difference as long as the system
is in thermodynamic equilibrium. �First approximation� means as long as interac-
tions between the vapor molecules and the molecules of the background gas are
negligible. However, processes and kinetic phenomena such as diffusion can be
completely different and certainly depend on the background gas. This is, for
instance, the reason why drying in a vacuum is much faster than drying in air.

4) In general, Ostwald ripening is the growth of large objects at the expense of smaller ones. Friedrich
Wilhelm Ostwald, 1853–1932. German physicochemist, professor in Leipzig, Nobel Prize for
chemistry, 1909.
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5.2.1
Capillary Condensation

Capillary condensation is the condensation of vapor into capillaries orfine pores even
at vapor pressures below P0. Lord Kelvin was the one who realized that the vapor
pressure of a liquid depends on the curvature of its surface. In hiswords, this explains
why �moisture is retained by vegetable substances, such as cotton cloth or oatmeal, or
wheat-flour biscuits, at temperatures far above the dew point of the surrounding
atmosphere� [505].

Capillary condensation can be illustrated by the model of a conical pore with a
totally wetting surface (Figure 5.2, left). At a given vapor pressure P, liquid will
condense in the tip of the pore. Condensation continues until the bending radius of
the liquid has reached the value given by the Kelvin equation. Since the liquid
surface is that of a spherical cap, the situation is analogous to that of a bubble andwe
can write

RT � ln P
P0

¼ � 2cLVm

r
: ð5:12Þ

Here, r corresponds to the capillary radius at the point where the meniscus is in
equilibrium. The curvature of the liquid surface is �2=r.

Many surfaces are not totally wetted, but they form a certain contact angleH with
the liquid. In this case, less liquid condenses into the pore (Figure 5.2, middle).

Attention has to be paid as to which radius is inserted into the Kelvin equation. In
general, there is no rotational symmetric geometry. For example, in a fissure or crack
(Figure 5.2, right) one radius of curvature is infinitely large, r1 ¼ 1, while the other is
the bending radius vertical to the fissure direction, r2 ¼ �r, so that 1=r1 þ
1=r2 ¼ �1=r.

Example 5.4

We have a porous solid with cylindrical pores of all dimensions. It is in water
vapor at 20 �C. The humidity is 90%.What is the size of the pores, which fill up
with water? The solid is supposed to be hydrophilic with H ¼ 0.

Condensed liquid

Θ = 0

r

Θ > 0 r Θ = 0
r

Figure 5.2 Capillary condensation into a narrow conical pore and a slit pore at a given vapor
pressure P. For the conical pore, the perfectly wetting case (H ¼ 0) and the case of finite contact
angle (H > 0) are shown.
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rC ¼ � 2cLVm

RT � ln 0:9
¼ � 2 � 0:072 J m�2 � 18� 10�6 m3

8:31 J K�1 � 293 K � ln 0:9
¼ 10 nm:

Capillary condensation has been studied by variousmethods, and the validity of
the previous description has been confirmed for several liquids and radii of
curvature down to a few nanometers [506, 507].

5.3
The Young�s Equation

To describe the stability of thin films, we first need to introduce the Young�s equation.
On solid hydrophobic surfaces, water forms a high contact angle. To appreciate the
significance of this observation, we first need to introduce Young�s equation. Young�s
equation is the basis for a quantitative description of wetting phenomena. If a drop of
a liquid is placed on a solid surface, there are two possibilities: the liquid completely
spreads on the surface (contact angleH ¼ 0�) or a finite contact angle is established.
In the second case, a three-phase contact line – also called wetting line – is formed. At
this line, three phases are in contact: the solid, the liquid, and the vapor (Figure 5.3).
The Young�s equation relates the contact angle to the interfacial tensions of the
solid–vapor, liquid–vapor, and solid–liquid interfaces cS, cL, and cSL, respectively
[508, 509]:

cL � cosH ¼ cS�cSL: ð5:13Þ

If the interfacial tension of the bare solid surface is higher than that of the solid–liquid
interface (cS > cSL), the right-hand side of the Young�s equation is positive. Then,
cosH has to be positive and the contact angle is smaller than 90�; the liquid partially
wets the solid. If the solid–liquid interface is energetically less favorable than the bare
solid surface (cS < cSL), the contact angle will exceed 90� because cosH has to be
negative. If the contact angle is greater than 90�, the liquid is said not to wet the solid.

There is another aspect to the fact that water forms a high contact angle on
hydrophobic surfaces: one cannot put a thin layer of water on a hydrophobic surface.
Thin films are not stable and will spontaneously rupture (see Section 7.6.2).

Θ

γL

γS

γSL

Three-phase
contact line

Liquid

Solid

Figure 5.3 Rim of a liquid drop with a contact angle H on a solid surface.
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Practically, this is a pain when trying to coat hydrophobic surfaces with an aqueous
solution.

5.4
Capillary Forces Calculated with the Circular Approximation

Two particles in contact necessarily create a narrow slit around the contact area. If the
surfaces are lyophilic with respect to a surrounding vapor, some vapor will condense
and form a meniscus [510]. The meniscus causes an attractive force. This is for two
reasons [480, 481, 511, 512]. First, the direct action of the surface tension of the
liquids around the periphery of themeniscus pulls the particles together. Second, the
curved surface of the liquid causes a Laplace pressure, which is negative with respect
to the outer pressure. This negative pressure acts over the cross-sectional area of the
meniscus and attracts the particles toward each other.

We start this chapter by discussing the capillary force between a perfectly smooth
sphere and a plane. Spheres are the first approximation for real particles. The
calculation for a sphere and a plane is instructive and the results are simple. Then, we
generalize the treatment to two spheres of arbitrary radius and contact angle. Though
spheres are a model for the interaction between particles, some fundamental
properties are unique for spheres. For example, the capillary force between perfectly
spherical surfaces does not (or onlyweakly) depend on the vapor pressure. Therefore,
we also discus other geometries and in particular the influence of roughness.

5.4.1
Capillary Force Between a Sphere and a Plane

Ahard, smooth sphere of radiusR1 is supposed to be a distanceD away from a hard,
smooth plane (Figure 5.4). The liquid is assumed to form a contact angle H1 with
the sphere andH2 with the plane. To calculate the shape of the liquid meniscus, we
would need to solve the Laplace equation with appropriate boundary conditions.
The Young–Laplace equation is a second-order, nonlinear partial differential
equation, which is not trivial to solve. Solutions of the Laplace equation for a
radial symmetric geometry lead to a class of curves, which are called nodoids [513].
Numerical procedures to calculate the shape of the meniscus have been reported
[514–516]. For small menisci, where the extension of the liquid meniscus is much
smaller than the capillary constant so that gravitation is negligible, we can
approximate both radii of curvature by circles. This approximation is called circular
or toroidal approximation [480]. For small menisci, where we can neglect gravi-
tation, the circular approximation is applicable and forces calculated numerically
agree with the results of the circular approximation [513, 517–519] (discussion
below).

The curvature of the liquid is characterized by two radii: the azimuthal radius l and
the meridional radius r, perpendicular to it. The first one, l, is counted positive
because it is concave with respect to the liquid. The other, r, is counted negative. The

136j 5 Capillary Forces



total radius of curvature of the liquid surface 1=r1 þ 1=r2 is 1=l�1=r. The pressure is,
therefore, DP ¼ cLð1=l�1=rÞ. Since l > r, the curvature is negative, that is, the
pressure in the liquid is lower than in the outer vapor phase. It acts upon a cross-
sectional area pl2 leading to an attractive force of�pl2DP. The total capillary force is

F ¼ 2plcL�pl2DP: ð5:14Þ
Here, 2plcL is the force caused directly by the surface tension of the liquid. Since
capillary forces are always attractive, it is convenient to apply a positive sign to
attraction, while in the other chapters repulsive forces are counted positive.

To calculate the capillary force, it is convenient to introduce the parameter

c ¼ 1
2
cos ðH1 þ bÞþ cosH2½ �: ð5:15Þ

Later, wemake the use of the fact that for small menisci, where R1 � l; the angle b is
small and can be neglected. Then c is the mean cosine of the contact angles:
c � ðcosH1 þ cosH2Þ=2.

We express the two radii of curvature by angle b. With the given geometry, we get

h ¼ 2rc and h ¼ R1ð1�cos bÞþD: ð5:16Þ
Setting both expressions equal leads to

r ¼ R1ð1�cos bÞþD
2c

ð5:17Þ

and

l ¼ R1 sin b�r½1�cosðH1 þ bÞ�: ð5:18Þ
We could use Eq. (5.14) and insert r and l as given by Eqs. (5.17) and (5.18) to derive

the capillary force. In this case, the narrowest part of the meniscus is used for the

R1

β

l

D

r

Θ2

Θ1

β+Θ1

h

Figure 5.4 Spherical particle of radius R1 a distance D away from a planar surface. The angle b

describes the position of the three-phase contact line on the particle surface. The height of the liquid
meniscus is h.
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calculation. It is, however, more convenient to calculate the force at the three-phase
contact line, at which the surface tension component is not directed vertically
and only a component sinðHþbÞ contributes to the force. The capillary force is
[483, 484, 512]

F ¼ pcR1sinb 2 sinðH1 þ bÞþR1 sinb � 1
r
� 1

l

� �� �
: ð5:19Þ

When trying to calculate the capillary force for a given vapor pressure, the reader will
realize that Eq. (5.19) is not an explicit equation. One cannot calculate the capillary
force by inserting the vapor pressure on the right-hand side. To calculate the capillary
force for a given particle size, contact angle, and vapor pressure, we have to vary the
parameter b and calculate r and l. Then, the capillary force can be calculated with
Eq. (5.19) and the vapor pressure with the Kelvin Equation (5.8):

P
P0

¼ exp �lK
1
r
� 1

l

� �� �
: ð5:20Þ

Finally, one has to correlate the vapor pressure with the capillary force.
This is a rather awkward procedure and it would be helpful to have an explicit

expression. Fortunately, an approximate expression canbe derived forR1 	 l 	 r;D.
Therefore, we first simplify Eq. (5.19). The first term in square brackets is caused by
the direct action of the surface tension. It is usually only a small percentage of the
second term, which is caused by the Laplace pressure. For R1 	 l 	 r, the factor
R1ð1=r�1=lÞ is much larger than unity. Unless b � 1 and H1 	 0, the first term is
negligible and the second term completely dominates. In addition, we neglect 1=l
compared to 1=r. This leads to

F � pcLR
2
1 sin

2 b � 1
r
� 1

l

� �
� pcLR

2
1 sin

2 b � 1
r
: ð5:21Þ

To get an expression for sin2b, we rearrange Eq. (5.17):

cos b ¼ 1� 2rc�D
R1

:

With cos2b ¼ 1�sin2b, we get

1�sin2b ¼ 1� 2rc�D
R1

� �2
� 1� 4rc�2D

R1
Y sin2b ¼ 4rc�2D

R1
: ð5:22Þ

In the second step, we used ð1�xÞ2 � 1�2x for x � 1. Inserting Eq. (5.22) into
Eq. (5.21) we finally get the analytical expression for the capillary force [84, 520]:

F ¼ 2pcLR1 2c�D
r

� �
� 2pcR1 cosH1 þ cosH2�D

r

� �
: ð5:23Þ

At constant vapor pressure and in equilibrium, the radius r is constant and can easily
be calculated with Kelvin�s equation. The capillary force decays linearly with distance
and the slope is given by the vapor pressure via
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r ¼ � lK
lnðP=P0Þ : ð5:24Þ

Equation (5.23) is quite useful in situations where the liquid meniscus is in
equilibriumwith its vapor. Then, the radius r is fixed and given by Kelvin�s equation.
If the separation of the two particles is faster than the time required to establish
equilibrium by condensation or evaporation, the radius r might deviate from its
equilibrium value given by Kelvin�s equation (5.24). In the extreme case of a very fast
separation or a slowly evaporating/condensing liquid, we are more likely to have a
constant volume of the meniscus.

Therefore, we now calculate the capillary force at constant volume. As a first
step, we need to calculate the volume of the meniscus, also called pendular ring
(Figure 5.5).We consider the volume of a cylinder of radiusR1 sin b and height h and
subtract the volume of the spherical cap (diagonal lines):

V ¼ phR2
1sin

2b�p

6
R1ð1�cos bÞ 3R2

1sin
2bþR2

1ð1�cos bÞ2
h i

: ð5:25Þ

We neglect the volume of the rim (cross hatched). For R1 � r, the volume of the rim
turns out to be only a small percentage of the total volume.

For small angle b, we can substitute 1�cos b ¼ sin2b=2:

V ¼ phR2
1sin

2b� p

12
R1sin

2b 3R2
1sin

2bþR2
1
sin4b

4

� �
:

Simplifying and inserting h from Eq. (5.16):

V ¼ pR2
1 R1ð1�cosbÞþD½ �sin2b�p

4
R3
1sin

4b 1þ sin2b

12

0
@

1
A

� p

2
R2
1 R1sin

2bþ 2D
� �

sin2b�p

4
R3
1sin

4b:

We neglected the last term in the left brackets since b is small and 1 	 sin2b=12.
Simplification leads to

V ¼ p

2
R2
1sin

2b � 2Dþ R1

2
sin2b

� �
:

Sphere 1

Plane 2

Liquid
meniscus

R1 sinβ

h

Figure 5.5 Schematic of the contributions to calculate the volume between a sphere and a plane.
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We use expression (5.22) and replace sin2b to obtain the volume [480, 524, 525]:

V ¼ pR1ð2rc�DÞ � ½2Dþð2rc�DÞ� ¼ pR1ð4r2c2�D2Þ: ð5:26Þ

Solving for r, which leads to r ¼ 1=ð2cÞ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V=ðpR1ÞþD2

p
, and inserting in Eq. (5.23),

we get an expression for the capillary force with the volume rather than the curvature
1=r as a parameter [520, 521]:

F ¼ 4pcLcR1 1� Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ V

pR1

q
0
B@

1
CA ð5:27Þ

� 2pcLR1ðcosH1 þ cosH2Þ 1� Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ V

pR1

q
0
B@

1
CA: ð5:28Þ

Example 5.5

What is the capillary force for a sphere of 1mm radius lying on a planar surface
in a 90% saturated vapor of octanol? The contact angle of both materials with
octanol is supposed to be H1 ¼ H2 ¼ 20�. Calculate the curvature and the
volume of the meniscus.
At contact, the force is

F ¼ 4pcLR1 cosH ¼ 4p � 0:0271 Nm�1 � 10�3 m � 0:940 ¼ 3:20� 10�4 N:

ð5:29Þ

With Eq. (5.24) and lK ¼ 1:74 nm, we get a curvature

r ¼ � lK
lnðP=P0Þ ¼ � 1:74 nm

ln 0:9
¼ 16:5 nm:

According to Eq. (5.26) and with c � 2 cos 20� ¼ 1:88, the volume of the
meniscus is

V ¼ p � 10�3 m½4 � ð16:5� 10�9 mÞ2 � 1:882� ¼ 3:02 mm3

5.4.2
Two Different Spheres

The results obtained above can be directly applied to calculate the force between two
different spheres. In the general case, the two interacting spheres can have different
contact angles, H1 and H2, and different radii, R1 and R2. The height coordinate h
describes in this case the distance between the surface of sphere 1 and sphere 2.
Rather than considering the shape of each sphere explicitly, we transform the
geometry and consider the equivalent case of plane interacting with a sphere of
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effective radius

R
 ¼ R1R2

R1 þR2
: ð5:30Þ

For two identical spheres of radius Rs, the effective radius is R
 ¼ Rs=2. For a sphere
of radius R1 interacting with a plane, we have R
 ¼ R1.

The force is simply derived by replacing R1 in Eqs. (5.23) and (5.28) [84, 520]:

F ¼ 2pcLR

 cosH1 þ cosH2�D

r

� �
; ð5:31Þ

F ¼ 2pcLR

ðcosH1 þ cosH2Þ 1� Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V
pR
 þD2

q
0
B@

1
CA: ð5:32Þ

Both equations are valid at the same time.Depending on the boundary condition, one
or the other is more suitable to use. If the vapor phase is in equilibrium with the
condensed liquid all the time, the radius r is constant and Eq. (5.31) is convenient to
use. For nonvolatile liquids and fast processes, the volume is likely to be constant and
Eq. (5.32) is appropriate. The volume of the liquid meniscus is [484, 522, 523]

V ¼ pR
½4r2ðcosH1 þ cosH2Þ2�D2�: ð5:33Þ
The adhesion force, that is, the force required to separate two spherical surfaces

from each other, is in both cases [511]

Fadh ¼ 2pcLR

ðcosH1 þ cosH2Þ: ð5:34Þ

It only depends on the radii of the particles and the surface tension of the liquid.
Neither does it depend on the actual radius of curvature of the meniscus nor does it
depend on the vapor pressure. This atfirst sight surprising result is due to the fact that
with increasing vapor pressure the cross section of the meniscus l increases. At the
same time, the capillary pressure decreases because r increases. The product of cross-
sectional area and pressure difference, pl2DP, remains constant and both effects
compensate each other.

As one example, we calculated the capillary force versus distance between two
spheres of 5 mm radius (Figure 5.6). Two different boundary conditions were
considered. First, we assumed that the meniscus is formed by condensing water
at a humidity of 80%. The meniscus is assumed to be in equilibrium with the
surrounding vapor at all times. The force decays linearly until a separation of 3.1 nm
is reached. Then, the meniscus becomes unstable and the force drops to zero.
Calculations were carried out with Eqs. (5.19) and (5.23). For comparison also, the
results of the approximation Eqs. (5.31) and (5.32) are shown. The slight difference
between the two graphs is caused by neglecting the influence of the curvature 1=l.

Second, we assumed that the volume of the water meniscus is constant. The
volume of the liquid was set to 9:2� 10�23 m3, which is equal to the volume
condensing into the meniscus at zero distance for a humidity of 80%. At constant

5.4 Capillary Forces Calculated with the Circular Approximation j141



volume, the capillary force is longer ranged and it does not decrease linearly anymore.
The exact solution using the exact volume and Eq. (5.19) is almost indistinguishable
from the approximate solution given by Eq. (5.28).

Several aspects of the above equationshavebeen experimentally verified.McFarlane
and Tabor measured the adhesion force required to pull smooth glass spheres of
0.25–1.0mm radius from a flat glass surface [526]. In saturated water vapor, the
adhesion force indeed increased linearly with the radius. Also, the predicted propor-
tionality with the surface tension was observed when other liquids were used. Cross
and Picknett also measured the force between glass surfaces [511]. They used an
involatile liquid and studied the capillary force at constant volume rather than constant
vapor pressure (and thus curvature). By modifying the solid surfaces they could vary
the contact angle and verify thedependence of the capillary forces on the contact angle.
Particularly appealing are images of liquid menisci, which have been taken optically
[489, 490, 527] and by environmental scanning electron microscopy [528, 529].

An illustrative example of a force versus distancemeasurement at constant volume
is shown in Figure 5.7. In this case, the forces between two spheres of 1.5 cm radius
and between a sphere and a plane are plotted. The sphereswere immersed in aqueous
medium. Between the spheres, a drop of an organic liquid, a mixture of di-n-butyl
phthalate anda liquidparaffin,was placed.Theorganic liquid is immisciblewithwater
so that its volume is constant. Amixturewas chosen to adjust thedensity of the organic
liquid to that of water. Therefore, effects due to gravitation could be neglected. The
surfaces of the spheres and the plane were treated in such a way that the contact angle
with respect to the organic liquid inwaterwas zero. The results verify that the absolute
force for sphere–plane compared to sphere–sphere is a factor of 2 higher. The range of
the force increases with the volume of the meniscus. Experimental curves agree with
calculated curves reasonably well. The only systematic deviation is at large ranges: at a
certain range the bridge formed by the organic liquid breaks and the capillary force
decreases to zero. This instability is not considered in Eqs. (5.31) and (5.32).

Figure 5.6 Capillary force versus distance for
two similar spheres (RP¼ 5mm, contact angle
H ¼ 40� with respect to water). Curves were
calculated with two different boundary
conditions: for constant relative humidity

(P/P0¼ 0:8) and for constant volume
(V¼ 9:2� 10�23 m3). Exact solutions are
plotted in continuous lines. Approximations are
dotted.
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5.4.3
Other Geometries

Capillary forces for different geometries have been calculated using the circular
approximation (Table 5.2). When considering geometries other than spheres,
the capillary force can change fundamentally. First, not only the strength but also
thedistance dependency changes. Second, the dependence of the capillary force on the
vapor pressure changes. Although for spherical contacts the capillary force is almost
independent of the vapor pressure, for other geometries it can drastically change.

Example 5.6

As an example, Figure 5.8 shows the force versus distance and the adhesion
force versus humidity for a sphere of R1 ¼ 3 mm radius and a plane. It is
compared to the force between a cylinder of rc ¼ 200 nm radius with a conical
end (opening angle W ¼ 88�) and a plane. Both surfaces are assumed to be
perfectly wetted (H1 ¼ H2 ¼ 0). Force versus distance was calculated at a
relative vapor pressure of water ofP=P0 ¼ 0:9 leading to the radius of curvature
of r ¼ �0:52 nm=ln 0:9 ¼ 5:0 nm (Eq. (5.24)). The humidity dependence is
plotted for contact (D ¼ 0) and is thus equal to the adhesion force.
For the sphere, the force decreases linearly with increasing distance until

the meniscus breaks at D ¼ 8:5 nm. The force is almost independent of
humidity, except at very high humidity where it decreases and eventually goes
to zero for P=P0 ! 1. For P=P0 � 0:9, it is well described by Eq. (5.29):
F ¼ 4pcLR1 ¼ 2:7 mN (dashed).

ml

ml

Figure 5.7 Capillary force versus distance for a
sphere of 1.5 cm radius interacting with another
sphereof similar radius (open circles) andwith a
plane (filled circles). The spheres are in aqueous
medium and the menisci are formed by a
mixture of di-n-butyl phthalate and a liquid

paraffin. The organic liquid perfectly wets the
surfaces (H1 ¼ H2 ¼ 0). Its volume was fixed
to either 0.02 or 0.1mL. The dotted lines are
calculated with Eqs. (5.28) and (5.32) using an
interfacial tension of 0.032Nm�1. (Results
redrawn from Ref. [533].)
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Table 5.2 Different geometries for which capillary forces have been calculated using the circular
approximation [531, 532]. The symbols are indicated

lD r

Θ1

R1

β1

Θ2

R2

β2

l
D

r
b

Θ2

ϕ
Θ1

D

b1
ϕ1

Θ1

ϕ2

r
l

b2

Θ2

D

rc

Θ1 r

Θ2

l
D r

R1

β

Θ1
Θ2

Sphere–sphere F ¼ pcLR1 sinb1 2 sinðH1 þ b1ÞþR1 sinb1 � 1
r � 1

l

	 
� �
[483, 484, 523] r ¼ R1ð1�cosb1ÞþR2ð1�cosb2ÞþD

cosðH1 þb1Þ þ cosðH2 þb2Þ

l ¼ R1 sinb1�r½1�sin ðH1 þ b1Þ�
l ¼ R2 sin b2�r½1�sinðH2 þ b2Þ�

Cone–cone F ¼ pcLb1 2 cos ðw1�H1Þþ b1 1
r � 1

l

	 
� �
r ¼ b1=tan w1 þ b2=tan w2 þD

sin ðw1�H1Þ þ sin ðw2�H2Þ

l ¼ b1�r½1�cos ðw1�H1Þ� ¼ b2�r½1�cos ðw2�H2Þ�

Sphere–plane F ¼ pcLR1 sinb 2 sinðH1 þbÞþR1 sinb � 1
r � 1

l

	 
� �
[511, 513] r ¼ R1ð1�cos bÞþD

cos ðH1 þbÞ þ cos H2

l ¼ R1sin b�r½1�sin ðH1 þ bÞ�

Cone–plane F ¼ pcLb 2 cos ðw�H1Þþ b 1
r � 1

l

	 
� �
[519] r ¼ b=tan wþD

sin ðw�H1Þþ cos H2

l ¼ b�r½1�cos ðw�H1Þ�

Plane–plane F ¼ 2prccL cosH1 þpr2c cL � 1
r � 1

l

	 

[494, 530] for D � rc and F ¼ 0 for D > rc with c ¼ cosH1 þ cosH2
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For the cylinder, the force for distances below 2.7 nm is given by (Table 5.2,
bottom)

F � 2prccL
pr2c cL
r

¼ 2p � 2:0� 10�7 � 0:072 Nþ p � ð2:0� 10�7Þ2 � 0:072
5:0� 10�9 N ¼ 1:90 mN:

The first term (0.091 mN) is caused by the direct action of the surface tension.
The second term (1.81 mN) is due to the Laplace pressure acting over an area
pr2c . For distances above 2.7 nm, the meniscus does not extend to the full
circumference of the cylinder anymore and the conical part dominates. Then,
the equations in the row �cone–plane� of Table 5.2 were applied. For a cone, the
capillary force decays more steeply until at D ¼ 7:4 nm it is zero.
The humidity dependence is also different from the humidity dependence

between spheres. The capillary force at contact increases with humidity until it
reaches amaximumatP=P0 ¼ 0:86. In this part of the curve, themeniscus only
extends over the conical part.With increasinghumidity, themeniscus increases
in size and thus in circumference and cross-sectional area. This increase is
more significant than the effect of the decrease in the Laplace pressure (in
contrast to the sphere where both effects compensate each other). After the
maximum at P=P0 ¼ 0:86, the capillary force steeply decreases. Here, the
meniscus has reached the cylindrical part. Its circumference and the cross-
sectional area remain constant but the curvature 1=r decreases. As a result, the
force decreases steeply to a value of 2pcLrc ¼ 0:09 mN for P=P0 ! 1.

5.4.4
Assumptions and Limits

Applying the circular approximation allowed us to calculate capillary forces between
axisymmetric objects analytically. What are the limits and errors involved? One limit
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Figure 5.8 Capillary force versus distance and adhesion force versus humidity for a sphere and a
plane and for a cylinder with a conical end and a plane calculated with the respective equations in
Table 5.2.
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was already mentioned: We assumed that the shape of the liquid surface parallel to
the axis of symmetry is described by a circle of radius r. This implies that surface
tension dominates and that gravitation is negligible. Practically, the vertical extension
of the meniscus needs to be much smaller than the capillary constant.

Even in the absence of gravitation, the Laplace equation predicts a nodoid or an
unduloid [513] rather than a circle. Numerical calculations of the precise shape
showed that the difference can usually be neglected. For example, for spheres the
errors in the capillary force and the volume of themeniscus are below 5% for b � 40�

andH � 90� [513, 515, 517, 518]. Forb � 20� andH � 40�, the errors are even below
2%. Considering all the following effects, such an error is negligible.

The circular approximation fails at vapor pressures close to saturation. For
P=P0 ! 0, the total curvature and thus the Laplace pressure goes to zero. In addition,
the circumference of themeniscusmight become large. As a result, the contribution
of the capillary pressure term in the total force might become insignificant and the
direct action of the surface tension dominates. For two equal spheres in contact, this
leads to an adhesion [584] of

Fadh ¼ 4
3
pcLR1 cosH for

P
P0

! 0 ð5:35Þ

in the limit of saturation.
Several aspects are often neglected in the calculation and discussion of capillary

forces, although they are intensely debated with respect to wetting or adsorption
[535, 536, 805]:

. Surface heterogeneity: Solid surfaces are usually not perfectly homogeneous.
Different crystal surfaces are exposed, and defects and variations in the chemical
composition lead to local changes in the contact angle. This can influence the
capillary force.

. Line tension: The extension or shrinkage of a liquid meniscus is usually
accompanied by a change in the length of the wetting line, also called three-
phase contact line. The energy required to extend the wetting line per unit length
is called line tension. Typical line tensions are in the order of 10�10 N, but in some
cases significantly higher effective line tensions have been determined [537]. Since
liquidmenisci around contacts between particles are relatively small, line tension
might play a significant role.

. Microscopic contact angle: In all calculations, we used the macroscopic contact
angle and did not take the effect of surface forces into account. On the sub-10 nm
scale, surface forces between the solid–liquid and the liquid–vapor interfaces can
change the contact angle. For contact angle phenomena, the distinction between
macroscopic andmicroscopic contact anglewas introducedmore than 20 years ago
[538]. Since then, it has been extensively analyzed. For capillary forces, a thorough
analysis is still lacking. Surface forces, for example, cause the vapor to form an
adsorbed film. This can change the capillary force [539]. Calculations of the line
tension,whicharebasedon the analysis of surface forces, are reviewed inRef. [540].

. Surface deformation: For soft surfaces, the meniscus deforms the solid surfaces,
which can change the effective contact angle [541].
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Kelvin lengths are typically twice the diameter of the molecules in a liquid
(Table 5.1). It is questionable if at such length scales the liquid behaves like a
continuum. Experiments with the SFA showed that the discrete molecular nature of
the liquid does not seem to play a crucial role down to dimensions of 0.8 nm for
hexane and 1.4 nm for water, or even lower [506, 507, 534]. Molecular dynamics
simulations of two silica surfaces, interacting across a water bridge agreed with
predictions using Kelvin�s equation [542].Monte Carlo simulations of the interaction
between a sphere and a flat surface in a vapor showed that either the adhesion force
increases with humidity or the force versus humidity curve shows a maximum
[543, 544]. Such simulations are, however, limited to sphere sizes of the order of at
most few 10 molecular diameters. They complement continuum theory, which is
applicable only for larger particle radii.

5.5
Influence of Roughness

Until now, we have only considered perfectly smooth surfaces. Several observations
cannot be explained with such an assumption. One such observation is the depen-
dence of adhesion between hydrophilic surfaces at different humidities. The flow
behavior of powders can depend critically on the content of moisture [483, 485, 486].
The adhesion force between hydrophilic particles either increases continuously or
shows an increase, a maximum, and a decrease [491–493, 545–547]. This includes
particles, which are used as carriers for pharmaceutical substances [492, 548, 549].
Similarly, the force betweenAFM tips and hydrophilic surfaces depends on humidity
[545, 550–555]. Two typical results of adhesion force versus humidity experiments are
shown in Figure 5.9. The adhesion force was measured between a hydrophilic glass
sphere interacting with a hydrophilic silicon wafer surface. It increases monoton-
ically with relative humidity. In other cases, adhesion force versus humidity curves
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Figure 5.9 Adhesion force versus relative humidity curves. (a) A hydrophilic glass sphere of 20 mm
radius interacting with a naturally oxidized silicon wafer as measured by AFM [493]. (b) Force
between a microfabricated silicon nitride AFM tip and a silicon wafer [553].
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show amaximum. One example, which wasmeasured with a silicon nitride AFM tip
on a silicon wafer, is plotted in Figure 5.9b.

The relevant length scale of surface structures that determine capillary forces is
given by the Kelvin length. Typically, the Kelvin length is of the order of 0.5–2 nm
(Table 5.1). This is particularly relevantwhen considering surface roughness. Even on
seemingly smooth surfaces, roughness is usually a few nanometers. As a result,
when two solid surfaces get into contact, real contact is only established at asperities
(Figure 5.10). This can drastically change the meniscus force. It is instructive to
discriminate three regimes [556]:

1) For low vapor pressure, only one capillary bridge is formed at the outmost
asperity. To calculate the capillary force, the asperity is usually assumed to have a
spherical shape and the formalism developed in the previous section is applied.
Since the asperity has a small radius of curvature, the capillary force will be low.
For the remaining part, the asperity creates an effective gap between the two
surfaces, which prevents liquid from condensing unless a certainminimal vapor
pressure is reached (see Exercise 5.2) [484, 553, 557].

2) At intermediate vapor pressure, more and more capillary bridges are formed.
To quantify the capillary force, the force of one asperity is either multiplied by
the number of asperities or a distribution of asperities is assumed [496, 498,
500, 549].

3) At high vapor pressure, themenisci merge into one continuous capillary bridge.
The mean, apparent shape of the interacting surfaces dominates the total
capillary forces.

Whether all three regimes exist and at which vapor pressure they dominate
depends on the precise shape of the surfaces on the length scale of Kelvin length.
Qualitatively, roughness has the effect of lowering the capillary force, in particular at
low vapor pressure. As an example, the effect of surface roughness on the capillary
force between two spheres of 10 mm radius is illustrated in Figure 5.11. In this
particular case, roughness was described by a rectangular asperity distribution on
each particle with an effectivemaximal asperity height d0 of 0.5, 1, and 1.5 nm. Thus,

Capillary bridge

Low P Intermediate P

RP

High P

Figure 5.10 Schematic of two particles in contact at different vapor pressures of a condensing
liquid. Macroscopically, both particles are assumed to be spherical and described by the apparent
radius RP. On the nanometer scale, they are rough.
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the real height on each particle is distributed between �d0=2 around the apparent
surfaces. For comparison, results for the perfectly smooth sphere (d0 ¼ 0) are also
plotted. For the smooth sphere, the capillary force decreases linearly with distance.
This changes as soon as the surfaces show even a low degree of roughness. Surface
roughness decreases the capillary force. In addition, the linear decrease does not
continue for all distances. At high distances, the slope of the force versus distance
curve decreases. Even more drastic is the effect of roughness on force versus
humidity curves. Rather than the constant force predicted for smooth spheres, the
capillary force starts at zero for low humidity. Then, it increases to reach its
maximum. The maximal capillary force is slightly lower than the prediction for
smooth spheres of 2pcR1 cosH.

Surface roughness explains the monotonic increase of adhesion forces with
humidity often observed between hydrophilic particles (e.g., Figure 5.9, left). For
a microfabricated AFM tip and a silicon wafer (Figure 5.9, right), the adhesion force
first increases, reaches a maximum at 70% relative humidity, and then decreases
again. The increase at low humidity in both cases is an indication of roughness. It
demonstrates that surface features on the 1 nm scale determine capillary forces. One
consequence is that capillary forces are difficult to predict because it is practically
impossible to determine the topology of surfaces with a precision on the order of
1 nm.

Another problem are changes of the surface in the contact region, in particular at
high humidity and with oxides. In many experiments, a difference between the
adhesion forces measured during increasing and decreasing humidity is observed.
To a certain degree, this is also evident in Figure 5.9. This differencemay be caused by
wear in the contact regime [559]. Features on the 1 nm scale change during contact.
Considering the extremely high stress in the contact regime and the presence of
condensed water, this is hardly surprising.
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Figure 5.11 Capillary force caused by
condensing water for two rough spheres of 10
mm apparent radius and a contact angle of 0�.
Roughness is characterized by the maximal
asperity height d0. On the left, the capillary force

was calculated against distance at 70%
humidity. On the right, the capillary force is
plotted versus humidity at contact. See
Ref. [558] for details.
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5.6
Kinetics of Capillary Bridge Formation and Rupture

In many applications, capillary bridges form and rupture rapidly. Examples are
flowing powders, where the contacts between particles continuously form and break,
or friction between two sliding or rolling rough surfaces [560]. Solid surfaces, which
are in the vapor of a lyophilic liquid, usually bear an adsorbed layer. When two such
surfaces approach each other (Figure 5.12a), the opposing absorbed layers may
becomeunstable due to attractive surface forces, grow in thickness, and formabridge
[561–565, 624] (Figure 5.12b). In addition, as soon as the distance between the two
surfaces decreases below the threshold given by Kelvin�s equation, nucleation and
capillary condensation are possible [560, 566, 578]. With decreasing gap width,
nucleation becomes more and more likely and eventually a liquid bridge is formed
(Figure 5.12c).

After contact (Figure 5.12d) upon retraction the liquid will form a bridging
meniscus (Figure 5.12e). The meniscus breaks at a distance where the condition
set by the Kelvin equation cannot be fulfilled anymore [565, 567] (Figure 5.12f). Even
for constant volume, the meniscus becomes unstable at a certain distance [527]
because no solutions of the Laplace equation exist anymore [515, 568, 569]. The
meniscus also breaks if the retraction velocity is so high and the liquid is so viscous
that it becomes kinetically unstable [520, 570]. For layers of nonvolatile liquids, for
example, for lubrication layers on magnetic hard disks, capillary condensation and
evaporation are not an option. The liquid in the bridgingmeniscus has to be provided
by direct flow from the adsorbed layer.

Here, we first consider menisci, which are formed by capillary condensation.
Condensation is limited by diffusion of vapor molecules toward the growing menis-
cus.Vapormoleculesdiffuse toward themeniscusbecausedirectly at the liquidsurface
the local vapor pressure is determined by the curvature via Kelvin�s equation. This
vapor pressure is lower than the vapor pressure far away from the surface. Kohonen,
Maeda, andChristenson [571] derived an approximate expression for the change of the
radius of curvature of a liquid meniscus between a sphere and a flat surface for zero
contact angle. Their expression can be generalized to two spheres of different radii:

dr
dt

¼ DdMWP0

rRTR

P
P0

�e�lK=r

� �
: ð5:36Þ

Particle 1

Particle 2

Instability

Condensation

Flow

(a) (b) (c) (d) (e) (f)

Vapor
Adsorbed
layers

Figure 5.12 Schematic of the approach and retraction of two particles with an adsorbed liquid
layer.
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Here, Dd is the diffusion coefficient of vapor molecules in the surrounding gas in
m2 s�1 andMW is themolarmass of themolecules considered.Pleasenote thatP is the
vapor pressure in the surrounding atmosphere far away from the meniscus. Close to
the meniscus, the local vapor pressure can be different.

We assumed that diffusion in the gap between the two particles is the same as in
the bulk. This assumption is valid as long as the gap ismuch larger than themean free
path for collision between gasmolecules. At room temperature and normal pressure,
typical free path lengths are of the order of 100 nm. In some cases, the gap width can
be significantly below 100 nm. Then collisions with the walls become more likely
than collision with other gas molecules. This is called Knudsen5) flow. It can
significantly slow down the process [571, 572].

Example 5.7

A silica sphere of 5mm radius is placed on a glass plate at 80% humidity. Both
surfaces are perfectly wetted by water. At normal pressure and at 25 �C, the
diffusion coefficient of water molecules in air is Dd ¼ 2:4� 10�5 m2 s�1 and
the saturation vapor pressure is P0 ¼ 3169 Pa. Thus, condensation and evap-
oration is described by

dr
dt

¼ 2:4� 10�5 m2 s�1 � 0:018 kgmol�1 � 3169 Nm�2

1000 kgm�3 � 8:31 � 298 J mol�1 � 5� 10�6 m
� 0:8�e�0:52 nm=r
� �

¼ 1:105� 10�4 ms�1 � 0:8�e�0:52 nm=r
	 


:

ð5:37Þ

By solving this differential equation numerically and using l2 � 4rRP, the
radius of the meniscus l can be calculated (Figure 5.13). The meniscus first
increases in size and after a characteristic time saturates to the value given by
Kelvin�s equation.

To obtain a characteristic condensation or evaporation time we take dr=dt at t ¼ 0
and extrapolate it linearly until the equilibrium value r ¼ �lK=ln P=P0ð Þ is reached.
The linear extrapolation is described by

r ¼ DdMWP
rRTR
 � t: ð5:38Þ

Setting these two expressions equal leads to a characteristic condensation time of

t ¼ � rRTR
lK
DdMWP lnðP=P0Þ ¼ � R
cL

DdP lnðP=P0Þ : ð5:39Þ

5) Martin Hans Christian Knudsen, 1871–1949. Danish physicist and oceanographer.
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It increases with the radius of the particle because the equilibrium volume of the
meniscus increases. For the 5mm sized particle on a flat plate (Figure 5.13), the
characteristic time constants are 13, 19, and 50 ms for a relative humidity of 0.5, 0.7,
and 0.9, respectively.

For nonvolatile liquids,meniscus formation is different [499, 501]. The liquid layer
is not formed by spontaneous adsorption from the vapor but by adding a certain
amount of liquid to the system. For example, a lubricant is added to the surface of a
hard disk. Assuming that the liquid spreads spontaneously, the layer thickness is
simply the total amount added divided by the total surface area available. The fact that
the liquid spreads spontaneously implies that we have a repulsive disjoining pressure
between the solid–liquid and the liquid–gas interfaces. For layers bound by van der
Waals forces, this pressure is given by

f ¼ AH

6ph3
: ð5:40Þ

The pressure depends onfilm thickness h. For thin films, the liquid–gas interface is
pushed away from the solid–liquid interface more strongly than for thick films.
Thus, liquid tends to flow from thick regions into thin regions, forming a
homogeneous layer.

When a particle or an asperity gets in contact with the liquid, a meniscus is
initialized and a negative Laplace pressure is set up in the film around the contact
because of the concave shape of the meniscus. The liquid is thus drawn toward the
meniscus. The flow is continuous until the meniscus has reached its equilibrium
volume. In equilibrium, the disjoining pressure is equal to the Laplace pressure in
the meniscus. Using film hydrodynamics, the formation of the meniscus can be
predicted [499, 572, 573]. Assuming continuummechanics, a constant viscosity g of
the liquid in the film, and radial symmetry of the contact, Gao and Bhushan [501]
calculated the volume of the meniscus to increase as
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Figure 5.13 Radius of ameniscus l versus time
(in milliseconds) calculated with Eq. (5.36).
Water vapor in air at normal pressure is
condensing into the gap between a sphere of

R1¼ 5 mm and a flat surface, both being
perfectly wetted by water. The arrows indicate
the respective characteristic time constants
calculated with Eq. (5.39).
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VðtÞ ¼ V1 1�e�
C0h

3 t
V1g

� �
: ð5:41Þ

Here, C0 is a constant with the dimension of pressure and V1 is the volume of the
final meniscus for t!1. For typical situations such as a head on amagnetic storage
disk with film thicknesses of the order of 1 nm and low viscosity, typical time
constants are of the order of 1min to hours [501, 573].

5.7
Capillary Forces in Immiscible liquid Mixtures and Other Systems

Capillary forces not only occur in gaseous environment by capillary condensation of a
liquid. For example, in a slurry of hydrophobic particles bubbles can form between
hydrophobic particles [514]. In this case, either gas molecules dissolved in the water
nucleate and form a continuous gas phase between two adjacent particles or the gas
phase is formed by water vapor alone [574–576] (Figure 5.14, left). When two glass
surfaces inmercury approach each other, a cavity is formed and forms a bridge [577].
Menisci can also be formed by one liquid B in another liquid A (Figure 5.14, right).
The two liquids can be completely immiscible. For example, if hydrophobic particles,
water, and a small amount of oil are vigorously shaken, the particles aggregate. Oil
tends to form menisci between the particles and cause a strong attraction. The two
liquids might also be partially miscible. For example, toluene can be dissolved in
water up to a concentration of 5.8mM at room temperature. When two hydrophobic
surfaces are brought together in water with dissolved toluene, a liquid toluene phase
will form ameniscus and attract the surfaces. Capillary forces can be considered in a
general way in which one fluid phase forms a meniscus in another fluid phase [579,
580], and at least one fluid phase is a liquid. An interesting case are, for example,
liquid crystals. When an isotropic liquid crystal is confined between two surfaces, it
can undergo a phase transition to the nematic or smectic phase [581]. The ordered
phase then forms a meniscus, which leads to a capillary force [582].

To illustrate phase separation in liquidmixtures, we consider the phase diagram of
methanol–n-hexane, a typical binary liquid (Figure 5.15). Above the critical solution
temperature of 34.5 �C, the two liquids mix at all volume ratios. Below 34.5 �C they
only mix at low volume ratios of either methanol or hexane. If we go along an

Solid

Solid

Liquid Gas/vapor

Solid

Solid

Liquid A Liquid B

ΘB(A)

Figure 5.14 Menisci of gas and vapor between two lyophobic surfaces (a) and a liquid phase B
in a liquid phase A (b).
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isotherm at 25 �C (arrow in Figure 5.15), a homogeneous mixture is found below a
volume fraction of methanol of 9%, (1). A fewmethanol molecules are dissolved and
we have one phase, which ismostly hexane. At a volume fraction of 9% the saturation
concentration of methanol in hexane is reached (2). Further addition of methanol (3)
leads to a phase separation into a hexane-rich phase (with saturated concentration of
methanol) and a methanol-rich phase (with saturated concentration of hexane). At
some volume fraction, methanol becomes the majority phase (4). Once the concen-
tration of methanol reaches the saturation concentration of hexane in methanol (5),
the hexane-rich phase disappears. We reach again a one-phase region, in which few
molecules of hexane are dissolved in methanol (6).

Let us turn to the general case ofmeniscus formation.We consider two surfaces that
approacheachother in anA-richphasewith a little dissolvedB.We further assume that
the surfaces attract Bmore thanA. As a result, the contact angle of B on the surfaces in
A, HBðAÞ, is lower than 90�. In this case, B will tend to form a meniscus of a B-rich
phase between the two surfaces. To derive volume equation, we equate the chemical
potential ofmolecules B in theA-rich phase to the chemical potential ofmolecules B in
the meniscus. The chemical potential of molecules B in the A-rich phase is
m0B þRT lnðcB=c0BÞ. Here, cB is the concentration of molecules B in the A-rich phase
and m0B is the standard chemical potential of B at saturation concentration c0B. The
saturation concentration is the concentration of molecules B in the A-rich phase in
contact and in equilibrium with a B-rich phase with a planar interface. The chemical
potential of molecules B in the B-rich phase is m0B þ cABV

B
mð1=r1 þ 1=r2Þ, where cAB is

the interfacial tension between the A-rich phase and the B-rich phase and VB
m is the

molar volumeofmoleculesB in theB-rich phase. r1 and r2 are the twoprincipal radii of
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Figure 5.15 Phase diagram of a binary mixture of methanol and n-hexane with an upper critical
solution temperature of 34.5 �C. Methanol (M) has a higher density than hexane (H) and will
therefore form the bottom phase.
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curvature of the liquid. This leads to the generalized Kelvin equation:

RT � ln cB
c0B

¼ cABV
B
m � 1

r1
þ 1

r2

� �
: ð5:42Þ

Capillary forces can be calculated as described above once the curvature of the liquid
interface and thus its shape is known. Since interfacial tensions between two liquid
phases are usually lower than typical liquid–vapor interfacial tensions, the Kelvin
length lK ¼ cABV

B
m=RT is longer and the capillary force can bemore long range [583].

Force measurements can even be used to measure very low interfacial tensions [584],
which are difficult to measure with conventional techniques.

5.8
Lateral Forces Between Particles at a Fluid Interface

Let us place a particle at the interface between a liquid A and a fluid B. For simplicity,
we assume it is a spherical particle. Typically, liquid A will be water and fluid B is air.
The particle will usually remain at the interface unless it is completely wetted by one
of the two phases and the contact angle is zero [585, 586]. In the absence of gravitation
and in equilibrium, the interface will assume a planar shape (Figure 5.16a). Prac-
tically, gravitation effects can usually be neglected for particles with diameters below
10 mm. If the particle is large and its density is high, gravitation sets in. The particle
sinks into the liquid (Figure 5.16b) and deforms the liquid surface [587] until the
normal capillary force caused by the curved surface is equal to the gravitational force
minus buoyancy.

If we place a second particle on the interface, it will notice the deformed liquid
surface (Figure 5.16c) and vice versa [588, 589]. As a result, the three-phase contact
line is not radially symmetric anymore. The asymmetry of the contact line leads to a
lateral force between the two floating particles. It is called lateral flotation force
(reviewed in Ref. [590]).

Lateral forces between particles floating at a fluid interface or immersed in a
thin liquid film are observed and utilized in some extraction and separation
flotation processes [591]. They are important in stabilizing emulsions and foams,
for making porous materials from emulsions and foams [593, 594], and for
preparing colloidal crystals [595, 596]. The presence of lateral capillary forces has
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Θ
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ΘΘ

Figure 5.16 A spherical particle with contact angle H at a liquid–fluid interface without (a) and
including gravitation (b). Two particles at constant contact angle in the liquid–fluid interface (c). The
density of the particles is assumed to be higher than that of liquid A.
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long been known, for example, for two parallel plates placed vertically through a
liquid surface [597]. For colloidal particles at liquid surfaces, lateral capillary
forces have been calculated [588–590, 598, 599] and basic features have been
verified by measurements [600, 601].

Two similar particles always attract each other. This attraction appears because the
liquid meniscus deforms in such a way that the gravitational potential energy of the
two particles decreases as they approach each other. In terms of forces, they attract
each other because the horizontal component of the surface tensional force is
stronger in the direction toward the neighboring particles than in the opposite
direction.

For dissimilar particles, the lateral force can also be repulsive. The sign of the
interaction is determined by the meniscus slope angles q1 and q2 (Figure 5.17). It is
attractive for sin q1 sin q2 > 0. It is repulsive for sin q1 sin q2 < 0. No lateral
capillary force is present for sin q1 sin q2 ¼ 0. Nonspherical, regular objects can
even form complex two-dimensional arrays on liquid surfaces [602].

The flotation force for spherical particles can be quantified by applying the
superposition principle. In this case, the deformation caused by two particles is
assumed to be equal to the sum of the deformations caused by the isolated individual
particles. For two spheres of radius R1 and R2 with slope anglesq1 andq2, the lateral
force is [590, 598, 599]

F ¼ �2pcL
Q1Q2

kc
�K1ðL=kcÞ � �2pcL

Q1Q2

L
ð5:43Þ

with Q1 ¼ R1 sin q1 and Q2 ¼ R2 sin q2. The minus sign indicates that the force is
attractive if sin q1 and sin q2 are of equal sign. L is the center-to-center distance
between the particles. K1 is the modified Bessel function of the second kind and first
order. The approximation is valid for L � kc because K1ðxÞ � 1=x for x � 1. For
spheres of contact anglesHi floating at a liquid surface in gaseous environment, the
parameters Qi can be expressed as

Qi ¼ R3
i

6k2c
2�4

ri
rL

þ 3cosHi�cos3Hi

� �
; i ¼ 1; 2: ð5:44Þ

Here, ri and rL are the densities of the particles and liquid, respectively. With
kc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cL=rLg

p
, we see that the lateral flotation force is proportional to R3

1R
3
2=cL.

Figure 5.17 Capillary flotation forces between two particles at a liquid surface can be attractive or
repulsive depending on the meniscus slopes q1 and q2.
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Example 5.8

Calculate the flotation force between two hydrophobized silica particles with a
contact angle of 80�,Rp ¼ 20 mm,andrP ¼ 2500 kgm�3 in awater surface for a
distance of D ¼ 20 mm.
Since L ¼ Dþ 2RP � kc, we can use the approximation. Inserting Eq. (5.44)

into Eq. (5.43) leads to

F ¼ � p

18
cLR

6
P

k4cL
2�4

rP
rL

þ 3cosH�cos3H

� �2

: ð5:45Þ

With kc ¼ 2:71mm (Table 5.1) and rL ¼ 1000 kgm�3, we get F ¼ �2:49�
10�16 N � ð�7:48Þ2 ¼ �1:39� 10�14 N.

In general, lateral capillary forces are caused by a deformation of a liquid surface,
which is flat in the absence of particles. The larger the deformation, the lager the
interaction. In the case of floating particles, the cause of deformation is the weight of
the particles. What about small particles where gravitation is negligible? Small
particles also interact (reviewed in Ref. [603]). The effect of lateral interaction is
observed when imaging small particles at the air–water or oil-water interface with an
optical microscope [604, 605]. The interaction is, however, not dominated by the
weight-induced capillary force. The lateral force between small particles depends on
the surface charge and the salt concentration.Weakly charged particles or particles in
a subphase with high salt concentration tend to form aggregates due to short-range
van der Waals attraction [605]. Highly charged particles floating on water with little
salt tend to repel each other. The reason is a repulsive dipole–dipole interaction
[604, 606]. Surface charges plus the counterions in the diffuse layer cause an electric
dipole moment. Since the dipoles of two floating particles are oriented parallel, they
repel each other. For the simple case of two point dipoles and in the framework of
linearized Poisson–Boltzmann theory for the electric double layer, the potential
energy between two floating particles is [607, 608]

U ¼ Q1Q2

2pee0L
e2

e2�1
e�L=lD þ l2D

eL2

� �
: ð5:46Þ

Since the particles are immersed in twomedia in which the electric field distribution
is very different, the force also contains two components with different distance
dependencies. The first part, which decays exponentially, is caused by the screened
electricfields in the aqueousmedium. The second term, inwhich the distance decays
like L�3, is caused by the electric field in air.

Experimentally, a weak, long-range lateral attraction has been observed in
addition to the shorter ranged dipole–dipole repulsion [609], even for particles
smaller than 10 mm. In some cases, two-dimensional ordered aggregates, foams,
voids or chains, calledmesostructures, were observed [610–612]. The origin, range,
and strength of this attraction are still under debate. It has been suggested that an
irregular contact line, caused by either a heterogeneous surface or an irregular
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topography of the particles, deforms the liquid interface and causes a capillary
attraction [613, 614]. In fact, an irregular particle at a liquid interface will cause a
deformation of the interface that should result in a capillary force [615]. The electric
field of the dipole moments of the charged particles might deform the liquid–fluid
interface, which again could cause a capillary attraction [616]. Calculations,
however, showed that this effect should not be strong enough to overcome the
dipole–dipole repulsion between the particles [617]. A third suggestion attributes
the attraction to fluctuations. Any fluid interface fluctuates thermally. These
fluctuations are modified by the particles, which can lead to an effective attraction
[618, 619]. Finally, mesostructures were explained by the presence of contamina-
tions at the water interface [620].

Lateral capillary forces also occur when the particles are partially immersed in a
thin liquid film on a solid support (Figure 5.18) [590, 595]. In this case, they are called
immersion forces. Immersion forces on solid surfaces occur always when suspen-
sions of solid particles are dried. In the last state of evaporation, the particles are only
partially immersed in the thinning liquidfilm and attractive immersion forces lead to
an aggregation of particles (Figure 5.19). Immersion forces can be used to self-
assemble particles in two-dimensional arrays [595, 596]. The deformation of the
liquid surface is related to the wetting properties of the particles, that is, to the
position of the contact line and the contact angle rather than the weight. For this
reason, also very small particles such as proteins are affected.

Immersion forces can also be calculated with Eq. (5.43). They can be attractive or
repulsive, depending on themeniscus anglesq1 andq2. The same rule applies as for
flotation forces: attraction for sin q1 sin q2 > 0 and repulsion for sin q1 sin q2 < 0.
Usually, the particles attract each other since the contact angles are low; if the particles
were not wetted by the liquid it would be difficult to keep them dispersed in solution.
One example of a force versus distance measurement for two immersed spheres is
shown in Figure 5.20.

A third kind of lateral capillary attraction acts on particles in freestanding liquid
films (Figure 5.18) [586]. Particles in freestanding films are, for example, relevant for
the stabilization of foams [593, 594]. Membrane proteins in biological membranes
may be considered as nanoparticles in a liquid film [596, 621–623]. The lateral
capillary force in freestanding films is also called immersion force. It is determined
by the wetting properties and therefore it can be significant even for nanoparticles. In
freestanding films, the lateral capillary force is always attractive, unlike the flotation
force and the immersion force on solid supported films.

Liquid
film−ϑ1

−ϑ2

Solid support

−ϑ1 −ϑ2

Freestanding
liquid film

Figure 5.18 Capillary immersion forces between particles in a liquid film on a solid support can be
attractive (left) or repulsive (center) depending on q1 and q2. In freestanding films (right),
immersion forces are always attractive.
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Figure 5.20 Lateral immersion force versus
center-to-center distance for two glass spheres
of R1¼ 0:6mm radius measured with a torsion
balance [601]. The two spheres are partially
immersed in aqueous surfactant solution with
cL ¼ 0:0368Nm�1 and kc ¼ 1:94mm. Each
particle is kept at the liquid surface by a support

from below, which plays the role of the solid
substrate. With H � 0, we have contact line
radii of r � R1 and slope angles ofq � 90�. The
continuous line was calculated with Eq. (5.43).
The dotted line indicates the position of closest
contact between the two spheres.

Figure 5.19 Polystyrene (PS) particles of
0.64mm radius dried from aqueous suspension
on a solid surface and imaged by scanning
electron microscopy. Due to immersion forces,
the particles tend to aggregate rather than being
isolated as in solution. Bare PS particles are

hydrophobic and would aggregate in aqueous
solution. Therefore, these PS have covalently
bound carboxyl groups at their surface. At some
places, the particles even formed an ordered
hexagonal array.

5.8 Lateral Forces Between Particles at a Fluid Interface j159



5.9
Summary

. The vapor pressure of a liquid depends on the curvature of its surface. For drops, it
is increased compared to the vapor pressure of a planar surface. For bubbles, it is
reduced. Quantitatively, this is described by the Kelvin equation (5.8).

. Capillary condensation is the spontaneous condensation of liquids into pores and
capillaries with lyophilic surfaces. It can cause the adhesion of particles. The
condensing liquid forms a meniscus around the contact region between two
particles, which leads to capillary attraction.

. Capillary forces for axial symmetric menisci, which are much smaller than the
capillary constant, can be well calculated with the circular approximation. In the
circular approximation, the two radii of curvature are approximated by circles.

. For two spherical particles, the capillary force is given by F ¼ 2pcR
 cosH. Two
spheres are a unique case. Unlike other contact geometries, the capillary force
does not (or only weakly) depend on the vapor pressure. In general, the capillary
force depends sensitively on the vapor pressure.

. At constant vapor pressure, the capillary force between two spheres decreases
linearly with distance (Eq. (5.31)). If the volume of the meniscus is constant, the
decrease is less steep (Eq. (5.32)).

. The relevant length scale for the contact geometry and for force versus distance
curves is given by �2lK=ln ðP=P0Þ (Eq. (5.24)). It is of the order of the Kelvin
length and increases with the relative vapor pressure. Since Kelvin lengths are of
the order of 1 nm, surface roughness plays a significant role.

. The characteristic time of evaporation increases with the radius of interacting
particles and the surface tension. It decreases with increasing diffusion coeffi-
cient of vapor molecules in the gas phase and the vapor pressure (Eq. (5.39)).

. Lateral capillary forces act between particles floating on a liquid surface or which
are partially immersed in a liquid film.

5.10
Exercises

5.1. Verify that the capillary force between a perfectly smooth sphere of radius RP in
contact with a plane in a vapor of a liquid that wets the surfaces is F ¼ 4pcLRP

from first principles.
5.2. Calculate the capillary force versus humidity for two spheres of 5 mm radius and

40� contact angle with respect to water. A simple way to take roughness into
account is to assume that an asperity keeps the particles a certain distance H
apart. Asperities create an effective gap between the two particles. Consider the
case of H ¼ 1 and 2 nm.

5.3. Stiction of a head on amagnetic storage disk. The head of a hard disk rests on the
disk. A lubricant layer of 1 nm thickness and with a surface tension of
25mNm�1 is homogeneously distributed on the disk. The Hamaker constant
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for the organic lubricant layer–disk–air system is AH ¼ 2� 10�20 J. We assume
that the lubricant wets the head and the head can be described as a sphere of
radius of curvature of 1 mm.What is the volume of themeniscus in equilibrium?
What is the capillary force? How do volume and capillary force change if
lubricant is added and the film grows to 1.5 nm thickness?

5.4. Discuss how the characteristic condensation timegivenbyEq. (5.39) depends on
the relative vapor pressure.

5.5. Liquid mixtures. Calculate the capillary force versus distance for a sphere of
5mm radius interacting with a planar surface in water containing toluene at a
concentration of 5.0 and 5.6mM (c0B ¼ 5:8mM). The interfacial tension be-
tween water and toluene at room temperature is 31mNm�1. The contact angle
of toluene in water on the particular surfaces is assumed to be 85�. rtol ¼ 866
kgm�3, MW ¼ 92:13 gmol�1.
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6
Hydrodynamic Forces

Many applications in mineral processing, food science, paper making, and so on
involve the vigorous stirring of colloidal dispersions or emulsions. The interacting
interfaces are not stationary but move relative to each other. Then, hydrodynamic
forces can be significant, sometimes even dominant.

In this chapter, we discuss the principles of how to calculate fluid flow. As
we shall see, hydrodynamics is governed by a partial differential equation, the
Navier1)–Stokes2) equation. It can be solved analytically only for a few simple cases.
A systematic introduction into hydrodynamics is beyond the scope of this book. For
an instructive introduction, we recommend Refs [625, 626]. New methods for the
calculation of hydrodynamic interactions in dispersions are described in Ref. [627].
As one important example, we derive the hydrodynamic force between a rigid sphere
and a plane in an incompressible liquid. Finally, hydrodynamic interactions between
fluid boundaries are discussed.

6.1
Fundamentals of Hydrodynamics

6.1.1
The Navier–Stokes Equation

If we slide one plate over another, parallel plate and the interstitial space isfilledwith a
fluid (Figure 6.1), experiments showed us that the shear force required is

F
A
¼ g

Dv
Dz

: ð6:1Þ

Here, A is the area of the plates, Dv is the velocity difference tangential to the
orientation of the plates, andDz is the distance between the plates. In fact, Eq. (6.1) is
strictly only valid for laminar flow. Laminar flow dominates for small distances and

1) Claude Louis Marie Henri Navier, 1785–1836. French engineer, professor in Paris.

2) Sir George Gabriel Stokes, 1819–1903. English mathematician and physicist, professor in
Cambridge.
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low velocity. How �small� and how �low� will be discussed in Section 6.1.2. F=A is
proportional to the difference in velocity divided by the distance. It is also propor-
tional to the constant g, called dynamic viscosity or just viscosity.3) The viscosity of air
at 25 �C is 18:4 m Pas. Viscosities of various liquids are listed in Table 6.1. The velocity
gradientDv=Dz is called shear rate.We denote it by _c. It is in units of s�1. If g does not
change with the shear rate, the fluid is called a Newtonian4) fluid.

In continuum mechanics, the flow of a Newtonian fluid is described by the
Navier–Stokes equation. In order to make the equation plausible, we consider an
infinitesimal quantity of the liquid having a volume dV ¼ dx � dy � dz and amass dm.
If we want to write Newton�s equation of motion for this volume element, we have to
consider different forces.

The first contribution is a viscous force, caused by gradients in the shear stress of
the fluid. The flow velocity is denoted by v!¼ ðvx; vy; vzÞ. To quantify the viscous

F

Δz

A

Figure 6.1 The viscous force required to slide a plane of area A over another, parallel plane at a
distance Dz across a fluid of viscosity g is F¼gADv/Dz.

3) Sometimes, the kinematic viscosity defined by gk ¼ g=r in units of m2/s is also used.

4) Sir Isaac Newton, 1643–1727. British mathematician, physicist, and astronomer. Founder of
mechanics and geometric optics.

Table 6.1 Viscosities g of various liquids in mPa s or 10�3Pa s.

Liquid g Liquid g

Water (0 �C) 1.79 n-Hexane 0.30
Water (20 �C) 1.00 n-Octane 0.51
Water 0.89 n-Decane 0.84
Water (50 �C) 0.55 n-Dodecane 1.38
Water þ 20% glycerol 1.54 n-Tetradecane 2.13
Water þ 40% glycerol 3.18 n-Hexadecane 3.03
Water þ 60% glycerol 8.82 Methanol 0.54
Water þ 80% glycerol 45.9 Ethanol 1.07
Glycerol 934 1-Propanol 1.95
Water þ 20% sucrose 1.92 1-Butanol 2.54
Water þ 40% sucrose 5.98 1-Pentanol 3.62
Benzene 0.60 1-Hexanol 4.58
Toluene 0.56 1-Octanol 7.29
Dichloromethane (CH2CI2) 0.41 Tetrahydrofuran 0.46
Chloroform (CHCI3) 0.54 Acetone 0.31
1,4-Dioxane (C4H8O2) 1.18 Dimethyl sulfoxide 1.99
Dimethylformamide 0.79 Methyl ethyl ketone 0.68
Methylformamide 1.68

If not otherwise mentioned, the temperature is 25 �C. Solutions are given in mass percent.
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force, let us suppose that thefluid isflowing in x-direction (Figure 6.2). Also, suppose
that there is a velocity gradient in the flow in z-direction: qvx=qz 6¼ 0. This implies
that a tangential force acting on the upper face of the volume element in x-direction is
F00
x . It is different from the tangential force on the lower face, F0

x. The net force acting
in x-direction is F00

x�F0
x. Since the volume element is infinitesimally small, the force

difference is also infinitesimally small and we write dFx ¼ F00
x�F0

x. Applying Eq. (6.1)
to our volume element, we can express the force difference by

dFx ¼ g dx dy
qvx
qz

¼ g
q2vx
qz2

dxdydz:

Since qvx=qz is a shear rate, q2vx=qz2 is the gradient in the shear rate. In three
dimensions, the viscous force, caused by gradients in the shear rate of the fluid, is a
vector with components in all directions. It is given by gr2v!� dV. Here, r2 is the
Laplace operator and r2v! is a vector, which is written in full in Eq. (6.10).

The second force acting on dV is caused by a pressure gradient. The pressure
acting on the left area, P00, is different from the pressure P0 on the right side of the
volume element. The resulting force in x-direction is

dFx ¼ ðP00�P0Þdydz ¼ � qP
qx

dxdydz:

In three dimensions, a pressure gradient causes the force�ðrPÞdV . Here,r is the
Nabla operator and rP is the vector ðqP=qx; qP=qy; qP=qzÞ.
In addition, external forcesmight influence themovement of the volume element.

Forexample,gravitycausesahydrostaticpressure.Anelectrostatic force, causedby the
action of an electricfield on the ions in solution, isreE

!
dV , wherere is the iondensity

and E
!

is the field strength. Electrostatic forces are relevant for electrokinetic effects.
According to Newton�s law, the sum of these forces is equal to the mass dm times

its acceleration:

dm
dv!

dt
¼ ðgr2v!�rPÞdV : ð6:2Þ

With r ¼ dm=dV and adding the external force density f
!

in Nm�3, we get

r
dv!

dt
¼ gr2v!�rPþ f

!
: ð6:3Þ

dy

P’P’’

dx

dz
Fx’

Fx’’v

Figure 6.2 Fluid volume element in a flow
field. In this case, the flow is supposed to be in
x-direction, with a gradient in z-direction. As a
result, a shear force is acting between the upper

and the lower surface elements. The pressure
acting on the right surface, P 0, and on the left
surface, P 00, can be different.
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Equation (6.3) was implicitly derived in a coordinate system moving with the
volume element. If we transform to a coordinate system fixed in the laboratory, we
have to consider that the change in velocity in the laboratory frame is qv!=qt and

dv!

dt
¼ qv!

qt
þ qv!

qx
qx
qt

þ qv!

qy
qy
qt

þ qv!

qz
qz
qt

¼ qv!

qt
þ vx

qv!

qx
þ vy

qv!

qy
þ vz

qv!

qz
:

In a compact form, this is written as dv!=dt ¼ qv!=qtþðv!�rÞv!. For compressible
fluids, we have to add ðzþg=3Þ �rðr � v!Þ on the right-hand side of Eq. (6.3). Here, z
is the so-called bulk or second viscosity. This additional term is due to energy
dissipation when the volume element is compressed. Except for dense gases, it can
usually be neglected. Since we are interested in liquids, we ignore it. This finally
brings us to the Navier–Stokes equation:

r
qv!

qt
þðv!�rÞv!

� �
¼ gr2v!�rPþ f

!
: ð6:4Þ

We derive another important equation. Starting point is the fact that mass is not
destroyed or created. This can be expressed in an equation for mass conservation:

qr
qt

þr � ðrv!Þ ¼ q
qt

þ v!�r
� �

rþ rr � v! ¼ 0: ð6:5Þ

Many liquids arepractically incompressible.Theirmassdensityr is constant over space
and in time. Then, we can neglect the left term and obtain the continuity equation:

r � v! ¼ qvx
qx

þ qvy
qy

þ qvz
qz

¼ 0: ð6:6Þ

Equation (6.6) basically tells us that any liquid flowing into a volume element has to be
compensated by the same amount of liquid flowing out of that volume element. The
Navier–Stokes and the continuity equations are the basic equations describing the flow
of an incompressible liquid.

6.1.2
Laminar and Turbulent Flow

In all following calculations, we assume that the flow is laminar and not turbulent. In
laminar flow, the different layers do not mix due to hydrodynamic flow. Mixing is
possible only by diffusion. Laminar flow dominates if the inertial components of the
flow are low compared to frictional effects. Inertial forces become apparent due to the
transformation from the comoving to the laboratory reference frame. They are
represented by the term rðv!�rÞv!, which is a force density in Nm�3. If we denote a
typical velocity by ~v and L is the length scale over which the velocity changes, we can
approximate rv! � ~v=L and rðv!�rÞv! � r~v2=L.

Frictional forces are due to the viscous term gr2v!. It can be approximated by
gr2v! � g~v=L2. The ratio between both force densities is Reynolds5) number:

5) Osborne Reynolds, 1842–1912. Irish physicist, professor in Manchester.
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Re ¼ r~vL
g

: ð6:7Þ

Reynolds number allows us to predict what kind offlowwe expect. As a rule of thumb,
turbulences occur for large Reynolds numbers, Re � 1. Laminar flow dominates for
Re � 1.

Example 6.1

In a microfluidic device, water flows through channels of 50mm width at a
central velocity 100 mm/s. Would you expect laminar flow or turbulences to
occur? Compare it to normal household water pipe 1 cm diameter in which
water flows with a central speed of 0.2m s�1. The viscosity of water at 20 �C is
g ¼ 0:001 Pa s.
In the microfluidic device, the Reynolds number can be estimated to be

Re ¼ 1000 kgm�3 � 10�4 m s�1 � 5� 10�5 m
0:001 kgm�1 s�1

¼ 0:005:

For the pipe, we find Re ¼ 2000. In the microfluidic device we certainly have
laminar flow, while the flow in the water pipe is expect to be turbulent.

In the microscopic domain, Reynolds numbers are typically low and we can
often neglect the inertial term in the Navier–Stokes equation. The Navier–-
Stokes equation simplifies to

r
qv!

qt
¼ gr2v!�rPþ f

!
: ð6:8Þ

6.1.3
Creeping Flow

In many cases, we can safely make another approximation. We neglect the explicit
time dependence of v! compared to the viscous term and the influence of pressure
differences. This corresponds to a steady-state flow, in which the velocity is constant
(qv!=dt ¼ 0). It is referred to as creeping flow. For creeping flow and in the absence of
external forces, the Navier–Stokes equation reduces to

gr2v!�rP ¼ 0: ð6:9Þ
Written in full and in Cartesian coordinates, the three components of this vector
equation read

g
q2vx
qx2

þ q2vx
qy2

þ q2vx
qz2

0
@

1
A ¼ qP

qx
;

g
q2vy
qx2

þ q2vy
qy2

þ q2vy
qz2

0
@

1
A ¼ qP

qy
;

g
q2vz
qx2

þ q2vz
qy2

þ q2vz
qz2

0
@

1
A ¼ qP

qz
:

ð6:10Þ
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6.2
Hydrodynamic Force between a Solid Sphere and a Plate

A solid spherical particle of radius Rp moving with velocity vp in a fluid has to
overcome a hydrodynamic drag force

F
! ¼ �6pgRpv

!
p: ð6:11Þ

Equation (6.11) is referred to as Stokes� law. Theminus sign indicates that the force is
directed opposite to the direction of the drift velocity. Equation (6.11) can also be read
in a different way: If a force F

!
is acting on a spherical particle, then it will drift with a

velocity v!p.

Example 6.2

A water drop of 1 mm diameter is falling in still air. Its velocity is calculated by
inserting gravitation as the driving force:

F ¼ 4
3
pR3

prg ¼ 6pgvpRp ) vp ¼
2R2

prg

9g
: ð6:12Þ

Inserting r ¼ 1000 kgm�3 and g ¼ 18:4 Pa s, we find (6.13)

vp ¼ 2 � ð0:5� 10�6 mÞ2 � 1000 kgm�3 � 9:81m s�2

9 � 18:5� 10�6 Pa s
¼ 29:5 mm s�1: ð6:13Þ

When a particle moves toward a planar surface, the hydrodynamic force increases
and it depends on the distance. The hydrodynamic force increases because fluid has
to be removed out of the closing gap.

6.2.1
Force in Normal Direction

The hydrodynamic interaction of a solid spheremoving in normal direction toward a
solid plane has been calculated by Happel and Brenner [325, 327, p. 330] and later by
Cox [628]. We follow a derivation of Chan and Horn [629], which is valid for small
distances, that is, forD � Rp. The shape of the sphere, which confines the liquidfilm
between the sphere and the plane, is described by the function hðx; yÞ (Figure 6.3).

When a particle approaches the planar surface, liquid is squeezed out of the gap in
between. In particular for small distances, the flow of the liquid is primarily in radial
direction. Thus, for D � Rp, we neglect the vertical component of the flow and set
vz ¼ 0. One consequence of the last line in Eq. (6.10) is that in such a case the
pressure depends only on x; y and not on the vertical z-component since for vz ¼ 0
also qP=qz ¼ 0. We further assume that variations in the flow velocity vx; vy in x- and
y-directions are small compared to variations of the velocity vx; vy in z-direction. This
is known as the lubrication approximation first applied by Reynolds [630]. Then,
q2vx=qx2, q

2vx=qy2, q
2vy=qx2, and q2vy=qy2 in the first two lines of Eq. (6.10) can be
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neglected. Still remaining are

g � q
2vx
qz2

¼ qP
qx

; ð6:14Þ

g � q
2vy
qz2

¼ qP
qy

: ð6:15Þ

Integration of Eq. (6.14) with respect to z leads to

g
qvx
qz

þC1 ¼ z
qP
qx

: ð6:16Þ
C1 is the first integration constant. The integration is easy because qP=qx does not
depend on z, since P does not depend on z. With the second integration, we obtain

gvx þC1zþC2 ¼ z2

2
qP
qx

: ð6:17Þ

To determine the two integration constants C1 and C2, we apply the so-called no-slip
boundary conditions. No-slip boundary conditions require that the liquid molecules
directly in contact with the surfaces are stationary:

vx ¼ 0 for z ¼ 0 and vx ¼ 0 for z ¼ hðx; yÞ: ð6:18Þ
Inserting thefirst condition in Eq. (6.17) directly leads toC2 ¼ 0. Applying the second
condition to Eq. (6.17):

C1 ¼ h
2
qP
qx

: ð6:19Þ

Please keep inmind thatC1 is constantwith respect to z, but itmight still depend on x
and y. Inserting this expression for C1 in Eq. (6.17):

gvx þ z
h
2
qP
qx

¼ z2

2
qP
qx

) vx ¼ z
2g

qP
qx

ðz�hÞ: ð6:20Þ

For y-direction, we can derive a similar equation in the same way:

vy ¼ z
2g

qP
qy

ðz�hÞ: ð6:21Þ

In the second step, we derive an expression for the pressure distribution in relation
to the approaching speed of the sphere v? ¼ dD=dt. The index ? indicates that we

Rp

x
zy

D

Sphere

Planeh

Figure 6.3 Symbols and variables used to calculate the hydrodynamic force between a sphere and
a plane.
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consider the velocity of the particle normal to the surface. We start with the equation
of continuity:

qvz
qz

¼ � qvx
qx

� qvy
qy

: ð6:22Þ

Inserting expressions (6.20) and (6.21) for vx and vy and remembering that
h ¼ hðx; yÞ:

qvz
qz

¼ z
2g

q
qx

qP
qx

ðh�zÞ
0
@

1
Aþ q

qy
qP
qy

ðh�zÞ
0
@

1
A

2
4

3
5

¼ z
2g

qh
qx

qP
qx

þ qh
qy

qP
qy

þðh�zÞ q2P
qx2

þ q2P
qy2

0
@

1
A

2
4

3
5:

ð6:23Þ

We integrate in z taking into account that neither P nor h nor any of their derivatives
depend on z:

vz þC3 ¼ z2

4g
qh
qx

qP
qx

þ qh
qy

qP
qy

þ h� 2z
3

� �
q2P
qx2

þ q2P
qy2

� �� �
: ð6:24Þ

The boundary condition vz ¼ 0 at z ¼ 0 tells us that C3 ¼ 0. The no-slip boundary
condition at the approaching surface reads vz ¼ v? for z ¼ hðx; yÞ. Inserting leads to

v? ¼ h2

4g
qh
qx

qP
qx

þ qh
qy

qP
qy

� �
þ h3

12g
q2P
qx2

þ q2P
qy2

� �
: ð6:25Þ

At this point, we have to specify the shape of the approaching particle. The spherical
shape can be described by

hðx; yÞ ¼ DþRp�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
p�r2

q
� Dþ x2 þ y2

2Rp
¼ Dþ r2

2Rp
: ð6:26Þ

Here, r is the radial coordinate in cylindrical coordinates. The approximation is called
parabolic approximation because we approximate the sphere by a parabola of the
same curvature. Since r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p

, it follows that

qr
qx

¼ x
r
; ð6:27Þ

qP
qx

¼ dP
dr

qr
qx

¼ dP
dr

x
r
; ð6:28Þ

q2P
qx2

¼ d
dr

qP
qx

� �
qr
qx

¼ d
dr

dP
dr

x
r

� �
x
r
¼ x2

r2
d2P
dr2

þ y2

r3
dP
dr

: ð6:29Þ

The last step involved differentiation and rearrangements. Inserting this and the
corresponding expression for y into Eq. (6.25) leads to

v? ¼ 1
12g

3rh2

Rp
þ h3

r

� �
dP
dr

þ h3
d2P
dr2

� �
; ð6:30Þ
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which can also be written as

v? ¼ 1
12gr

d
dr

rh3
dP
dr

� �
: ð6:31Þ

For the derivatives with respect to r, we do not need to distinguish partial and full
derivatives because at the end r is the only parameter that determines the lateral
properties. To obtain the pressure distribution, we integrate 12grv? from a certain r
to 1:6)

6gr2v? ¼ rh3
dP
dr

þC4: ð6:32Þ

The integration constant C4 is zero because at r ¼ 0, the pressure gradient dP=dr is
also zero. Integration of

dP
dr

¼ 6grv?
h3

ð6:33Þ

leads to the pressure distribution in the gap:

PðrÞ ¼ Pð1Þ� 3gRpv?
h2

: ð6:34Þ

For the integration we used the fact that

d
dr

1
hn

¼ � n
hnþ 1

dh
dr

¼ � n
hnþ 1

r
R
: ð6:35Þ

In the last step, we use Eq. (6.34) to calculate the force. The hydrodynamic force is
obtained by integrating the pressure over the whole cross-sectional area:

F ¼ 2p
ð1
0
½PðrÞ�Pð1Þ	rdr ¼ �6pgv?Rp

ð1
0

r
h2

dr: ð6:36Þ

With Eq. (6.35), the integration can be carried out and we finally arrive at [628,
629, 631]

F ¼ � 6pgv?R2
p

D
: ð6:37Þ

This expression differs from Stokes equation (6.11) by an additional factor Rp=D.
The closer the particle gets to the surface the stronger the hydrodynamic drag
becomes.

Example 6.3

To drag a microsphere of 10 mm diameter at a speed of 100 mms�1 through
water at 20 �C, a force

6) One might object that for a sphere the integration to 1 is impossible because the largest possible
value for r is the particle radius. Sincewehave replaced the sphere by a paraboloid, r can indeed extend
to1. The difference is not important because those parts of the sphere, which are closest to the planar
surface, contribute most.
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F ¼ 6p � 0:001 Pa s � 5� 10�6 m � 10�4 m s�1 ¼ 9:4 pN

is necessary. When the particle approaches a planar surface and is a distance
0.2mm away, the force to keep up the same speed would be

F ¼ 9:4� 10�12 N � 5 mm
0:2 mm

¼ 236 pN:

For a particle of radiusR1 moving toward another stationary particle of radiusR2 with
a velocity vp, we can generalize

F ¼ � 6pgvR
2

D
with R
 ¼ R1R2

R1 þR2
: ð6:38Þ

As for the Stokes force in Eq. (6.11), on the right-hand side of Eq. (6.37), we have a
minus sign. For an approaching particle, dD=dt ¼ v? is negative because D is
decreasing. The hydrodynamic force increasingly resists further approach toward
the surface. When the particle is moved away from the surface (dD=dt > 0), the
hydrodynamic drag is directed toward the surface. It keeps the particle from
separating from the surfaces.

In Eq. (6.37), the force diverges to infinity for D! 0. This implies that we would
never be able to bring a submerged sphere and a flat surface into contact, which
contradicts daily experience. The reason for this obvious false prediction of hydro-
dynamics is that it is a continuum theory based on local thermodynamic equilibrium.
At molecular dimensions, it breaks down. Practically, we have to define a minimal
molecular distance of the order of 0.2 nm that defines contact.

In the derivation of Eq. (6.37), we used the assumption of close distances,D � Rp.
Cox [628] points out that this is only the first term in a series. For larger distances, we
need to take more terms into account. The full expression is [325]

F ¼ �6pgv?Rpf

; ð6:39Þ

f 
 ¼ 4
3
sinh a �

X1
n¼1

nðnþ 1Þ
ð2n�1Þð2nþ 3Þ �

2 sinh ½ð2nþ 1Þa	 þ ð2nþ 1Þsinh2aÞ
4 sinh2 ½ðnþ 0:5Þa	�ð2nþ 1Þ2sinh2a

�1

" #( )
;

with

a ¼ 1

cosh ~D
and ~D ¼ DþRp

Rp
: ð6:40Þ

Here, ~D is a normalized, relative distance of the particle. For distances smaller than
�0:1Rp, the approximation (6.37) leads to similar results as the full expression (6.39).
For larger distance, it is obvious that Eq. (6.37) predicts the wrong hydrodynamic
force because for D!1, the force decreases to zero while it should approach
Eq. (6.11). One can easily extend approximation (6.37) to larger distances by adding
the distance-dependent hydrodynamic drag given by Eq. (6.37) to Stokes force
equation (6.11) [632]:

F ¼ �6pgv?Rp 1þ Rp

D

� �
: ð6:41Þ
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Figure 6.4 shows that Eq. (6.41) is a good approximation for the force between a
sphere and a stationary wall.

Equation (6.39) has been verified by a number of experiments. In classical
experiments, a sphere falling in gravity toward a planar surface has been observed
[633–635]; see also Exercise 6.1. A typical experimental force versus distance curve,
which is dominated byhydrodynamic drag, is shown inFigure 6.5. In this experiment
a borosilicate glass sphere of 18mm diameter was moved toward a silicon wafer in
aqueous electrolyte with 0.2M KCl at 25 �C. Both surfaces are hydrophilic. The
sphere is attached to an atomic force microscope cantilever of spring constant
0.26Nm�1. The cantilever was moved with a constant velocity of 40 mms�1 toward

0.01 0.1

Distance/P

F
/6

πη
ν 

R
p

Figure 6.4 Hydrodynamic force on a sphere
approaching a planar surface versus the
distance calculated with approximation (6.37)
and accurately with Eq. (6.39). The force is
scaled by division with 6pgRpv? so that for

Eq. (6.37) Rp/D is plotted while for (6.39) the
function f 
 is shown. For comparison, we also
plotted 1þRp/D (Eq. (6.41)). The distance is
scaled by division with the radius of the particle.

Figure 6.5 Hydrodynamic force versus
distance curves between a microsphere of
Rp¼ 9mm and a silicon wafer in aqueous
electrolyte measured with an AFM. The sphere

is attached to a cantilever that was driven at a
speed of 40 mms�1. Curves simulated with
Eq. (6.37) are plotted in gray. (The results were
provided by E. Bonaccurso.)
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and away from the planar surface. On approach, water is driven out of the closing
gap, which leads to the long-range repulsive hydrodynamic force. When retracting
the sphere, water has to flow into the opening gap, which leads to a long-range
attractive force.

In measurements of hydrodynamic forces, the particle is attached to a spring or
cantilever. It is the cantilever or spring that is moved at constant velocity, rather
than the particle. This has several consequences. First, it is impossible to write
down an analytical expression for force versus distance curves because v? changes
during the approach. Force curves have to be simulated from a differential
equation with the variable D, dD=dt, and the deflection of the spring [629, 636].
Second, the properties of the cantilever can influence the measurement. In AFM
experiments, therefore, relatively stiff springs should be used [637]. Third, care
should be taken that the cantilever does not influence the result. Typically, its
hydrodynamic drag is subtracted and taken to be constant. For small spheres,
however, the drag on the cantilever might depend on the distance. Therefore, the
microspheres used in the AFM for hydrodynamic experiments should be larger
than 10 mm in diameter [638].

Without derivation, we also report the force between two parallel circular disks of
radius rd. One surface is assumed to be fixed while the other is moving in normal
direction with a velocity dD=dt (Figure 6.6). The force required to move the disk was
already measured by Stefan [639] and calculated by Reynolds [630]:

F ¼ � 3pgr4d
2D3

dD
dt

: ð6:42Þ

Equation (6.42) can be derived in a similar way as Eq. (6.37) assuming no-slip
boundary conditions and small distances (D � rd). It is the starting point for
calculating the force between drops and bubbles.

6.2.2
Force on a Sphere in Contact with a Plate in Linear Shear Flow

Let us assume a spherical particle has adsorbed to a planar surface and we want to
remove it by applying a flow. If the particle is small, we can assume that the velocity of
thefluid changes linearly with increasing distance from the plane and the velocity can
be described by vx ¼ _c0z (Figure 6.7). To estimate the hydrodynamic force on the
particle we apply Stokes equation (6.11) and insert the mean velocity of the fluid
around the particle. Themean velocity of thefluid is _c0Rp,which leads to an estimated
force of 6pg _c0R

2
p. Exact calculations show that this expression has to be corrected by

F

D
rd

Figure 6.6 Circular disk approaching another parallel, fixed disk in a fluid in vertical direction.
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an additional factor [640, 642]. The hydrodynamic force on the particle tangential to
the plane is

F ¼ 1:701 � 6pg _c0R2
p: ð6:43Þ

In addition, the fluid applies a torque to the sphere because the flow at the top side is
stronger than that on the bottom side. The torque with respect to an axis going
through the center of the sphere is

M ¼ 0:472 � 8pg _c0R3
p: ð6:44Þ

Example 6.4

Water at 25 �C is flowing through a circular tube of radius rc ¼ 50 mm. The total
flow rate, that is, the volume transported per unit time, is
dV=dt ¼ 5� 10�12 m3. A latex particle of Rp ¼ 100 nm sticks to the surface
of the tube. What is the tangential hydrodynamic force on the particle?
Since rc � Rp, the wall of the tube for the particle is like a flat surface. To

calculate the shear rate, we recall that the flow profile in a cylinder in laminar
flow is parabolic: v ¼ v0ð1�r2=r2c Þ. Here, v0 is the flow velocity in the center of
the tube along the tubes axis and v is the flow velocity at a radial position r. Note
that at the walls r ¼ rc and v ¼ 0. The flow rate through the tube is
dV=dt ¼ pr2c v0=2. Thus, v0 ¼ 1:27 mm s�1. With Re ¼ 0:14, we can safely
assume laminar flow. The shear rate at the walls is

_c0 ¼ � dv
dr

ðr ¼ rcÞ ¼ 2v0
rc

¼ 50:8 s�1:

The hydrodynamic force tangential to the wall is

F ¼ 1:701 � 6p � 0:89� 10�3 Pa s � 50:8 s�1 � ð5� 10�5 mÞ2 ¼ 3:62 nN: ð6:45Þ

6.2.3
Motion of a Sphere Parallel to a Wall

The Navier–Stokes equation for laminar flow (Eq. (6.8)) is a linear differential
equation. For this reason, an arbitrary motion of a sphere relative to a planar wall
can be separated intomotion perpendicular and parallel to the boundary. Themotion
perpendicular was treated in Section 6.2.1. Here, we consider the case of a sphere
moving parallel to a plane wall in a quiescent fluid (Figure 6.8). The velocity is slow
so that we can assume creeping flow. The situation is, however, more complicated

F

z
x

M

Figure 6.7 Spherical particle in contact with a planar surface with a linearly increasing fluid flow.
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than for the motion in normal direction because we have to take into account a
torque acting at the sphere. The shear on the side facing the wall is stronger than the
shear on the opposite side. The result is a torque. This leads to a rotation of spheres
moving parallel to walls [641].

The force F and the torque M acting on a sphere moving parallel to a planar wall
can be described by [326]

F ¼ 6pgRpðvkF t þvRpF
rÞ; ð6:46Þ

M ¼ 8pgR2
pðvkM t þvRpM

rÞ: ð6:47Þ

Here, Ft, Fr, Mt, and Mr are dimensionless functions, which depend on the
normalized distance D=Rp. The index �t� stands for translation, �r� for rotation.
The exact solutions for functions were calculated numerically [643]. Analytical
approximations for close distances (D � Rp) are [326]

Ft ¼ 8
15

ln
D
Rp

� �
�0:9588; Fr ¼ � 2

15
ln

D
Rp

� �
�0:2526; ð6:48Þ

Mt ¼ � 1
10

ln
D
Rp

� �
�0:1895; Mr ¼ 2

5
ln

D
Rp

� �
�0:3817: ð6:49Þ

Please note that lnðD=RpÞ is negative becauseD=Rp was assumed to bemuch smaller
than unity.

For large distances, analytical approximations have been reported [325, 326]:

Ft ¼ � 1� 9

16 ~D
þ 1

8 ~D
3 �

45

256 ~D
4 �

1

16 ~D
5

� ��1

; ð6:50Þ

Fr ¼ 1

8 ~D
4 1� 3

8 ~D

� �
; ð6:51Þ

Mt ¼ 3

32 ~D
4 1� 3

8 ~D

� �
; ð6:52Þ

Mr ¼ � 1þ 5

16 ~D
3

� �
: ð6:53Þ

ω

x D

z y

v

Figure 6.8 Spherical particle at a distance D moving parallel to a planar wall with velocity vk and
rotating with an angular velocity v in a stationary fluid. We consider a force F

!
and a torque M

!

directed parallel to the surface.
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Here, ~D is again the normalized, relative distance ~D ¼ ðDþRpÞ=Rp.
We suggest to use the following equations, which approximate the exact solution as

well:

Ft ¼ � 1þ 5

8 ~D
þ 5

8 ~D
3

� �
; Fr ¼ 1

8 ~D
4 ; ð6:54Þ

Mt ¼ 3

32 ~D
4 ; Mr ¼ � 1þ 1

8 ~D
3 þ 5

8 ~D
5

� �
: ð6:55Þ

Equations (6.54) and (6.55) are simpler than the ones reported, they show the same
limiting behavior forD!1, and they fit the exact solutions better at small distances
(Figure 6.9).

Example 6.5

As an example, we consider a sphere falling in a fluid parallel to a vertical wall.
The force on the sphere is given by

F ¼ 4
3
pR3

pgDr: ð6:56Þ

Here,Dr is the density difference between thematerial of the sphere and that of
the surrounding fluid. If the sphere ismade of amaterial that is denser than the
fluid, the sphere will sink. If the fluid is denser, the sphere will rise driven by
buoyancy. Since the sphere is free to rotate, the torque is zero. WithM ¼ 0, we
obtain the angular frequency of the sphere:

v ¼ � vk
Rp

Mt

Mr
: ð6:57Þ

0.4

0.3

0.2

0.1

0.0

Figure 6.9 Velocity and angular rotation
frequency versus distance for a silica sphere of
3 mm radius falling in water at 25 �C parallel to a
planar wall. With a density of the silica of
2650 kgm�3, we have Dr ¼ 1650 kgm�3 and
F¼ 1.83�10�12N. In the absence of a wall, the
spherewould sinkwith a velocity of 36.4mms�1.

Results were calculated with Eq. (6.57). The
continuous line was calculated with the full
numerical solution for F t,F t,Mt, and Mr from
Refs. [326, 643]. For large distances, Eqs. (6.54)
and (6.55) provide a good approximation
(dashed line). For close distances, Eqs. (6.48)
and (6.49) can be used (dotted).
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For D � Rp with Eq. (6.55), this leads to

v ¼ vk
Rp

3

32 ~D
4 þ 4 ~Dþ 20=~D

: ð6:58Þ

At close distance and with Eq. (6.49), we find

v ¼ vk
Rp

� 1
10 ln ðD=RpÞ�0:1895

� 2
5 ln ðD=RpÞþ 0:3817

: ð6:59Þ

For a silica sphere of 3mm radius in water, the velocity and the angular rotation
frequency are plotted in Figure 6.9.
Of special interest is the limiting casewhere the sphere approaches the plane.

For D! 0, we have �lnðD=RpÞ � 1 and we can neglect the constant terms.
Then,

v ¼ vk
4Rp

: ð6:60Þ

Since in the case of no slip we expect vRp ¼ vk, Eq. (6.60) shows that a sphere
falling parallel to a wall or �rolling� down an inclined planemust slip. Thus, the
sphere cannot be in physical contact with the wall and D cannot be zero.

6.3
Hydrodynamic Boundary Condition

While the Navier–Stokes equation is a fundamental, general law, the boundary
conditions are not at all clear. In fluid mechanics, one usually relies on the
assumption that when liquid flows over a solid surface, the liquidmolecules adjacent
to the solid are stationary relative to the solid and that the viscosity is equal to the bulk
viscosity. We applied this no-slip boundary condition in Eq. (6.18). Although this
might be a good assumption formacroscopic systems, it is questionable atmolecular
dimensions. Measurements with the SFA [644–647] and computer simulations
[648–650] showed that the viscosity of simple liquids can increase many orders of
magnitude or even undergo a liquid to solid transition when confined between solid
walls separated by only fewmolecular diameters;water seems to be an exception [651,
652]. Several experiments indicated that isolated solid surfaces also induce a layering
in an adjacent liquid and that the mechanical properties of the first molecular layers
are different from the bulk properties [653–655]. An increase in the viscosity can be
characterized by the position of the plane of shear. Simple liquids often show a shear
plane that is typically 3–6 molecular diameters away from the solid–liquid interface
[629, 644, 656–658].

A tenet of textbook continuum fluid dynamics is the �no-slip� boundary condition,
which means that the ensemble average of the velocity of fluid molecules directly at
the surface of a solid is the same as the velocity of the solid. A possible slip was
discussed only in the mainstream literature for complex liquids, for example,
polymermelts [659, 660]. Recent experiments, however, indicated that simple liquids
might also slip past smooth surfaces [661–666].
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To quantify the slip, the slip length has been introduced. The slip length b is the
distance behind the interface at which the liquid velocity extrapolates to zero. It is
defined by [667]

b ¼ vxðz ¼ 0Þ
qvx=qzðz ¼ 0Þ : ð6:61Þ

Here, vxðz ¼ 0Þ is the fluid velocity directly at the surface, the so-called slip velocity
and qvx=qzðz ¼ 0Þ is its gradient (Figure 6.10).

An important microscopic parameter is the interaction between the liquid mo-
lecules and the solid wall. For weak liquid–wall interaction, the liquid molecules
interact more strongly with each other than with the solid wall. Experimentally, weak
liquid–wall interaction implies that the contact angle H of the liquid on the solid
surfaces is higher than 90�. For strong liquid–wall interaction, the contact angle is low
(H < 90�) or the liquid even wets the solid completely (H ¼ 0). Computer simula-
tions [668, 669, 670, 671, 672] showed that for low fluid–wall interactions, slippage
might occur.

Both interfacial effects discussed–slip and a change in viscosity–are experimentally
related. The same effect as real surface slip, where the liquid molecules adjacent to
the solid wall are actually moving along the wall, can be caused by a change in the
viscosity close to the solidwall. If the viscosity of the near-to-wall layer is characterized
by a viscosity gS, the effective slip length is

b ¼ d
g

gS
�1

� �
; ð6:62Þ

where d is the thickness of the surface layer. For example, if we assume that the
viscosity of a 1 nm thick layer is reduced by a factor of 2, the slip length is b ¼ 0:5 nm.
For most liquids, however, the viscosity at solid surfaces is increased rather than
decreased.

Today, it is not yet clear which boundary condition for which liquid and for which
shear rate is correct. Most experiments have been done with aqueous liquids.
Experimental results obtained with different methods agree that we have no slip
on hydrophilic surfaces [637]. Slip might be present on hydropic surfaces [661, 673,
674] and it seems to increase with the shear rate [675, 676]. Other reports find no slip,
even for water on hydrophobic surfaces [673, 677]. Recent reviews are Refs [678, 679].

z

Fluid

vx(z)

Solid

No slip

z

b > 0

b

z

b < 0

Figure 6.10 Schematic of different hydrodynamic boundary conditions at a solid–fluid interface.
Left: The layer adjacent to the solid surface is bound.Middle: No-slip boundary condition. Right: Slip
characterized by the slip length b.
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In the derivation of Eq. (6.37), the no-slip boundary condition (6.18) was applied. If
we allow for slip, the hydrodynamic force for a sphere moving normal to a planar
surface has to be modified [680]:

F ¼ � 6pgv?R2
pg




D
: ð6:63Þ

The correction function g
 depends on the distance. For two surfaces, which show the
same slip, it is given by

g
 ¼ D
3b

1þ D
6b

� �
ln 1þ D

6b

� �
�1

� �
: ð6:64Þ

For gaseous media, Goren [681] derived an equation in which the hydrodynamic
force depends on themean free path of the gasmolecules and slip is characterized by
an interaction parameter between the gas molecules and the solid surfaces.

6.4
Gibbs Adsorption Isotherm

In the next section, we discuss hydrodynamic forces between fluid interfaces. The
interaction between fluid interfaces is strongly influenced by surfactants and con-
taminants at the interfaces. Therefore, we first need to introduce a fundamental
relation between the amount of substance adsorbed at a fluid interfaces and the
surface tension. This is quantitatively expressed in the Gibbs7) adsorption isotherm.
We only introduce the Gibbs adsorption isotherm for a two-component system, that
is, a liquid and one dissolved substance. It is

C ¼ � a
RT

dcL
da

jT : ð6:65Þ

Here, C is the surface excess of the solute and a is its activity. The change in
surface tension of the liquid is at constant temperature; that is the reason why
Eq. (6.65) is called isotherm. Equation (6.65) tells us that when a solute is enriched at
the interface (C > 0), the surface tension decreases when the solution concentration
is increased. Such solutes are said to be surface active and they are called surfactants
or surface-active agents. Often, the term amphiphilic molecule or simply amphi-
phile is used. When a solute avoids the interface (C < 0), the surface tension
increases by adding the substance. Experimentally, Eq. (6.65) can be used to
determine the surface excess by measuring the surface tension versus the bulk
concentration. If a decrease in the surface tension is observed, the solute is enriched
in the interface. If the surface tension increases upon addition of solute, then the
solute is depleted in the interface.

7) Josiah Gibbs, 1839–1903. American physicist, professor at Yale.
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Example 6.6

Weadd 0.5mMSDS (sodiumdodecylsulfate, NaSO4(CH2)11CH3) to purewater
at 25 �C. This leads to a decrease in the surface tension from 71.99 to 69.09mJ
m�2. What is the surface excess of SDS?
At such low activities and as an approximation, we replace the activity a by the

concentration c and get

dcL
da

� DcL
Dc

¼ ð0:06909�0:07199ÞNm�1

ð0:0005�0Þmol l�1 ¼ �5:80 N l mol�1 m�1: ð6:66Þ

In this case, for SDS dissociates we have to take into account the counterion.
This brings a factor of 2. It follows that

C ¼ � a
2RT

dcL
da

¼ 0:0005mol l�1

2 � 8:31 � 298 J mol�1 � 5:80 N lmol�1 m�1

¼ 5:86� 10�7 mol m�2: ð6:67Þ

Every molecule occupies an average surface area of 2.8 nm2.

Plots of surface tension versus concentration for n-pentanol [682], LiCl (based on Ref.
[683]), and SDS in an aqueous medium at room temperature are shown in Fig-
ure 6.11. The three curves are typical for three different types of adsorptions. The SDS
adsorption isotherm is typical for amphiphilic substances. In many cases, above a
certain critical concentration defined aggregates called micelles are formed. This
concentration is called the criticalmicellar concentration (CMC). In the case of SDSat
25 �C, this is at 8.9mM. Above the CMC, the surface tension does not change
significantly any further because any added substance goes into micelles not to the
liquid–gas interface.

The adsorption isotherm for pentanol is typical for lyophobic substances, that is,
substances that do not like to stay in solution, and for weakly amphiphilic sub-
stances. They become enriched in the interface and decrease the surface tension. If

Figure 6.11 Plots of surface tension versus concentration for n-pentanol [682], LiCl (based on
Ref. 683), and SDS in an aqueous medium at room temperature.
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water is the solvent, most organic substances show such a behavior. The LiCl
adsorption isotherm is characteristic of lyophilic substances. Many ions in water
show such behavior.

Gibbs adsorption isotherm is valid in thermodynamic equilibrium. In equilibri-
um, the surface tension should not depend on the total surface area; if new surface is
produced, surfactant from the bulk diffuses to the surface and the same surface
tension is established as before. If, however, the system is not given enough time to
equilibrate, the local surface tension changes with an expansion or shrinkage of the
geometric surface areaA. This is characterizedwith the surface elasticityE, also called
surface dilatational modulus [684]. The surface elasticity is defined as

E ¼ �A
dc
dA

¼ � dcL
dlnA

: ð6:68Þ

E quantifies howmuch the surface tension changes upon a change in area.E is zero if
the surface is in rapid equilibriumwith a large body of bulk solution and the exchange
of surfactant at the surface and in the bulk phase is fast. The surface elasticity depends
on the specific process of surface extension.

6.5
Hydrodynamic Forces Between Fluid Boundaries

The situation is more complicated if the sphere approaching a planar surface is
deformable, such as a bubble in a liquid or an oil drop in water. We can also think of
the inverse situation: a solid particle interacting with liquid surface such as a bubble
or drop. A particle approaching a liquid–fluid interface will lead to a deformation of
the interface. Then, there are three possibilities: The particle is repelled by the
interface and remains in the first liquid, it goes into the interface and forms a stable
three-phase contact, or it crosses the interface and enters the fluid phase completely.
The secondfluid can be a gas. An example, is interaction of particles with bubbles in a
liquid [685]. This interaction is of fundamental importance for flotation [591].
Another example is bubble interacting in a liquid. The hydrodynamic interaction
between fluid interfaces is more complicated than between rigid interfaces because
we have to take a deformation into account.

In this section, we discuss the interaction between a drop and a bubble with a
planar solid surface. In Chapter 7, we also include drops interacting with drops or
bubbles and particles interacting with drops and bubbles.

When moving a bubble toward a planar solid–liquid interface, the liquid film
between the solid–liquid and the liquid–gas interface is thinning due to a radial flow
of the liquid. When the bubble is still a large distance away from the surface, the
distance of closest approach is in the axial center. Then, however, the central part
approaches slower and slower and is overtaken by the periphery. Thus, the film is
most often not plane parallel. It thins faster at rim than in the central part, which
causes the formation of the so-called dimple (Figure 6.12) [686–688, 690]. In the last
stage, the central part also approaches the solid surface until it has reached the
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equilibrium distance. The equilibrium film thickness is reached when the repulsive
interfacial forces, also called disjoining pressure P, equals the Laplace pressure
inside the bubble: P ¼ 2cL=rb. The concept of the disjoining pressure will be
introduced in the next chapter.

The drainage of liquid films between a solid–liquid and a liquid–fluid interface has
been studied experimentally and theoretically [690–695, 702]. The formation of the
dimple and the close distance at the rimhinders the liquid in the center toflowout. As
a consequence, surface forces indirectly influence the drainage time. A strong
repulsion leads to a large film thickness in the rim and a fast drainage. Weak
repulsion leads to a closely approaching rim and a slow drainage [697].

Example 6.7

To analyze hydrodynamic interaction, Connor and Horn [698] drove a mica
plate toward amercury drop immersed in aqueous electrolyte (Figure 6.13). The

Solid surface

Bubble Dimple

Figure 6.12 Bubble at the end of a capillary approaching a planar rigid surface. A dimple is formed
at the intermediate stage.

Figure 6.13 Experimental results of aqueous
film thickness plotted as a function of radial
position r at discrete times, showing dimple
formation [698]. Note the difference in the

vertical and horizontal scales. From bottom to
top, the curves correspond to times t ¼ �0:02,
0.02, 0.10, 0.18, 0.34, 0.62, 1.22, 2.62, 5.62, and
13.62 s. (Results were provided by R. Horn.)
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electrolyte contained 0.1mM KCl. Under these conditions, the mica surface
bears a negative surface potential of�100mV.Themercury drophad a radius of
curvature of 1.92mm leading to an inner Laplace pressure of 443 Pa. From a
initial distance of 10mm the mica surface was driven at constant speed of
23mms�1 to a position 20 mmbehind the original mercury surface. Please note
that the schematic on the left of Figure 6.13 is out of scale. In reality, the
deformation of the mercury drop of � 20 mm is much smaller than the drop
size. At all times, a negative surface potential of �492 mV was applied to the
mercury. This led to a strong electrostatic double-layer repulsion between the
mica and themercury surfaces, which stabilized the aqueous film at eventually
a thickness of 90 nm. To measure the shape of the mercury–water interface,
optical interferometry was used.

As it turns out, dimpling is a relatively general phenomenon also observed when
two bubbles or two drops approach each other [689, 691, 699] or when a solid sphere
approaches a liquid–liquid interface [686]. Roberts [449] observed dimpling even
between a soft rubber and glass in aqueous medium. Dimpling can be rather
complex. In the initial phase of the approach, sometimes a secondary minimum
in the thickness is observed [686, 700]. Due to the shape, it was termed wimple [700].
A periodic dimpling was observed in aqueous films between two oil drops in the
presence of surfactants [701]. This cyclic dimpling is caused by a redistribution of
surfactant between the oil and the aqueous phases. Dimple formation is important
because drainage of the liquid film is limited by the close approach of the rim. We
return to the drainage of liquid films after having discussed the hydrodynamic
boundary conditions.

To understand hydrodynamic interactions, the boundary conditions need to be
known. In contrast to solid surfaces, liquid–fluid interfaces are mobile. For a mobile
interface between two fluid phase A and B, the no-slip boundary condition translates
into v!A ¼ v!B. In particular in a direction tangential to a liquid–fluid interface, the
velocities at both sides of the interface must be the same [702–705]:

vAx ¼ vBx and vAy ¼ vBy : ð6:69Þ

Here, the interface is assumed to be in x- and y-directions, and z is in normal
direction. Equation (6.69) tells us that the tangential velocities change continuously.
In addition, the tangential stresses have to be balanced. In the absence of surface
viscosity and surface tension gradients, this leads to the condition

gA
qvx
qz

¼ gB
qvx
qz

and gA
qvy
qz

¼ gB
qvy
qz

: ð6:70Þ

In many applications, surfactants are present in the interface. Then, a flow easily
induces an enrichment of surfactant at one place and depletion at another. Gradients
in the surface tension are one result. Such gradients cause a tangential stress:
ðqcAB=qx; qcAB=qyÞ. This gradient has to be added in Eq. (6.70). If we take the
example of a liquid of viscosity g and a bubble with zero viscosity, we obtain

184j 6 Hydrodynamic Forces



g
qvx
qz

¼ qcL
qx

and g
qvy
qz

¼ qcL
qy

: ð6:71Þ

Equation (6.71) also explains the Marangoni8) effect. In 1871, Marangoni observed
the vigorous spread of a small drop of oil in a pond of water [706]. Even earlier,
Thomson described �that if, in the middle of the surface of a glass of water, a small
quantity of alcohol or strong spirituous liquor be gently introduced, a rapid rushing of
the surface is found to occur outward from the place where the spirit is introduced�
[707]. In both cases, a gradient in the surface tension caused the flow of a liquid.

Equation (6.70) tells us that the drag on a drop or bubble in a fluid depends on the
viscosities of the twomedia. For example, the hydrodynamic drag on a bubble should
be lower than the hydrodynamic drag on solid sphere of the same size. Hadamard
[708] andRybczynski [709] calculated the velocity of a spherical bubble and a falling or
rising spherical drop in a liquid.Depending on viscosities of the surroundingfluid,g,
and the fluid in the spherical bubble or drop, gs, they get a different rise/fall velocity:

v ¼ 2gr2sDr
9g

gs þ g

gs þ 2g=3
: ð6:72Þ

Here, rs is the radius of the bubble or drop and Dr is the difference in density of the
two fluids. If the fluid in the drop is less dense than the surrounding fluid, the sphere
will rise. If it is denser, the sphere will sink. For a bubble with gs ! 0, we get [710]

v ¼ 2gr2sDr
3g

: ð6:73Þ

For a rigid sphere, for which we can take gs !1, the velocity is v ¼ 2gr2sDr=ð9gÞ.
Thus, from a careful measurement of the rising velocity of a bubble one should be
able to determine the boundary condition.

Indeed, the rise velocity of small bubbles in ultrapure water and electrolyte
solutions agrees with Eq. (6.73) [711, 712]. When, however, adding even trace
amounts of surfactant or surface-active contaminants, a bubble rises slower than
the one in purified water [713]. This phenomenon is explained by the Marangoni
effect caused by surfactant adsorption to the bubble surface [704, 710, 714–716].
While the bubble is rising, there exists a surface concentration profile of surfactant
along the bubble surface. Adsorbed surfactant is swept off from the front of the
bubble and accumulates at the rear. In steady state, this surfactant gradient stops the
flow of liquid at the liquid–gas interface, which leads to an effective no-slip boundary
condition. For a fast exchange of surfactant between bulk and interfaces and thus a
low surface elasticity, the effect is lower than that for a slow exchange [717].

This effect was even earlier described for the drainage of foam and emulsion films.
Drainage of such liquid films could inmany cases be described by effectively using a
no-slip boundary condition [718]. Such a no-slip boundary condition is attributed to
gradients in surfactant concentration caused by the flow, which resisted further flow
at the surfaces [719–721].

8) Carlo Marangoni, 1840–1925. Italian physicist, professor at a Lyceum in Florence.
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Force measurements with fluid interfaces lead to a similar picture. Manor et al.
[722] attached a bubble to the end of anAFMcantilever andmeasured dynamic forces
across the nanometer thick intervening aqueous film on mica. The hydrodynamic
response of the air–water interface ranged from a fully immobile, no-slip surface in
the presence of added surfactants to a partially mobile interface without added
surfactants. A simple Marangoni model, explicitly taking Eq. (6.71) and surfactant
distributions at the interface into account, gave even a better fit to force curves than
the phenomenologically no-slip boundary condition [723]. The same was theoreti-
cally found for colliding drops [724]. AFM measurements of hydrodynamic forces
between deformable decane and tetradecane drops stabilized by surfactants in water
[270, 727] and also between oil drops and solid particles [696] indicate that an effective
no-slip hydrodynamic boundary condition applies at the oil–water interface in the
presence of surfactants. An exception are results obtained with aqueous films
between a deformable mercury drop and an approaching and receding mica plate
as described above. Direct observations [698, 700] and modeling [697, 728] indicate
the applicability of the no-slip boundary condition at the water–mercury interface
even in the absence of surfactants.

6.6
Summary

. The flow of a liquid is described by the Navier–Stokes and the continuity
equations.

. ForReynolds numbersRe ¼ r~vd=g belowunity, usually laminarflowprevails. For
Re � 1, we expect turbulent flow. As a result, in the microscopic regime liquids
usually flow laminar rather than turbulent.

. The hydrodynamic drag force of a sphere approaching a planar surface and
assuming no-slip boundary conditions is 6pgv?Rpð1þRp=DÞ (Eq. (6.41)).

. For particles moving parallel to a wall, one has to take into account a possible
rotation. The hydrodynamic drag increases with decreasing distance.

. One of the unsolved questions is still the hydrodynamic boundary condition on
solid surfaces. It is not clear to which extent slip occurs and which conditions and
parameters it depends on. For fluid interfaces, the tangential velocities change
continuously and the tangential stresses are balanced. Trace amounts of surfac-
tants lead to an effective no-slip boundary condition due to a Marangoni effect.

6.7
Exercises

6.1. A sphere of radius Rp is falling in a liquid toward a horizontal planar surface.
Derive an equation for the timeDt it needs to fall fromaheightD1 to a heightD2.
The density difference between sphere and liquid isDr. Assume that the sphere
is already close to the surface so that you can apply Eq. (6.37) for the hydro-
dynamic force.
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6.2. A glass sphere of density 2500 kgm�3 and radius Rp ¼ 15 mm is falling in
tetradecane (density 760 kgm�3, g ¼ 0:00213 Pa s) from a large height toward a
planar surface. Plot distance versus time and velocity versus distance for the last
30 mm of the fall. Take the distance of closest approach to be 0.2 nm.

6.3. Calculate the shear rate qvx=qz in the fluid between a flat surface and an
approaching sphere versus the radial distance r at the surface of the plane.
Therefore, choose the radial distance to be along the x-axis and calculate qvx=qz
at z ¼ 0. Derive an equation for the maximal shear. Plot the shear rate versus
radial distance for a sphere of 10mmradius approaching a planewith a velocity of
1mm/s at distances of 10, 20, and 40 nm.

6.4. Calculate the diffusion coefficient for a sphere at a distance D from a planar
wall for the component parallel and normal to the wall in a quiescent fluid.
Assume creeping flow and no-slip boundary conditions. Plot both diffusion
coefficients for a sphere of 50 nm radius in water at 25 �C (g ¼ 0:89� 10�3

Pa s) versus distance. The diffusion coefficient and the force are related by the
generalized Stokes–Einstein equation Dd ¼ mdkBT . Here, md is the mobility of
the particle defined as vp=F, where F is the driving force causing a drift with
velocity vp.
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7
Interfacial Forces Between Fluid Interfaces and Across
Thin Films

7.1
Overview

This chapter deals with interfacial forces acrossfluid interfaces. Fluid interfaces are
involved in many natural and technical processes, and a variety of methods have
been developed to analyze them. One example are drops of liquid A interacting in a
continuous phase of an immiscible liquid B (Figure 7.1a). Liquid A can for,
example, be water, B might be oil or vice versa. This is an essential process to
understand the structure and dynamics of emulsions [729]. At large distance, two
drops will interact via hydrodynamic forces. For small drops at large distance
(D � R1;R2), this force is not much different from the force between two solid
particles, we only have to consider the right boundary condition (see Section 6.5)
[705, 730]. At closer distance, however, the drops will deform. The liquid of the
continuous phase drains out of the closing gap. Depending on long-range inter-
facial forces, the viscosities of the two liquids, and the flow situation, the film of
liquid A ruptures and the drops coalesce [691, 693], or a stable film of liquid B
between A is formed. We call the film of one liquid between two other liquids an
emulsion film.

The interaction between drops has been studied experimentally with different
techniques [731]. The most important technique for studying interfacial forces
across thin films is the thin film balance [699, 732]. In fact, a whole class of thin film
balances have been developed. They are described in detail in Sections 7.4 and 7.6.
In another technique, two drops at the end of two capillaries aremoved toward each
other [733] or one drop is moved toward a planar interface [734]. The process is
observed by optical microscopy. Direct force measurements have become possible
with the atomic force microscope by attaching tiny oil drops to AFM cantilevers
[270, 696]. Recently, such drops have also been produced in microfluidic channels
[735].

A rather similar process occurs with bubbles (Figure 7.1b). In beer or cham-
pagne, for example, small gas bubbles are produced. While rising to the top, they
interact with other bubbles, some form an intervening liquid film – we call it foam
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film – and some eventually coalesce [736]. At the top, they interact with the planar
air–liquid interface. One might consider this as a special case of a small bubble
interacting with an infinitely large one. Such a configuration allows to observe the
process in detail by mounting a microscope and a camera on top and observe the
approaching bubble with high time resolution [689]. As with drops, the interaction
between two bubbles in a liquid has also been directly observed [91]. A difference
between gas bubbles and liquid drops in an immiscible liquid is that gravity is often
not important in emulsions whereas for gas bubbles gravity is essential. In
addition, the viscosity of the gas in a bubble is negligible.

If surfactants or other additives are present, the bubbles might form a foam. The
structure and stability of foams is another important example where surface forces
play an essential role (Figure 7.1d) [729, 738]. Liquid drains out of the lamella into
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Bubble

Liquid

(b)

Solid particle

(c)

(e)

(d)
Liquid

A

Liquid B

(a)

D

R1

R2

Figure 7.1 Different systems in which fluid
interfaces interact. (a) Two drops of liquid A
interacting in a continuous, immiscible liquid B.
Different stages of the interaction are the
approach (1), drainage of the intervening
film (2), leading to a thin film (3), and rupture
of the film with coalescence (4). (b) The
interaction between a rising bubble and

a fixed bubble in a liquid. (c) A particle
interactingwith a bubble (or a drop). Interacting
fluid interfaces are also important for the
structure and stability of foams (d) and for liquid
films on solid surfaces (e) that can either form
stable continuous films or rupture and
disintegrate into small drops.
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the plateau border and continues to flow to the bottom. This destabilizes the foam.
On the other hand, repulsive surface forces between the two air–liquid interfaces
stabilize the foam.

In addition to two fluid interfaces interacting with each other, the interaction of
fluid interfaces with solid–liquid interfaces is important [686, 695]. One example is
the interaction of particles with bubbles or drops (Figure 7.1c). The interaction of
particles with bubbles in aqueous liquid is the key process in flotation [591]. The
interaction with drops is essential in oil recovery. Direct particle bubble force
measurements have been carried out with the AFM [739—741, 1216] (reviewed in
Ref. [742]). Also, the force between individual particles and oil drops in water has
been measured by atomic force microscopy [743, 744].

For the last stage of bubble–particle interaction, a liquid film is formed on the
surface of the solid particle. Liquid films on solid surfaces have a much wider
significance, for example, for coating of surfaces. Therefore, thin films on solid
surfaces are explicitly considered in Section 7.6 (Figure 7.1e). The films either can be
stable and wet the surface or can be meta- or unstable and eventually rupture and
form individual drops on the solid surface.

Until now we did not mention the interaction between liquid drops in a gas. In
principle, such drops interact like solid surfaces. In the absence of electrostatic
charging, this interaction is dominated by van der Waals attraction. We just have to
take into account a possible deformation of the surfaces. Therefore, we do not discuss
it here. We would, however, like to mention one effect, which is typical for the
interaction of fluid interfaces: very often, the systems are not in equilibrium and the
interaction between fluid interfaces is influenced or even dominated by nonequi-
librium effects [733, 745]. One is unique for drops of volatile liquids. If the liquid is
not in a saturated atmosphere of its vapor, it will evaporate. The flow of the vapor
emanating from the liquid surface can lead to an effective repulsive force. Such a
repulsion was indeed noticed by Prokhorov, who measured the interaction between
twowater drops [746].He observed a repulsion that increasedwith decreasing relative
humidity.

It is beyond the scope of this book to describe the interactions between all the
mentioned phenomena in detail. We can, however, distinguish different stages
when drops, bubble, and particles interact [591, 592, 695]. For large distances, drops
and bubbles interact via hydrodynamic forces much like solid particles. The only
differences are their inertia and the respective hydrodynamic boundary conditions.
At shorter distance, drainage of liquid films sets in. Depending on the special
situation, liquid drains out between a solid and a fluid phase, between two liquids,
or between two gas phases. Interfacial force acting between two interfaces is
another central issue. The process of rupture of the intervening film is a third
general topic.

Drainage, interstitial forces, and rupture of thin liquid films are the topic of this
chapter. We start by introducing the concept of the disjoining pressure. Then, we
describe the drainage of liquid in thin films. Here, we distinguish between vertical
films, in which gravitation dictates the direction of the flow, and horizontal films.
After introducing thinfilmbalance as themain device tomeasure forces across liquid
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films, we discuss interstitial forces across foam and emulsion films. Finally, thin
liquid films on solid supports are described.

7.2
The Disjoining Pressure

The disjoining pressure is a useful concept to describe surface forces in general. It is
particularly suitable for thin liquid films. Therefore, we introduce it here.

We consider a medium between two planar, parallel surfaces separated by a
distance x. The medium is supposed to be in contact with a large reservoir and we
neglect edge effects. In the interfacial zones close to the surfaces, the properties of the
medium can be different from its bulk properties. For example, surface charges
change the ion concentration ofwater close to a charged surface. Van derWaals forces
can impose a dielectric property different from the bulk.

When the two surfaces are far apart, the two interfacial zones do not overlap.
Decreasing the separation x does not require work, unless energy is dissipated by
viscous or friction forces. The situation changes when the separation becomes so
small that the interfacial zones start to overlap. Now, the separation can be changed
only by doing positive or negative work. This implies that the pressure in the
interfacial layer differs from the pressure in the bulk reservoir. In 1936, Derjaguin
called this additional pressure the �disjoining pressure� [747]. The disjoining
pressure P is equal to the difference between the pressure in a film between two
surfaces (more precise, the normal component of the pressure tensor) and the
pressure in the bulk reservoir provided the system is in equilibrium (Figure 7.2). It is
defined as the change in Gibbs energy with distance and per unit area at constant
cross-sectional area, temperature, and external pressure:

P ¼ � 1
A
� qG
qx

jA;T ;P: ð7:1Þ

The sign of P is positive for repulsive surface forces. It is negative for attractive
surface forces.

Box filled
with liquid at
pressure of

the bulk phase

Pb

Pressure in the
film

Pb + Π

x

Figure 7.2 Schematic of the disjoining pressure between two parallel plates.
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7.3
Drainage

7.3.1
Vertical Foam Films

Pure liquid films are highly unstable. Surfactants are added to increase their stability.
Traditionally, the main surfactants used were soaps. Soaps are salts of fatty acids,
which contain at least eight carbon atoms. Therefore, suchfilms are sometimes called
soap films. The more general term is foam film. Still, one should keep in mind that
liquid films are always metastable at best and will eventually rupture. Here, we focus
on aqueous films.

Vertical foam films have a preferred direction due to gravitation. We focus on
freestanding aqueous films since most of the experimental work has been done in
that area to better understand the stability of foams.

Vertical foam films have been extensively studied and for a long time. Hooke1)

[748], Newton2) [749], Fusinieri3) [750], Dewar4) [751], and Lawrence [752] studied
the drainage and structure of vertical foam films (for a review on the history, see
Ref. [718]). Vertical foam films can be produced by carefully lifting a frame vertically
out of a surfactant solution (Figure 7.3). Practically, sometimes the liquid surface is
lowered and the frame is kept stable. To measure the thickness of a liquid film, one
can observe interference of light that is reflected from the film. The reflected light is
composed of two small fractions of the original beam. One is reflected from the front
side of the film (water to air). The other is reflected from the backside (air to water).
Because of the opposite sign of the change in refractive index, the light coming from
the backside is phase shifted by 180�. Constructive interference is obtained if the light

θ
Frame

Surfactant
solution

LightH

Figure 7.3 Schematic of how a liquid film can be formed by carefully lifting a frame from
a surfactant solution.

1) Robert Hooke, 1635–1703. English physicist, mathematician, biologist, and inventor.

2) Sir Isaac Newton, 1643–1727. English mathematician, physicist, and astronomer. Founder of
mechanics and geometrical optics.

3) Ambrogio Fusinieri, 1775–1852. Italian scientist.

4) James Dewar, 1842–1923. Scottish physicist and chemist.
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path in the liquid film is 1=2, 3=2, 5=2, . . . times the wavelength of light l. By
analyzing the intensity of the reflected light, the thickness can be obtained (see
Section 7.4).

One case, that of a black film, is particularly important. Soap films, which are
thinner than�30 nm appear black [718, 749, 750, 752]. Newton was the first to have
reported on black films. Very thin films appear black because the light reflected from
the backside is phase shifted by l=2 and the path length in thefilm is negligibly small.
For this reason, the phase difference between the two rays is� l=2 and they interfere
destructively. No light is reflected and the film appears black when viewed against
a black background.

Two types of black films can be distinguished [754, 755]: common black films,
which are stabilized by electrostatic double-layer repulsion, and Newton black
films, which are stabilized by short-range forces. Common black films are 6–30 nm
thick. Newton black films basically consist of a bilayer of surfactant. They have a
defined thickness of 4–5 nm. For lipids, it is slightly larger [756]. If we consider a
Newton black film formed from an oil phase in water, we are left with a lipid bilayer
that still contains some oil molecules. Such films are extremely good electric
insulators and are used in electrophysiological studies ofmembrane proteins [757].

Even cursory observation of the drainage of vertical films formed from a variety
of solutions shows that one can distinguish between slow and fast draining films
[718, 758]. Slowly draining films, also called rigid films, are formed when the
surfactant causes an effective no-slip boundary condition rather than the mobile
boundary condition. Rigid films are, for example, observed with water-containing
sodium dodecyl sulfate below the CMC and some added 1-dodecanol [718]. In fast-
draining films, turbulences are visible, in particular at the borders [718, 751, 799].
In both types of films, areas of black films can be observed.

To calculate the drainage of rigid thin films, we assume creeping flow. We start
with Eq. (6.10). Let z be the vertical coordinate starting at the level of the liquid
reservoir. The y-direction is horizontal and parallel to the film surfaces and x is
normal to its surface (Figure 7.4). The zero point of x is supposed to be in the center
of the film. In y-direction, the film is infinitely extended. Practically, this is realized
by using a cylindrical film with a radius much larger than the capillary length. A
cylinder has no borders at the side. Let H denote the total height of the film. The
hydrostatic pressure in the film is P ¼ rgðH�zÞ. It leads to qP=qz ¼ �rg. We only
have to consider the last line in Eq. (6.10) and can neglect flow components in x- and
y-directions. Due to symmetry, vz can not depend on y and q2vz=qy2 ¼ 0. Also, the

x
z y

vz

Figure 7.4 Schematic cross section of a draining liquid.

194j 7 Interfacial Forces Between Fluid Interfaces and Across Thin Films



change in vz in x-direction is much stronger than in z-direction and we neglect
q2vz=qz2 compared to q2vz=qx2. We are left with

g
q2vz
qx2

¼ �rg: ð7:2Þ

Integration in x leads to

g
qvz
qx

¼ �rgx: ð7:3Þ

We used qvz=qx ¼ 0 at x ¼ 0 due to symmetry. Equation (7.3) tells us that in steady
state the weight of the interior liquid is balanced by viscous forces acting across the
lamellae. We integrate a second time:

gvz ¼ �rgx2

2
þC: ð7:4Þ

The constant C is determined by the boundary conditions. Now comes a decisive
step: we assume effectively no-slip boundary condition. As we had seen in
Section 6.5, in the presence of surfactants the no-slip boundary condition usually
describes hydrodynamic flow of fluid boundaries correctly. No slip means vz ¼ 0 at
x ¼ �h=2. Here, hðzÞ is the film thickness at a vertical position z. With the no-slip
boundary condition, we get

vz ¼ rg
2g

h
2

� �2

�x2
" #

: ð7:5Þ

Please note that we count vz as positive if it is directed downward. Equation (7.5)
tells us that the flow profile is parabolic.

In the next step, we calculate the total flow through a horizontal cross section at
a vertical position z. It can be obtained by integrating the velocity:

Q ¼
ðh=2
�h=2

vz dx ¼ rgh3

12g
: ð7:6Þ

In fact,Q is the flow (transported volume per second) per unit length in y-direction.
The viscosity strongly influences the flow. The higher the viscosity, the slower the
films drain. Since the film thickness h depends on z, the flow also changes with the
vertical position. Let us consider a certain segment of thefilm at height z, of thickness
h, width in y-direction l and small vertical extension Dz. If the flow at the top side of
that segment is not equal to the flow at the bottom side, the segment will shrink or
expand in size, depending on whether the influx is higher or lower than the outflux.
Any increase in the segment can be realized only by an increase in h. In steady state
and assuming that the liquid is incompressible and no liquid is lost due to
evaporation, the change of the flux is related to the change in film thickness:

qh
qt

¼ qQ
qz

: ð7:7Þ
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Inserting Eq. (7.6) leads to

qh
qt

¼ rgh2

4g
qh
qz

: ð7:8Þ

If we further assume that the film is not supplied by liquid from the top, Eq. (7.8)
is solved by

H�z
t

¼ rgh2

4g
: ð7:9Þ

Starting with an infinitely extending film (h large for 0 < z < H), the film soon
develops a parabolic flow profile. With time, the width of the parabola decreases.
One example of the drainage of an aqueous film is shown in Figure 7.5.

7.3.2
Horizontal Foam Films

Let us consider a horizontal foam film between two bubbles or an emulsion film
between two drops of another immiscible liquid. We neglect gravitation and assume
an axisymmetric symmetry. When two bubbles or drops approach each other, the
liquid in between is squeezed out. Thus, drainage and hydrodynamic forces are

−4 −2

Figure 7.5 Drainage of a slowly draining water
film stabilized by surfactant. The film is initially
slightly higher than 10 cm. After 15min, the film
has drained to a thickness of 5.8mm at its
bottom. The experimental points (�) show the
successive interference fringes obtained with
red light [718]. With increasing height z, the film
thickness decreases. The top 1–2mmof the film
has thinned to a black film. It is plotted as a

vertical line. In addition to the experimental
results, the film thickness calculated with
Eq. (7.9) is plotted. After 60min, the film has
further drained and the Newton black film has
extended to z ¼ 8:6 cm. Experimental results
(*) show a slightly thinner film than the one
calculated with Eq. (7.9). This small difference
can be due to various factors such as residual
evaporation or imperfections in the film.
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intimately related. The force between the two bubbles (or drops) influences the rate
of drainage and drainage limits their further approach. As a first try, we can take the
film to be plane parallel. Using this assumption, drainage can be calculated based
on Reynolds equation (6.42). In the following, we describe the equation for the
interaction between two bubbles. The results can be immediately applied to drops
by replacing the surface tension of the liquid, cL, by the interfacial tension between
two immiscible liquids, cAB.

For fluid interfaces, it is appropriate to replace the force in Eq. (6.42) by the
pressure DP ¼ pr2f :

� dh
dt

¼ 2h3

3gr2f
DP: ð7:10Þ

Here, rf is the radius of the film. We replaced the distance D, conveniently used to
describe the separation between rigid objects, with thefilm thickness h. The pressure
DP ¼ Pc�P contains two contributions: the capillary pressure, Pc ¼ 2cL=rb, caused
by the curvature of the bubble and the disjoining pressure caused by interfacial
forces, PðhÞ.

For a bubble interacting with a planar solid surface, Scheludko5) replaced the no-
slip boundary conditions used to derive Eq. (6.42) with a boundary condition for
an ideal mobile surface. As a result, he obtained a higher drainage rate [686, 759]:

� dh
dt

¼ 16h3

3gr2f
DP: ð7:11Þ

One might assume that for a foam film we should apply the mobile boundary
condition to both surfaces. In that case, any film would immediately rupture. In fact,
however, as discussed in Section 6.5 gradients in the surface concentration of
surfactants usually lead to aneffectiveno-slip boundary condition [714, 721, 724, 760].

Experiments, however, showed a systematic deviation from the predictions of
Eqs. (7.10) and (7.11) [726, 753]. For example, the speed of thinning, �dh=dt, was
observed to be proportional to 1=r0:8f rather than 1=r2f . In addition, usually a faster
drainage than predicted by Eqs. (7.10) and (7.11) is observed. There are several
reasons for these discrepancies:

. Films are usually not plane parallel, but dimpling occurs. When a dimple forms,
most of the resistance to flow is in the rim barrier ring. The effect of dimpling
on the drainage has been calculated by various authors [703, 761, 762]. The
presence of a repulsive disjoining pressure can largely increase theflowbecause it
keeps the ring open.

. As already mentioned, gradients in the radial distribution of surfactants
change the interaction [693, 720, 725, 760, 763, 764]. In the simplest case, this
effect changes the hydrodynamic boundary condition from mobile to effectively
no slip.

5) Alexei Scheludko, 1920–1995. Bulgarian physicist, professor in Sofia.
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. Surface tension-driven flow can lead to hydrodynamic instabilities. Such instabil-
ities in thefilms and in the rimof a dimple lead to the formation of heterogeneous,
channel-like structures that facilitate drainage [765]. Nonhomogeneous thickness
distributions have indeed been observed and can explain an increased drainage
[766].

Empirically, it turned out that for films with h < 100 nm film thinning follows
an exponential drainage law [766, 767]:

h ¼ h0 � e�at: ð7:12Þ
Here, h0 is some initial thickness from which the time is started to count and a is an
experimentally determined drainage coefficient. Since most of the drainage time is
required for the last 100 nm, Eq. (7.12) is often used to compare drainage rates
obtained from different experiments.

7.4
Thin Film Balance

The direct measurement of the disjoining pressure as a function of film thickness
can be achieved by the thin film balance introduced by Derjaguin et al. [91] and
Scheludko and Exerowa [768]. The principle of this so-called �Scheludko cell� is
shown in Figure 7.6. The film is formedwithin a ring with 2–4mmdiameter. A small
hole at the side of the ring allows to draw liquid from the film and thus adjust and
measure the capillary pressure applied. The film thickness is deduced via optical
interferometry. Almost exclusively aqueous solutions are studied. Originally, the thin
film balance was constructed to measure the force across foam films. Modified
versions are also used to measure forces across emulsion films [732, 734].

This early design had two main restrictions. The first is the limited range of
capillary pressures that could be applied. Themaximum value of capillary pressure is
given by the entrance pressure of the small hole. It has the value 2cL=rc, where rc is the
radius of the supplying capillary. For capillary pressures higher than this value,
air would start to enter the hole. The second limitation is the uneven drainage of the
film during thinning.

To overcome these limitations, the porous plate technique, also called �Mysels
cell�, was introduced by Mysels [446, 769]. It was further improved by Exerowa and

Scheludko cell Mysels cell

2rc

Ring

Figure 7.6 Schematic of thin film balance cells.
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Scheludko [770] (Figure 7.6). The thin film is formed inside a hole that was drilled
into a glass frit. A glass capillary tube is welded to this frit to measure the capillary
pressure. In such a configuration, the maximum pressure is still given by the same
equation, but the radius rc has to be taken as the maximum pore size of the glass frit,
which can be made much smaller than the drilled hole. Furthermore, drainage will
now occur radially in all directions.

A complete setup of a thin film balance is shown in Figure 7.7. The holder with the
film is placed inside a sealed chamber, which contains the same solution as the film
for equilibration at the bottom. The holder has been saturated with the solution of
interest by immersing it before mounting for several hours. The free end of the
capillary tube is exposed to a reference pressure, which in the simplest case is just
ambient pressure. The capillary pressure in the film spanning the hole can be
controlled by varying the pressure inside the sealed chamber. A simple way to do this
with high precision is to connect to the chamber a syringe pump that is driven by a
micrometer screw and measure the chamber pressure with a pressure transducer.

In equilibrium, the disjoining pressureP in the flat part of the film is equal to the
capillary pressure Pc at the rim [771]:P ¼ Pc. Balancing all forces for the setup and
assuming complete wetting of the glass frit by the solution, one obtains

P ¼ Pin�Pext þ 2cLcosH
rc

�rgH: ð7:13Þ

Here, Pext is the external reference pressure, rc is the radius of the glass capillary,H is
the contact angle formed between the liquid and the wall of the capillary, andH is the

Solution

Pin

Pc

Microscope
objective

Beam splitter
Photomultiplier
Video camera

Illumination

H

Pext

rh

2rc

Figure 7.7 Schematic of a thin film balance.
The gas pressure Pin inside the sealed chamber
can be adjusted via the syringe relative to the
external reference pressure Pext to enforce

thinning of the film and balance the disjoining
pressure. Film thickness is monitored via
microinterferometry and film drainage can be
observed by video microscopy.
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height of the liquid in the capillary above the level of the liquid film. For sufficiently
high applied pressures (Pin > 1 kPa), the two last terms can be neglected and the
pressure difference Pin�Pext dominates.

The film thickness is usually measured by an interferometric technique intro-
duced by Derjaguin, Kussakov, and Scheludko [687, 772]. Light is coupled into a
reflection opticalmicroscope to illuminate thefilmat normal incidence. The reflected
light is collected by themicroscope objective and passed both to a digital video camera
to allow observation of film dynamics and to a fiber optic probe that collects light
from the central part of the film. During thinning of the film, light reflected from
the top side of the film interferes with light reflected from the bottom side. For
each change of optical film thickness by l=4, the reflected light will go through one
minimum and maximum reflection intensity, Imin and Imax. For the simple case of
a homogeneous water film with refractive index n and illumination with a fixed
wavelength l, the film thickness hL can be calculated as

hL ¼ l

2pn
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D

1þ 4R
ð1�RÞ2 ð1�DÞ

s
; ð7:14Þ

with

D ¼ I�Imin

Imax�Imin
and R ¼ ðn�1Þ2

ðnþ 1Þ2 :

Here, I is the observed reflected intensity at a certain film thickness. By measuring
the maximum and minimum intensities during thinning and correctly counting
the number ofmultiples of l=4 still left – thefinal thinfilm of interest will be less than
l=4 thick – one obtains the film thickness.

For real systems, we do not have a homogeneous water film but surfactant
layers at both interfaces. These layers can be accounted for by correcting h with a
three-layer model derived by Duyvis [773]. The total film thickness is calculated
from

h ¼ hL�2
n2s�n2

n2�1

� �
xs: ð7:15Þ

Here, ns and xs are refractive index and thickness of one molecular layer of the
surfactant, respectively. These values depend on the adsorption of the surfactant
to the interface and may lead to a slight uncertainty in the determination of h.
Other approaches to determine film thickness were X-ray reflectometry [775] and
ellipsometry [774]. The latter is applicable to the study of wetting films on surfaces,
where the surface can be attached to the glass frit from below.

The whole setup is usually enclosed in a temperature-controlled chamber and
mounted on a vibration isolation system. Special caremust be takenwhen attempting
to apply small pressures to the system. Bergeron and Radke described an optimized
setup [779] that was used tomeasure the stepwise thinning ofmultilayered surfactant
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films down to pressures of 10 Pa. The reference pressure Pin was set by connecting
a 1m3 stainless steel chamber with saturated humidity to the capillary to avoid
fluctuations. Theminimal pressure that can be applied is determined by the capillary
pressure in the meniscus Pc. It is fixed by the dimensions of the hole used to hold
the film. For hole dimension where the diameter is smaller than the frit thickness at
the inner rim and for zero contact angle, the minimum capillary pressure is
determined by the hole radius rh being equal to Pc ¼ 2cL=rh. However, if the glass
frit thickness gets smaller than the hole radius, the film cannot form a zero contact
angle at the rim, which leads to a larger radius of the meniscus and thus to a smaller
value of Pc. Bergeron and Radke used a strong tapering of the rim to achieve a frit
thickness as small as 0.1mm while keeping hole diameter at 2mm.

One disadvantage of the Mysels cell with the bulky glass frit is its large surface
area within the that can give rise to unwanted desorption of surface-bound contam-
ination. To avoid frit contamination, a new holder is therefore used for each
experiment with a different surfactant. For the study of substances that are available
only in very small quantities, this can be problematic, since the whole frit has to be
loadedwith the substance. In case of very highmolecular weight substance, diffusion
time through the frit may also become an issue. Therefore, Velev et al. [776] have
fabricated a Scheludko cell with a capillary diameter of 280 mm and a cross section of
50� 90 mm2 using laser drilling. While extending the range of accessible pressures
and allowing much faster film thinning compared to classical Scheludko cells, film
drainage is still inhomogeneous. A recent design called bike-wheel microcell [777]
combines miniaturization of a Scheludko cell with the use of 24 radially distributed
access channels that facilitate uniform film drainage.

7.5
Interfacial Forces Across Foam and Emulsion Films

7.5.1
Shape of a Liquid Film

After drainage, foam and emulsion films can remain in ametastable state if the two
interfaces are kept from getting into contact by repulsive forces. What is the shape
of such a film? For the interaction between two bubbles, the shape of the bubble far
away from the film is that of a sphere of radius rb. Inside the bubble, the pressure is
higher with respect to the outside pressure by DP ¼ 2c=rb (Eq. (5.2)). In the region
far away from the contact region, this is balanced by the curvature of the liquid–air
interface and the capillary pressure Pc ¼ 2c=rb. In the region of the thin film, the
liquid surface is planar. The capillary pressure is zero. The internal pressure is
balanced by surface forces according toP ¼ DP. What about the transition region?
Since a sharp edge in the liquid interface is not allowed (it would lead to a high
curvature and thus high capillary pressure), there must be a gradual transition. In
this transition region, the curvature of the liquid surface gradually increases from
zero to 2=rb.
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The situation of the thin film balance is shown in Figure 7.8. We denote the
radius of the meniscus by rb as a reminiscence on the bubble–bubble interaction.
The general equation describing the shape of the interfaces is a generalized Laplace
equation [759]:

cL
1
r1

þ 1
r2

� �
¼ Pc�PðhÞ: ð7:16Þ

The left term is the local capillary pressure caused by the local curvature (r�1
1 þ r�1

2 ).
This expression describes the actual shape of the fluid interfaces. Pc is the capillary
pressure caused by the curvature of themeniscus far away from thefilm. It is given by
the Laplace equation and determined by the curvature of the meniscus (indicated
by rb). In the meniscus far away from the film where h is so large thatP is zero, the
curvature is equal to the curvature of themeniscus. In the transition zone, interfacial
forces come into play and P 6¼ 0. Since Pc is constant, the local curvature decreases
below that in the meniscus. In the film region, the local curvature is zero,
ðr�1

1 þ r�1
2 Þ ¼ 0, and the inner pressure of the gas phase is fully balanced by the

disjoining pressure in the film.

7.5.2
Quasiequilibrium

Different components contribute to the force across a foam or emulsion film. We
superimpose all contributions:

P ¼ PvdW þPe þPst þ � � � : ð7:17Þ
Here, PvdW is the van der Waals force, Pe is the electrostatic double-layer force,
and Pst contains steric and short-range structural forces. In addition, other forces
might contribute.

Van der Waals forces across liquid films are always attractive because the two
media interacting across the liquid film are identical. This is different from thin

TC C

T

F

h

TC C

T

F

h

(b)(a)

rb rb

Figure 7.8 Schematic of a foam film (a) anda filmona solid surface (b). The regionof themeniscus
(C), the transition regions (T), and the planar films (F) are indicated.
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liquid films on solid surfaces, where van der Waals forces can be attractive or
repulsive. For short distances, the van der Waals attraction is described by

PvdW ¼ � AH

6ph3
: ð7:18Þ

In the range from 10 to 100 nm, retardation effects become relevant and the distance
dependency changes to PvdW / h�4 [445].

Van der Waals attraction destabilize liquid foam films. As a result, if we do not
take care to add a repulsive force component, liquid films become highly unstable
and rupture immediately. The first and most common approach is to add charged
surfactants such as sodium dodecyl sulfate (SDS). With dissociated surfactants
present, the air–water interface changes. This leads to an electrostatic double-
layer repulsion between the two interfaces. Since the system is symmetric with
respect to the two interfaces, electrostatic forces are repulsive. The double-layer
repulsion for low surface potentials and thick films (h > lD) can be expressed as
(Eq. (4.57))

PeðhÞ ¼ 2ee0
l2D

�y2
0 � e�h=lD : ð7:19Þ

For high surface potentials and thinner films, we have to specify the electrostatic
boundary condition. For constant surface potential, we apply Eq. (4.60). For
constant surface charge, Eq. (4.61) is suitable.

That electrostatic double-layer forces play a dominant role in the stabilization of
soap films can be demonstrated by measuring the change in film thickness with a
variation of the salt concentration. With increasing ionic strength, the Debye length
decreases and we expect the film to shrink in thickness. Such experiments were

Figure 7.9 Thickness of two aqueous foam
films versus the concentration of added salt. In
one classical experiment (*), carried out by
Scheludko and Exerowa [444], a thin film
balance was used to study an aqueous
solution containing saponin plus different

concentrations of KCl. In the second experiment
(�), a vertical film of SDS solution at various
concentrations of LiCl was analyzed [445]. The
curves were calculated with Eq. (7.20) with
y0 ¼ 65mV and Pext = 73 Pa (continuous line)
and y0 ¼ 40mV and Pext¼ 25 Pa (dashed).
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indeed carried out [446, 780–782]. The results belong to the most powerful verifica-
tions of DLVO theory. Two examples are shown in Figure 7.9. In one case, a thin film
balance was used to study a water film stabilized by saponin at different concentra-
tions of the background salt KCl [444]; saponin is a commercial mixture
of surfactants. An external pressure of 73 Pa was applied. In the other case, a vertical
rectangular frame was raised slowly from a submerged position in an aqueous
SDS solution [445]. SDSwas used at a low concentration (�CMC). LiCl was added as
a salt. The thickness of the film was measured interferometrically at a height
corresponding to an hydrostatic pressure of 25 Pa.

For a rough estimation of thefilm thickness, we can assume that thefilm thickness
is determined only by the electrostatic double-layer repulsion. We apply Eq. (7.19)
and set the disjoining pressure equal to the external or hydrostatic pressure:
Pext ¼ PeðhÞ. This leads to a film thickness of

h ¼ �lD � ln Pextl
2
D

2ee0y2
0

� �
: ð7:20Þ

Thefilm thickness of foamfilms can usually bewell described by Eq. (7.20) (reviewed
inRef. [783]). In particular for low salt concentration and thickfilms, the agreement is
quantitative. Figure 7.9, however, also shows that for film thicknesses at or below
30�50 nm, films are systematically thinner than predicted. One reason is the
presence of van der Waals forces. Van der Waals attraction tends to decrease the
film thickness.

Whendealingwith foamfilms, thesurfacechargesplay anessential role.Foamfilms
are stable, at least for some time, only if surfactants are present. For ionic surfactants,
the charge comes usually from the dissociation of groups, such as with SDS

C12H25NaO4S!C12H25O4S
� þNaþ

or cetyltrimethylammonium bromide (CTAB)

C19H42BrN!C19H42N
þ þBr�

DLVO theory is usually sufficient to understand the disjoining pressure in foam
films stabilized by ionic surfactants [446, 780, 782] (reviewed in Ref. [783]) as long
as the surfactant concentration does not greatly exceed the critical micelle
concentration (CMC). Also, the thickness of films containing nonionic surfac-
tants [781, 784–786] can usually be well described by Eq. (7.20). The assumption is
that even nonionic surfactants lead to negative surface charges due to an
enrichment of OH� ions [781, 785]. Thus, long-range electrostatic force stabilizes
the film.

In this context, it is interesting to note that even today the surface charge of a
surfactant-free air–water or water–oil interface is not clear. In the presence of simple
inorganic salts, usually the surfaces are negatively charged due to the adsorption of
anions. Anions adsorb preferentially since they have a higher polarizability than the
smaller cations. In the absence of salts, classical experiments show that bubbles or oil
drops tend to be negatively charged in water, presumably by an enrichment of OH�
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ions (overview in Ref. [787]). In contrast, simulations (overviews in Refs. [788, 789])
and resonant second harmonic generation experiments [790] indicate an enrichment
of H3O

þ ions.
If the surfactant concentration is much higher than the CMC, a stepwise thinning

of foam films is observed (for a history, see Refs. [752, 779]). This stratification is
caused by individual layers of micelles being expelled from the thinning film. In
equilibrium, an oscillatory force is observed [779]. Such structural forces will be
discussed in Section 11.6.

In many applications involving foams, a polymer is added. Polymers can affect
both the drainage and the interfacial forces. This often has a dramatic effect on the
stability of foams. One effect is that polymer slows down drainage by increasing the
viscosity of the liquid solution (see Eqs. (7.9)(7.11)). If polymers are surface active,
they can change the rheological properties of the surface. If in addition surfactants
are present, the polymer might interact with the surfactant. Therefore, the picture
soon becomes complex since we are dealing with many parameters such as the
chemical nature of the polymer and surfactant, the size of the polymer, and the charge
of the polymer and surfactant – both depend on the concentration of added salts and
pH. With polyelectrolytes, a layered structure and stratification has been observed
[783, 794–796]. It is beyond the scope of this book to discuss the influence of polymers
in detail.

As one example, Figure 7.10 shows a foam film with added polyelectrolyte [796].
A polyelectrolyte is a polymer that in water is charged due to dissociation of specific
groups. To illustrate the stepwise thinning, photographs of the film at different
thicknesses are presented. The circular area in the middle of each photo is the plane
parallel part of thefilm surroundedby the plateau border. The intensity reflected from
the film is homogeneous and bright before the first jump (Figure 7.10a). The film
presents an interferometer as described in Section 7.4. In the present case, the
reflected intensity decreases with decreasing film thickness. During the transition,
the new film thickness spreads out in the form of darker spots (Figure 7.10b) that
unify to a new homogeneous film thickness.When the external pressure is increased
further, jumps occur (Figure 7.10c and d). The spots around the newly formed black
film (Figure 7.10d) are drops and are thicker than the rest of the film. They are caused
by hydrodynamic instabilities. The rate of extension of the blockfilm is faster than the
rate at which the liquid can be pressed out of the film.

7.5.3
Rupture

Though foam and emulsion filmsmight exist for a long time, on some timescale they
will collapse. The rupture of foam and emulsion films has been studied by various
methods both experimentally [797] and theoretically [798]. It is obvious that the
stability of foam films is influenced by surface forces. For example, in 1924 Bartsch
reported that electrolytes decrease the life time of certain foams [799], presumably
by decreasing electrostatic stabilization. Surface forces alone, however, do not
determine the life time of a soap film.
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Figure 7.10 Photo of an aqueous foam film in
a thin filmbalancewith a hole diameter of 1mm.
The film was stabilized with a mixture of
commercial alkylpolyglycosides (APG)with alkyl
chain lengths of 12 and 14 carbon atoms at a
concentration four times lower than the CMC.
In addition, a positively charged polymer poly
(diallyl dimethyl ammonium chloride)

(DADMAC) at a concentration of 8mM (with
respect to the monomer concentration) was
added. The polymer forms a layered structure in
the film, which leads to stratification when the
film is thin. Thinning is induced by increasing
the external pressure. (The picture was provided
by R. von Klitzing [796].)

206j 7 Interfacial Forces Between Fluid Interfaces and Across Thin Films



Example 7.1

That factors other than surface forces influence the life time of foam films
was demonstrated by Stubenrauch et al. [800]. They measured disjoining
pressure versus film thickness and the rupture pressures of foam films
stabilized by two nonionic surfactants, namely, n-dodecyl-b- D-maltoside (b-
C12G2) and tetraethyleneglycol-monodecyl ether (C10E4). In Figure 7.11, the
PðhÞ curves of an aqueous solution with 68.5 mM b-C12G2 and a 110 mM
solution C10E4 solution are shown. Both concentrations are below the
respective CMCs, which are 0.86 mM for C10E4 and 0.17mM for b-
C12G2. With respect to surface forces, no significant difference is detected
between the two curves. In both cases, the surface charge density was calculated
to be 1:1� 10�3 Cm�2. However, the stabilities of the corresponding foam film
are very different. While the b-C12G2 film is stable up to 9000Pa, the C10E4 film
ruptures at pressures around 800Pa. The b-C12G2 film is more stable than the
corresponding C10E4 film, although both systems have the same surface charge
density.

Several experiments indicate that the life time of a foam film is correlated with
the surface elasticity [738, 786, 800]. One explanation is that high surface
elasticities dampen fluctuations in the film [786, 791]. Fluctuations are one
possible reason for film rupture. For the same reason, surface viscosity influences
the stability of films [792, 800]. In particular for large surface-active molecules
such as proteins, this has been analyzed for emulsion films due to the importance
in food science [721, 793]. The rupture of thin films has been extensively studied
for liquid films on solid surfaces. Therefore, we describe it in more detail in
Section 7.6.3.

Figure 7.11 Disjoining pressure versus film
thickness of thin aqueous foam films stabilized
by b-C12G2 and C10E4. The solutions contain 0.1
mM NaCl. The data are fitted with the DLVO
theory from which the surface charge density is

calculated to be s¼ 1.1mCm�2. The
continuous line was calculated using
Eqs. (7.17)(7.19) with lD¼ 28 nm and
AH¼ 10�20 J. The vertical dashed line indicates
the Newton black film of �5 nm thickness.
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7.6
Thin Wetting Films

The concept of disjoining pressure is particularly useful to understand thin liquid
films on solid surfaces. Let us start by considering the example of liquid helium.
Liquid helium is particularly suited because its molecules interact exclusively by
van der Waals interaction. Liquid helium is well known to avidly spread on almost
any solid surface because the interaction between a helium atom and the substrate is
usually much stronger than with fellow helium atoms. This is reflected in a negative
Hamaker constant for the interaction of the solid with helium vapor across liquid
helium, which corresponds to a repulsive disjoining pressure across the liquid film.
If helium is placed in a beaker, it rapidly climbs up thewalls.When thefilm climbs up
a smooth wall, the gain in van der Waals energy is at the expense of gravitational
energy. In equilibrium, the disjoining pressure at a given height is balanced by the
hydrostatic pressure in the film. As a result, the thickness of the film h will decrease
with height z according to

PðhÞ ¼ � AH

6ph3
¼ rgz ) h ¼ � AH

6prgz

� �1=3

: ð7:21Þ

By measuring the thickness of a liquid helium film at 1.38K on smooth single-
crystal SrF2 and BaF2 surfaces, Anderson and Sabisky [801] verified the theory of
van der Waals forces (Figure 7.12). For films up to 10 nm thickness, the predicted
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Figure 7.12 left: Schematic of liquid helium
climbing up the wall of a container due to the
repulsive van der Waals force between the
solid–liquid and liquid–vapor interfaces. right
Film thickness of liquid helium at 1.35 K on
single-crystal SrF2 and BaF2 surfaces (redrawn
from Ref. [801]). For heights of up to 10 cm, the
thickness was determined at saturated vapor

pressure at different height. For thinner films,
the vapor pressure was varied and converted to
a corresponding height (see Exercise 7.1). On
the right, the height scale is converted to a
disjoining pressure byP¼rgz (Eq. (7.21)) with
r¼ 125 kgm�3. The dashed line is a fit for
P/ h�4.
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P / z / h�3 dependence was indeed observed. It is plotted as a continuous straight
line in Figure 7.12. For thicker films, retardation leads to a steeper decrease in the
disjoining pressure and P / z / h�4 for h 	 10 nm.

There is, however, a practical limit. To obtain very thinfilms, zneeds to be high. For
example, with a Hamaker constant for SrF2/liquid helium/vapor of �5:9� 10�21 J
and a density of liquid helium of r ¼ 125 kgm�3, the film is expected to be 63 nm
thick at a height of 1mm. For z ¼ 1m, it is still 6.3 nm thick. To reach a thickness
of 1 nm, the wall would need to be 255m high. Not only that, this would require
a unique laboratory building, and preparing clean and homogeneous surfaces of
such dimensions would be demanding.

Fortunately, we have an alternative: we can change the film thickness by changing
the vapor pressure. When we reduce the vapor pressure, the film shrinks and vice
versa. To obtain a quantitative relationship between the relative vapor pressure,P=P0,
and the film thickness, we calculate the change in chemical potential in the vapor
and in the liquid film. When the vapor pressure is reduced from saturation pressure
P0 to a pressure P, the chemical potential in the vapor phase changes by

Dmv ¼ RT ln
P
P0

: ð7:22Þ

Here, we assumed that the vapor behaves like an ideal gas. Please note that lnðP=P0Þ
is negative because P=P0 
 1. Let us turn to the liquid film. At constant temperature,
the chemical potential, that is, the Gibbs energy permole, is the product of themolar
volume and the change in pressure, dml ¼ VmdPext. Here, Vm is themolar volume of
the liquid and Pext is the external pressure compressing the liquid. In our case, the
role of the external pressure is taken by the disjoining pressure and we replace dPext

by �PðhÞ. The negative sign takes into account that a negative film pressure
corresponds to a compression of the liquid. The change in chemical potential of
the liquid film with respect to the thick film at saturated vapor pressure is
Dml ¼ �Vm½PðhÞ�Psat�. Here,Psat is the film pressure at saturated vapor pressure.
ForP!P0, we get condensation, thefilm thickness grows to infinity,h ! 1, and the
film pressure approaches zero (Psat ¼ 0). Thus [759],

Dml ¼ �VmPðhÞ: ð7:23Þ

In equilibrium, the chemical potential of molecules in the vapor phase is equal to the
chemical potential of molecules in the liquid film. Setting Dmv ¼ Dml, we get

PðhÞ ¼ �RT
Vm

ln
P
P0

¼ � rRT
Mw

ln
P
P0

: ð7:24Þ

By varying the relative vapor pressure of the substance studied and measuring
the film thickness, the disjoining pressure can be determined.

In this chapter, we described two methods to measure the disjoining pressure
across thin liquid films on solid surfaces: the thickness versus heightmethod and the
thickness versus vapor pressure method. To illustrate that both methods are
equivalent, we reconsider the situation shown in Figure 7.12. In equilibrium, the
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temperature in the closed vessel with a reservoir of liquid at the bottom is the same
everywhere. Directly at the liquid surface, the vapor pressure is equal to P0. If we go
up in the vapor phase, the vapor pressure, however, decreases. According to the
barometric distribution law, it decreases according to P=P0 ¼ expð�Mwgh=RTÞ.
Inserting this expression into Eq. (7.24) leads to PðhÞ ¼ rgz, which is identical to
Eq. (7.21).

Although thickness versus height measurements are suitable for very thick films
thickness versus vapor pressure measurements are also applicable to thinner films.
h versus P=P0 measurements on the other hand are difficult at high vapor pressures
because adjusting precisely the vapor pressure above 99% is demanding and the error
can be considerable. Thus, both methods complement each other. In fact, results for
films below a film thickness of 10 nm in Figure 7.12 were determined by thickness
versus P=P0 measurements. One should also keep in mind that the whole concept
of having a continuous film on a surface is not applicable for films of only molecular
thickness.

Equation (7.24) is of fundamental importance in surface science. It relates
interfacial forces with the adsorption of a vapor to a solid surface. The concept goes
back to Michael Polanyi6) and it is known as the potential theory of adsorption [802].
The basic idea is that vapor molecules close to a surface feel a potential–similar to
the gravitation field of the earth. The potential isothermally compresses the gas close
to the surface. Once the pressure becomes higher than the equilibrium vapor
pressure, it condenses and forms a liquid film.

One cause for this potential is the van der Waals attraction. When inserting the
van der Waals interaction into Eq. (7.24), we arrive at

h ¼ AHMw

6prRT lnðP=P0Þ
� �1=3

: ð7:25Þ

In a more general form, the equation is frequently referred to as the Frenkel–
Halsey–Hill (FHH) equation [803–805]:

h
hmon

� �r

¼ C
lnðP=P0Þ : ð7:26Þ

Here, hmon is the thickness of a monolayer and C and r are constants. Empirically,
often values of r ¼ 2:5�3 are found.

For P=P0 	 0:2, Eqs. (7.25) and (7.26) fit adsorption isotherms of noble gases and
small, nonpolar molecules such as nitrogen or short-chain alkanes reasonably well
[806]. Two examples, helium adsorbing to single-crystal SrF2 and BaF2 at T ¼ 1:35K
and hydrogen adsorbing to gold at 14K, are shown in Figure 7.13. Typically, however,
other effects such as surface roughness and thermal fluctuations have to be
taken into account, in particular when analyzing adsorption isotherms recorded at
different temperatures [807].

6) Michael Polanyi, 1891–1976. Hungarian physicist who worked in Berlin and Manchester. His son,
John Charles Polanyi, received the Nobel Prize in chemistry in 1986.
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For polar molecules or for large, nonspherical molecules, other interactions
contribute significantly to the force. Water adsorbing to silicon oxide is one example
(Figure 7.13c). The first up to three monolayers form an ice-like network that is
dominated by hydrogen bonds and in which the rotation and translation is strongly
reduced. Only at a relative vapor pressure above 30%does liquidwater start to appear.
A real liquid layer is present only for P=P0 	 60% [808]. Van der Waals forces
contribute only partially to the total disjoining pressure.

A third method to measure the disjoining pressure across thin films is schemat-
ically shown in Figure 7.14. It is sometimes called �modified thin film balance� and
was developed and improved by Derjaguin and Kussakov [687], Platikanov [688],
Princen and Mason [809], Schelduko et al. [810], Kitchener et al. [811], and others
(reviewed in Ref. [812]). In a container filled with the liquid investigated, a bubble of
air or nitrogen is pressed through a capillary onto the planar surfaces. Assuming that
a stable film is formed and thus the solid–liquid and liquid–gas interfaces repel each
other, the bubble is flattened as soon as it gets close to the solid surface. In the center,
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Figure 7.13 Adsorption isotherms for He
adsorbing to SrF2 and BaF2 at 1.35 K (a), H2

adsorbing to gold at 14 K (b), and H2O
adsorbing to SiO2 at 21 �C (c). The experimental
results were redrawn from Refs. [801, 807, 808].
Continuous lineswere calculated with Eq. (7.25)

with AH¼� 0.6� 10�20 J, MW¼ 0.004 kgm�3,
r¼ 125 kgm�3 for (a), AH¼�14� 10�20 J,
MW¼ 0.00201 kgm�3, r¼ 70.8 kgm�3 for (b),
and AH¼�10�20 J, MW¼ 0.018 kgm�3,
r¼ 1000 kgm�3 for (c). In (a), the same results
are plotted as in Figure 7.12.

7.6 Thin Wetting Films j211



the disjoining pressure just compensates the Laplace pressure inside the bubble
(P ¼ DP). The film thickness is measured interferometrically with a microscope. In
a typical experiment, the film thickness is measured versus the applied pressureDP.
Since the radius of curvature of the bubble rb is related to the Laplace pressure,
DP ¼ 2cL=rb, the maximal pressure is limited by the radius of the capillary
DP 
 2cL=rc. Typical values are rc ¼ 0.2–2mm leading to a maximal pressure of
50–500 Pa.

In addition to measuring the equilibrium thickness of thin films, the method is
widely used to analyze film stability and drainage [810, 811, 813]. In many practical
applications, a system is far away from equilibrium and highly dynamic. One
example is a flotation cell in which particles and bubbles are mixed. The attachment
of a particle to a bubble is limited by the hydrodynamic interaction rather than
equilibrium surface forces [695]. When a particle and a bubble approach each other,
the liquid in between needs to have time to flow out of the closing gap [728]. This
process of film drainage is also studied with the thin film balance.

7.6.1
Stability of Thin Films

The stability of thin liquid films on solid surfaces is a major topic both in
fundamental and in applied science. In flotation, the aqueous film formed between
a particle and an approaching bubble determines the interaction and thus the
efficiency of the process [695, 753, 813, 814]. Polymer films preserve, isolate, or
decorate materials [815–820]. Thin metal films in microelectronics serve as
electrodes [821–823]. When such films dewet, a solid surface complex pattern is
formed (Figure 7.15) [824].

rb

rc

ΔP Capillary

Thin film

Microscope
objective

Solid surface
investigated

Figure 7.14 Schematic of a thin film balance.
A capillary of radius rc is moved close to the
planar surface. Gas is pressed through the
capillary with a pressure DP. Between the end

of the capillary and the plane a bubble is formed
with a radius rb ¼ 2cL=DP. At the end, the
bubble is flattened due to repulsive surface
forces.
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Even this short list of examples – aqueous, polymer, and metal films – shows that
we deal with very different situations. Polymer andmetal films are usually liquid only
above room temperature when thematerial is heated above themelting temperature.
In addition, the polymer or metal is usually not in contact with a reservoir. The
thermodynamic condition for equilibrium is therefore not a constant chemical
potential but a constant amount of material. We now focus on the case that the
liquid is practically nonvolatile and its amount is supposed to be constant.

Let us start with macroscopic films. In macroscopic films, which are thicker
than �100 nm, interfacial forces between the solid–liquid and the liquid–gas
interfaces are usually negligible. A liquid film is stable, if the free energy of
creating a solid–liquid and a liquid–gas interface is less than the free energy of
the bare solid surface: cL þ cLS 
 cS. Here, cL, cLS, and cS are the surface tensions
of the liquid–gas, the solid–liquid, and the solid–gas interfaces, respectively.
If the spreading coefficient, defined by S ¼ cS�cL�cLS, is positive, the film is
stable.

For S < 0, we talk about partial wetting. The contact angle of such a liquid on
the solid is finite and given by Young�s equation (Figure 7.16). If we take a small
amount of such a liquid and place it on the solid, it will form a drop that is shaped
like a spherical cap. If we increase the amount of liquid, the drop will grow and
change its shape from the ideal spherical cap to a more flattened cap. Eventually, it
will form a pancake-like structure with a constant height and rounded rims. In
equilibrium, that is, in coexistence of bare solid surface with liquid films of height

Θ Θ Θ h

I II III

Figure 7.16 Schematic of a drop, which is so small that gravitation can be neglected (I),
a drop, which is already slightly deformed by gravitation (II), and a continuous pancake-like film of
height h.

Figure 7.15 Morphologies of different
polymer films after dewetting. Left: A poly
(dimethyl siloxane) film under water on a silicon
wafer with a layer of grafted identical molecules.
Middle: Early stage of a dewetting polystyrene

film on a silicon wafer. Right: Late stage of the
same dewetting polystyrene film. Images are
200mm� 200mm. (Images provided by
G. Reiter [817].)
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h0, an energy balance leads to

cS ¼ cSL þ cL�
rgh20
2

: ð7:27Þ

The last term represents the gravitational work required to form a film of thickness
h0. It represents the hydrostatic pressure. The height is

h20 ¼ 1� cS�cSL
cL

� �
2cL
rg

: ð7:28Þ

With the capillary constant kc ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
cL=rg

p
(Eq. (5.7)) and applying Young�s equation,

we can write

h20 ¼ ð1�cosHÞ 2
k2c

: ð7:29Þ

With the geometric relation 1�cosH ¼ 2 sin2ðH=2Þ, we get [825]

h0 ¼ 2
kc

sin
H

2

� �
: ð7:30Þ

A liquid film of actual thickness h is stable if h 	 h0. If the film prepared is thinner,
h < h0, it will eventually formholes and dry patches until the patches have a thickness
h ¼ h0 given by Eq. (7.30).

Forfilms thinner than�100 nm, interfacial force between the solid–liquid and the
liquid–gas interfaces might change the situation. Repulsive forces are required for
a stable film. Attractive forces lead to unstable films. One might even say that film
rupture is the manifestation of attractive interfacial forces. The condition for a stable
film is [759]

dP
dh

<
dPc

dh
: ð7:31Þ

Here, Pc is the local capillary pressure (Section 5.1). The left-hand side of Eq. (7.31)
is uniquely defined for a given set of materials. It is the change in disjoining
pressure upon changing the separation of two parallel interfaces. The right-hand
side ismore problematic because it depends on theway the interface is deformed. It
is the change in capillary pressure upon a certain deformation that at some point
leads to aminimal separation h. For a filmwith a perfectly planar surface, Pc ¼ 0. If
we deform the film to form a hole, this process will cause a bending and thus a
curvature of the fluid interface. As a result, dPc=dh is positive. Any disturbance of
the film, preceding hole formation, changes the local curvature and thus the
capillary pressure. The gradient of the attractive surface forces, dP=dh, needs to be
lower than the change in local capillary pressure. Calculating a critical thickness is
not a simple task because relation (7.30) inherently involves the dynamics of the
rupturing process.
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7.6.2
Rupture of Thin Films

There are different approaches to describe rupture of liquid films. The first was
proposed byDerjaguin andGutop [826]. They postulated that film rupture is initiated
by nucleation. Owing to thermal fluctuations, there will always be tiny holes in a film.
They are, however, unstable unless they have reached a certain critical size. Once they
have exceeded that size, they are likely to grow further and form stable holes.
Practically, some disturbances or small nuclei create defects in the film. When the
defect exceeds a critical size, it tends to grow in size and the film permanently
ruptures [827]. Growth of a hole in a liquid film has been analyzed extensively
[825, 828, 829]. First, a rim is formed that increases in size to a mature stage. Then,
the hole grows with a rim keeping its cross-sectional shape [829]. Depending on
the liquid and the hydrodynamic boundary condition, holes increase in size with
different growth rates. For a liquid on a solid support with no-slip boundary
conditions, the radius of a hole, rh, increases with constant velocity: drh=dt ¼ vd
[828]. For polymer films, other dependencies have also been observed, which might
indicate slippage [829].

A second mechanism was proposed by Vrij [830] and Scheludko [759]. They
assumed that thermal fluctuating waves on fluid interfaces grow under the influence
of attractive forces. It is called spinodal dewetting. The fundamental difference
between nucleation and spinodal dewetting is that in the first case the film is
metastable. The system has to overcome an energy barrier before nucleation and
rupture occur. Spinodal dewetting occurs spontaneously andno energy barrier exists.
The process might, however, take a very long.

To describe spinodal dewetting, we recall that in any liquid film of mean thickness
h0 surface corrugations occur due to thermal fluctuations. As a result, at any given
moment some parts of the film are thinner than h0. Surface tension tends to
smoothen the film again. If, however, attractive surface forces exist, the system can
gain free energy by thinning the already thinner part even further. This balance of the
two effects is quantified in Eq. (7.31). Surface forces also act on those parts of the film
that are thicker than h0. Since the surface forces decrease with distance, the effect on
the thicker parts is less than that on the thinner parts. This leads to hole formation
and dewetting. In the theory, surfacefluctuations are described by a Fourier spectrum
of waves. The film is unstable with respect to fluctuations with wavelengths larger
than a critical wavelength lc [830]:

lc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2cL
dP=dh

s
: ð7:32Þ

Here, the gradient of the force dP=dh at a thickness h0 has to be inserted.
To calculate the time of film rupture, one needs to consider the hydrodynamic flow

in the film. For large wavelengths, flow takesmuch longer than for short wavelength.
For this reason,film rupturewill be dominated byfluctuationswith awavelength only
slightly larger than the critical wavelength. The dominating length scale of spinodal
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dewetting is ls ¼
ffiffiffi
2

p
lc [830]. For a film of constant viscosity and assuming no slip

at the solid–liquid but a mobile interface at the liquid–gas interface, the mean time
for dewetting can be estimated [831]:

ts ¼ 12cLg
h30

1

ðdP=dxÞ2 : ð7:33Þ

Vrij and others used a linear theory with respect to deviations in the film thickness.
Including nonlinear effects, Williams and Davis found that rupture times are
typically 10 times shorter [832, 833]. Simulations demonstrated that the morphology
of structures formed by spinodal dewetting depends sensitively on the precise
interfacial forces and thefilm thickness. But the characteristic length scale is correctly
predicted by the theory [834]. For very thin films, also the fact that the viscosity of the
film is not constant but changes with the thickness and the specific height position
in the film needs to be taken into account [835].

Example 7.2

An 8 nm thick polystyrene film is spin coated on an oxidized silicon wafer
[820]. Immediately after spin coating, the film is in a nonequilibrium state.
However, since polystyrene is a solid material at room temperature, it is
practically stable. When heating, the film becomes a viscous liquid and dewets
the surface. What is the characteristic size of structures formed? Assume that
attractive van der Waals forces dominate and the Hamaker constant is
AH ¼ 2:2� 10�20 J. The surface tension of the heated polystyrene is
31mNm�1.
The van der Waals force is described by P ¼ �AH=6ph3. With Eq. (7.32) and
ls ¼

ffiffiffi
2

p
lc, we get

ls ¼ h20

ffiffiffiffiffiffiffiffiffiffiffiffi
8p3cL
AH

vuut
¼ ð8� 10�9 mÞ2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p3 � 0:031 Nm�1

2:2� 10�20 J

vuut ¼ 1:2 mm

ð7:34Þ

for the characteristic length scale of dewetting structures.

Whether nucleation or spinodal dewetting dominates the rupture of a liquid film
depends on the specific system. The ls / h20 dependence predicted by Eq. (7.34) has
been observed in polymer [815, 816, 820] and metal [821] films. For polymer films
in many cases, nucleation is faster [818, 820]. For aqueous films on hydrophobic
surfaces, small bubbles are generally accepted to initiate nucleation and nucleation
dominates [813, 814].

The same formalism was also applied to describe the rupture of foam and
emulsion films [791, 798, 831, 836].
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7.7
Summary

. We distinguish different types of liquid films. Foam films are liquid lamellae
between two gas phases. They form, for example, between two bubbles. Emulsion
films are films of liquid A between two immiscible liquids B. This can, for
example, be a water film between two oil drops. When a solid surface is involved,
we have a liquid film on top of a solid substrate. Such films form, for example,
when a particle collides with a bubble.

. Foam and emulsion films are never thermodynamically stable and will eventually
rupture. Solid-supported liquid films can be stable.

. When dealing with the interaction between bubbles or drops, it is useful to
distinguish different phases: (1) long-range hydrodynamic forces, (2) drainage,
leading either to the formation of a thinfilm or (3) to the rupture of the liquid film.
While the first two steps are dominated by hydrodynamics, the thickness of a
possible metastable film is given by the disjoining pressure between the two
liquid–fluid interfaces.

. Interfacial forces across foam and emulsion films are measured with the thin
film balance. Surface forces across thin liquid films on solid surfaces can also be
analyzed by measuring the thickness versus the vapor pressure or the thickness
versus height.

. Films rupture either by nucleation or by a spinodal process.

7.8
Exercises

7.1. Calculate the relative vapor pressure of liquid helium (MW ¼ 4:00 gmol�1) 1m
above the reservoir at 1.35 K. Which height corresponds to a relative vapor
pressure of 0.5? Do the same for water vapor at 20 �C (MW ¼ 18:0 gmol�1).

7.2. A smooth silica plate is fixed 1m above a pool of liquid hexane. The hexane
adsorbs to the silica surface and forms a thin supported film. Calculate the
thickness of the film at 20 �C assuming that only van derWaals forces are acting
(AH ¼ �10�20 J for silica/hexane/gas) and assuming that thermodynamic
equilibrium has been established.

7.3. A bubble of 0.2mm radius rises in water containing 1mM KNO3 until it hits
a horizontal glass window. The liquid–gas interface and the glass surface are
assumed to have a surface potential of �20mV. The Hamaker constant of
glass–water–air is AH ¼ �10�20 J. Calculate the thickness and the area of the
thin film region between the bubble neglecting rim effects. Use the fact that the
disjoining pressure multiplied with the area has to compensate the buoyancy.

7.4. Derive an equation for the rupture time of a liquid film of constant viscosity
for an exponentially decaying interfacial forceP ¼ �Ce�x=l assuming spinodal
dewetting. Estimate the time for rupture of a 5 nm thick water film
(g ¼ 0:89� 10�3 Pa s) on a hydrophobic surface assuming that the force is
exponentially decaying with C ¼ 400 Pa and l ¼ 12 nm.
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8
Contact Mechanics and Adhesion

Adhesion between surfaces is obviously of high practical relevance in science and
technology as well as in everyday life. Bonding ofmaterials with glues is clearly a case
where one wants to have either maximum adhesion or reversible removal and
reattachment. Other applications such as self-cleaning or nonsticking surfaces need
to avoid adhesion completely. In fact, both types of systems also occur in nature:
animals such as flies and geckos have found ways to reversibly stick to surfaces and
leafs of plants, show remarkable self-cleaning properties.

Whenwe bring two bodies inmechanical contact, attractive surface forces will lead
to adhesion. The adhesion force (i.e., the maximum force necessary to separate the
two bodies again) will depend on the strength of the attractive interaction, the contact
area between the bodies, and the minimum distance between them. If we know
the shape of the bodies and the interaction energy VAðXÞ per unit area between
the materials, we can in principle use the Derjaguin approximation to calculate the
adhesion force. Bradley [10] and Derjaguin [84] calculated in this manner the
adhesion force FA between a rigid sphere and a rigid planar surface to be

Fadh ¼ �2pwadhRp; ð8:1Þ
with wA being the adhesive energy per surface area, that is, the work necessary to
separate a unit area of the two surfaces fromcontact. As afirst approximation, one can
identify

wadh ¼ VAðD0Þ; ð8:2Þ
wherewðDÞ is the interaction potential between the surfaces andD0 is the distance of
closest approach (interatomic distance).

The adhesion force between two objects can arise from a combination of different
contributions such as the van der Waals force, electrostatic force, chemical bonding,
and hydrogen bonding forces, capillary forces, and others (e.g., bridging or steric
forces on polymer-coated surfaces):

Fadh ¼ FvdW þFel þFchem þFH þFcap þ � � � ð8:3Þ
The adhesion force between two materials may therefore depend not only on
the materials themselves but also on the ambient conditions. For micro- and
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nanocontacts, capillary condensation and thus the relative humidity may have a
strong influence on the adhesion force. In such cases, a description with a simple
value of interaction energy per unit area will fail, and an explicit calculation of forces
for a given contact geometry will be mandatory.

Furthermore, the assumption of rigid bodies is in most cases a too strong
simplification to correctly describe adhesion between solids. Bodies in contact will
deform due to either external or surface forces. This means for understanding the
phenomenon of adhesion, we need to know not only the adhesion energy of the
materials but also the deformations. In this chapter, we will first discuss the surface
energy of solids and its connection to adhesion. Then, we will give an overview of the
classical theories of contact mechanics and finally discuss important parameters
influencing adhesion.

8.1
Surface Energy of Solids

For liquids, the energy dW necessary to increase the surface area by an increment dA
is

dW ¼ cLdA: ð8:4Þ
This means that for liquids, surface energy and surface tension are identical. The
increase in surface area in a liquid is directly related to an increase in the number of
molecules at the surface while keeping the area permolecule sA constant. When this
concept is applied to solids, a problem arises. The surface area of a solid can be
increased by two possible routes. Thefirst is to increase the number ofmoleculesN at
the surface just as in the case of the liquid, the second one is an elastic stretching of
the surface, which increase the value of sA without changing the number of surface
molecules. This means the surface energy cS will have both elastic and plastic
contributions. With each surface molecule, an excess energy ES is associated. The
surface energy is then given as ES=sA. The work done to increase the surface area by
dA is

dW ¼ cSdA ¼ dðESNÞ ¼ ES
@N
@A

dAþN
@ES

@A
dA; ð8:5Þ

which is equivalent to

cS ¼ ES
@N
@A

þN
@ES

@A
: ð8:6Þ

When considering a purely plastic change in surface area, sA stays constant. Thus,
the change in surface area is dA ¼ sAdN and we obtain

@ES

@A

� �
plastic

¼ @ES

@ðNsAÞ
����
sA

¼ 1
sA

@ES

@N
¼ 0; ð8:7Þ
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which is equal to zero since the excess energy per molecule does not depend on the
total number of molecules. For the surface intensive parameter, we obtain

cSplastic ¼ ES
@N
@A

� �
plastic

¼ ES
@A=sA
@A

����
sA

¼ ES

sA
� cS: ð8:8Þ

In the case of a plastic deformation, the change in surface energy is similar to that of a
liquid. We call it surface tension and use the symbol cS if we have to deal with several
phases and want to explicitly denote the surface tension of the solid.

For a purely elastic deformation, N is constant and any change in surface area is
due to a change in the area per molecule: dA ¼ N dsA. Since @N=@A ¼ 0, we write
Eq. (8.6) as

cSelastic ¼ N
@ES

@A

� �
elastic

¼ N
N
@ES

@sA

����
N

¼ @ES

@sA
: ð8:9Þ

Inserting the result of Eq. (8.8) into Eq. (8.9) leads to

cSelastic ¼
@ðcSsAÞ
@sA

¼ cþ sA
@cS
@sA

; ð8:10Þ

which is the so-called Shuttleworth equation [837].
For a purely elastic increase in surface area, the elastic strain eelastic is identical to

dA=A ¼ dsA=sA and we get

cSelastic ¼ cS þA
@cS
@A

¼ cS þ
@cS
eelastic

: ð8:11Þ

The change in surface energy equals the sum of the surface tension c and its
derivative with respect to the elastic surface strain @c=@eelastic or

cSelastic � U ¼ cS þ
@cS

@eelastic
: ð8:12Þ

The quantity U is also called surface stress. With this formulation of the Shuttleworth
equation, the surface stress is given as both the sumof surface tension and the change
of surface tension c with the elastic strain eelastic.

In general, we have plastic and elastic creation of new surface area concurrently. By
replacing ES with cSsA in Eq. (8.6), we obtain

cS ¼ cSsA
@N
@A

þN
@ðcSsAÞ

@A
¼ cSsA

@N
@A

þNcS
@sA
@A

þNsA
@cS
@A

: ð8:13Þ

With dðNsAÞ ¼ NdsA þsAdN and A ¼ NsA, we get

cS ¼ cS
@ðNsAÞ
@A

þNsA
@cS
@A

¼ cS þ
@cS
@etot

: ð8:14Þ

To highlight plastic and elastic contributions, we rewrite Eq. (8.14), using
@A=@A ¼ @ðAelastic þAplasticÞ=@A and detot ¼ dA=A:
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cS ¼ cS
@ðAelastic þAplasticÞ

@A
þA

@cS
@Aelastic

@Aelastic

@A

¼ cS
@Aplastic

@A
þ cS þA

@cS
@Aelastic

0
@

1
A @Aelastic

@A

¼ cS �
deplastic
detot

þU � deelastic
detot

:

ð8:15Þ

The change in the Gibbs energy is given by the reversible work cSdA required to
expand the surface against the surface tension cs and the surface stress U.

8.1.1
Relation Between Surface Energy and Adhesion Energy

Let us carry out the following thought experiment: we take a crystalline block of
material with cross-sectional area A and cleave it in the middle (step 1 in Figure 8.1).
This corresponds to breaking all bonds in the cleavage plane to create a new surface
area of 2A.

The surface energy of the crystal would then be given by

cS ¼ NBEB=2A; ð8:16Þ

whereNB is the number of bondswithin the cross-sectional areaA and EB is the bond
energy.

Example 8.1

The energy per bond between two carbon atoms in diamond is 376 kJmol�1. If
we split diamond at the (111) face, then 1:83� 1019 bonds per m2 break. Thus,

Step. 1 Step. 2

Figure 8.1 Cleavage of a crystal: thought experiment for the calculation of the surface energy.
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cS � 376 kJ mol�1 � 1:83� 1019 m�2

ð2� 6:02� 1023 mol�1Þ ¼ 5:7 Nm�1:

This simple calculation demonstrates that the surface energies of solids can be
much higher than the corresponding values of liquids.

However, only considering step 1 in Figure 8.1 to estimate the surface energy of a
solid will lead to wrong results. Usually, the structure of crystal surfaces will not be
that of a simple half of a bulk crystal. The first few molecular layers will usually
undergo a structural change called surface relaxation, as indicated in step 2 of
Figure 8.1 or a so-called surface reconstruction as (Figure 8.2).

The corrected surface energy taking surface relaxation and reconstruction account
should then be equal to half the adhesion energy between the two halves of the
material, which is called the cohesive energy of the material.

If we separate two blocks of different materials 1 and 2, the energy difference that
equals the adhesive energy (also called Dupr�e1) work of adhesion) will be given by

wadh ¼ cS1 þ cS2�c12; ð8:17Þ
where c12 is the interfacial energy for materials 1 and 2 in contact and cS1;2 are their
respective surface energies.

In principle, the relation between adhesion energy wadh given by Eq. (8.17) is
reasonably justified from a thermodynamical point of view. However, in practice
experimental adhesion forces may be significantly lower than expected from surface
energies determined by other independent methods. This discrepancy is in most
cases due to the fact that real surface have a certain surface roughness and often are
more or less contaminated by adsorbates. Under ambient conditions, capillary forces
may also contribute significantly and in such a situation, surface energies may
contribute only indirectly via the respective contact angles (see chapter 5). Therefore,
inmany practical situations, the adhesion energywadh should be seen as a parameter
to characterize the adhesion strength of a given system rather than a material
constant.

Figure 8.2 Typical reconstructions of face-centered cubic (110) surfaces.

1) Athanase Dupr�e, 1808–1869, French mathematician, professor at the University of Rennes.
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8.1.2
Determination of Surface Energies of Solids

Determining surface energy parameters such as the surface tension, the surface
stress, the internal surface energy, and so on is a difficult task. This is partly due to the
fact that different methods probe different parameters and results cannot be
compared directly. In addition, solid surfaces are usually not in equilibrium.

Bonds in covalent solids are dominated by short-range interactions. The internal
surface energy is simply calculated as half the energy necessary to split the bonds that
pass through a certain cross-sectional area. This is called the nearest-neighbor broken
bond model. The Gibbs free surface energy is not much different from this value
because, at room temperature, the entropic contribution is usually negligible.

Noble gas crystals are held together only by van der Waals forces. To calculate their
surface energy,weproceed as indicated inFigure8.1. In a thought experiment,we split
the crystal and calculate the required work. In the second step, we allow themolecular
positions to rearrange according to the new situation. The final value of the surface
energy will, therefore, be lower than that obtained from the cleavage step alone.

Examples of the surface energies for noble gas crystals at 0 K are given in Table 8.1.
The fact that a range of values is given is due to different crystal planes that lead to a
variation in the surface energies cs.

A similar calculation can be carried out for ionic crystals (Table 8.2). In this case, the
Coulomb interaction is taken into account, in addition to the van derWaals attraction
and the Pauli repulsion. Although the van derWaals attraction contributes little to the
three-dimensional lattice energy, its contribution to the surface energy is significant
and typically 20–40% [838]. The calculated surface energy is sensitive to the particular
choice of the interatomic potential.

For metals, there are two methods used to calculate their surface energy. (1) As in
the case of noble gases and ionic crystals, the surface energy is calculated from the
interaction potential between atoms. (2) Alternatively, we can use the model of free
electrons in a box, whose walls are the surfaces of the metal.

There are only a few and often indirect methods of measuring surface energy
parameters of solids. The problems are that surfaces contaminate and that they are
usually inhomogeneous. For a review, see Ref. [840].

. For low energy solids, such asmany polymers, the surface tension can be obtained
from contact angle measurements.

. From the value of the liquid: Wemeasure the surface tension of the melt and rely
on the fact that, close to the melting point the free surface enthalpy of the solid is
10–20% larger.

Table 8.1 Internal surface energies us of noble gas crystals.

Ne 19.7–21.2mNm�1

Ar 43.2–46.8mNm�1

Kr 52.8–57.2mNm�1

Xe 62.1–67.3mNm�1

A range is given because of different crystal orientations that lead to different surface energies.
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Table 8.2 Calculated surface tensions c and surface stressesU of ionic crystals for different surface
orientations compared to experimental results [839, 840].

Crystal Orientation ccalc cexp Ucalc Uexp

LiF (100) plane 480 340a) 1530
(110) plane 1047 407

CaF2 (111) plane 450a)

NaCl (100) plane 212 300a), 190b) 415 375
(110) plane 425 256

KCl (100) plane 170 110a), 173b) 295 320
(110) plane 350 401

All values are given in mNm�1.
a) From cleavage experiments.
b) Extrapolated from liquid.

. From the decrease in the lattice constant in small crystals caused by the compres-
siondue to the surface stress:The lattice spacings canbemeasuredwith thehelpof
X-ray diffraction or by LEED (low-energy electron diffraction) experiments.

. From the work necessary for cleavage: We measure the work required to split a
solid. The problem is that often mechanical deformations consume most of the
energy and that the surfaces can reconstruct after cleaving.

. From adsorption studies with the help of inverse gas chromatography.

. Frommechanical measurement of the surface tension: If the surface tension of a
solid changes, the surface tends to shrink (if U increases) or expand (if U
decreases). This leads, for instance, to the deflection of bimetallic cantilevers or
a contraction of ribbons.

. From the heat generated upon immersion: Material in the form of a powder with
known overall surface is immersed in a liquid. The free surface enthalpy of the
solid is set free as heat and can be measured with precise calorimeters.

8.2
Contact Mechanics

At the beginning of this section, we just want to recall some definitions and terms
relevant inmechanics of elastic solids. The stress acting on amaterial is defined as the
force per cross-sectional area:

s ¼ F
A
: ð8:18Þ

It has the units of Nm�2¼Pa. The strain is the amount of relative elongation of a
material

ex ¼ DLx
Lx

; ð8:19Þ
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where Lx is the total length of the object in x-direction andDLx is its change in length
in x-direction. Compression of a material corresponds to a negative strain. For an
isotropic elastic material, applying a stress sx acting only in x-direction result in a
strain of magnitude ex in x-direction, where

sx ¼ Eex ð8:20Þ
with the Young�smodulusE. Typical values of the Young�smodulus are some 10MPa
for rubbers, some GPa for polymers, around 200GPa for steel, and more than
1200GPa for diamond. Note that Eq. (8.20) is valid only within the elastic limit of the
materials, which means only for very small strains of e< 1%. This also implies that
applying stresses larger than �1% of the Young�s modulus leads to plastic defor-
mation or even failure of the material.

Most materials show the Poisson effect, which means when they are stretched in
one direction they will contract in the directions perpendicular to that direction. The
amount of contraction is characterized by the Poisson�s ratio n: for a material
stretched in x-direction, the contractions in y- and z-directions are given by

ey ¼ ez ¼ �nex: ð8:21Þ
The value of Poisson�s ratio for a perfectly incompressible material is n ¼ 0:5, which
is also the maximum value that n can take. Typical values of the Poisson�s ratio are in
the range 0.2–0.3. Rubbers have a value close to 0.5, and there exist even some special
materials with negative values of n (the theoretical limits are �1 � n � 0:5). For
isotropic materials, the general form of Eq. (8.21) (i.e., describing nonuniaxial
deformations) is given by

ex ¼ 1
e
½sx�nðsy þ szÞ	

ey ¼ 1
e
½sy�nðsx þ szÞ	

ez ¼ 1
e
½sz�nðsx þ syÞ	:

ð8:22Þ

A quantity often used in contact mechanics is the so-called reduced Young�s
modulus E
. For the contact between two materials 1 and 2, with Young�s moduli E1

and E2 and Poisson�s ratios of n1 and n2, it is defined as

E
 ¼ 1�n21
E1

þ 1�n22
E2

� ��1

: ð8:23Þ

In the case of an elastic material 1 and a rigid material 2, it simplifies to

E
 ¼ E1

1�n21
: ð8:24Þ

We will now give a short overview of the most important theories of contact
mechanics for linear elastic solids. For amore detailed discussion on these topics, we
refer to the comprehensive textbooks [841, 843] and reviews [842, 844, 845].
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8.2.1
Elastic Contact for a Flat Punch

Themost basic configuration for an elastic contact is the indentation of an elastic half-
space by a rigid axisymmetric frictionless punch. Frictionless means that we assume
that no shear stress can develop between the punch and the half-space. While
historically the first solution of such a problem was given by Hertz2) for the case of a
spherical indenter [846], we will start with a flat rigid cylindrical punch (Figure 8.3)
that was first worked out by Boussinesq in 1885 [847] and solved in all details by
Sneddon in 1946 [848].

For a cylindricalflat punch indentinganelastichalf-spacewith theflat sideparallel to
theplaneof thehalf-space, the contact area is simply givenbypa2, wherea is the radius
of the cylinder. For an applied load FL, the indentation d (i.e., the change in distance of
the center points beyond the first contact of the bodies) of the punch becomes

d ¼ 1�n2

E
FL

a
¼ FL

2aE
 : ð8:25Þ

Here, E and v are the Young�s modulus and Poisson�s ratio of the half space material.
The indentation of a flat punch on an elastic half-space is proportional to the applied
load. The contact area stays constant independent of load. We obtain a linear relation
between load and displacement with an effective spring constant of E � a/(1� n2)¼
E 
 a. The vertical surface displacement DzðrÞ of the elastic half-space is given by

DzðrÞ ¼ 1�n2

pE
FL
r
arcsin

a
r

� �
¼ 2d

p
arcsin

a
r

� �
for r � a ð8:26Þ

and

DzðrÞ ¼ d for r � a; ð8:27Þ

2) Heinrich Hertz, 1857–1984 German physicist, professor in Karlruhe and Bonn.
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Figure 8.3 Indentation of an elastic half-space by a flat cylindrical punch with contact radius a.
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as shown in Figure 8.3. Here r denotes the distance from the symmetry axis of the
punch that is vertical to the surface. In the limit of r � a, Eq. (8.27) converges to

DzðrÞ ¼ 1�n2

pE
FL

r
; ð8:28Þ

which is identical to the deformation profile of a single-point load. The vertical stress
szðrÞ is given as

szðrÞ ¼ � 1
2
FL
pa2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ðr=aÞ2

q for r < a; ð8:29Þ

szðrÞ ¼ 0 for r > a; ð8:30Þ

The negative sign is to indicate that for a positive applied load, the stress is
compressive. The vertical stress reaches half the applied pressure in the center of
the punch and diverges at the rim of the punch (Figure 8.4).

Since we have assumed frictionless contact, the surface of the elastic half-space is
free to slide below the indenting punch. The radial displacement of the surfacewithin
the contact area is given by

DrðrÞ ¼ � ð1�2nÞð1þ nÞ
2pE

FL
r

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�
� r
a

�2s2
4

3
5

¼ � d

p

1�2n
1�n

a
r

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�
� r
a

�2s2
4

3
5 for r < a:

ð8:31Þ
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Figure 8.4 Vertical stress sz in units of the applied pressure FL=pa2 for flat cylindrical punch with
contact radius a.
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The radial displacement outside the punch area is given by

DrðrÞ ¼ � ð1�2nÞð1þ nÞ
2pE

FL

r
for r > a: ð8:32Þ

The radial displacements Dr at the surface are plotted for different values of the
Poisson�s ratio in Figure 8.5. For a value of the Poisson�s ratio of 0.5, the radial
displacements vanish and the surface is deformed only vertically.

For the more general case of an elastic punch with Young�s modulus E1 and
Poisson�s ratio n1, indenting a half-space with Young�s modulus E2 and Poisson�s
ratio n2, the above equations simply have to be modified by replacing the reduced
Young�s modulus E=ð1�n2Þ for the single material by the reduced Young�s modulus
for two materials as defined by Eq. (8.23)

8.2.2
Adherence of a Flat Punch (Kendall)

If we introduce an adhesion between the surfaces of the flat punch and the
elastic half-space, all equations of Section 8.2.1 remain valid and can also be applied
for the situation where the load FL becomes negative, that is, a traction force
(Figure 8.6).

The equations will be valid only up to the point where the punch detaches from the
deformed surface of the elastic half-space. This will occur at some critical negative
load, which just equals the adhesion force Fadh. The value of Fadh can be obtained
from simple thermodynamic arguments as first shown by Kendall [849]. The
adherence will become instable, when the so-called energy release rate G equals
the adhesive energy per unit area wadh.

G ¼ @UE

@A
þ @UP

@A

� 	
FL

¼ wadh; ð8:33Þ
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Figure 8.5 Radial displacements�Dr=d for different values of the Poisson�s ratio n for indentation
of an elastic half-space by a flat cylindrical punch with contact radius a.
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where UE and UP are the elastic and potential energies and A is the contact area.
Equation (8.33) is known as Griffith�s criterion in fracture mechanics. For a given
applied load FL, the potential energy is applied

UP ¼ �FLd ¼ � F2
L

2E
 ð8:34Þ

and the stored elastic energy is

UE ¼
ð
FLðdÞdd ¼ 1

2
FLd ¼ F2

L

4E
 : ð8:35Þ

Using A ¼ pa2, we obtain the energy release rate as

G ¼ 1
2pa

@

@a
� F2

L

4aE


� 	
¼ F2

L

8pa3E
 ¼
E
d2

2pa
: ð8:36Þ

Combining Eqs. (8.33) and (8.36), we obtain

Fadh ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8pa3E
wadh

p
ð8:37Þ

as the adhesion force of a flat punch to an elastic half-space. Note that the adhesion
force depends non-linearily on the contact area and on the adhesion energy. For the
general case of an arbitrary axisymmetric punch shape, the energy release rate is
given by

G ¼ 1
E


ðF1�FLÞ2
8pa3

; ð8:38Þ

where FL is the load in the presence of adhesion that leads to a contact radius a and F1
is the load that would be necessary to obtain the same contact radius in the absence of
adhesion (wadh ¼ 0).
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Figure 8.6 Adherence of a flat cylindrical punch with contact radius a to an elastic half-space.
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8.2.3
Elastic Contact of Spheres: Hertz Model

The problem of the elastic contact of a flat cylindrical punch is less complex than that
of a sphere due to the fact that for theflat punch, the contact radius is just given by the
radius of the cylinder and thus known a priori. The problem of the elastic contact
between a sphere and a planar surface and between two spheres was solved by Hertz
in 1882 [846].Under the assumption that the contact radius a is small compared to the
sphere radii, that the contact is frictionless and no tensile stress exists within the area
of contact, Hertz derived an equation for the contact radius a between the spheres:

a3 ¼ 3FLR


4E
 ; ð8:39Þ

where E
 again is the reduced Young�s modulus (Eq. (8.23)) and R
 is the so-called
reduced radius defined as

1
R
 ¼

1
R1

þ 1
R2

: ð8:40Þ

The penetration d is given by

d ¼ a2

R
 ¼
9F2

L

16E
2R


� �1=3

: ð8:41Þ

Correspondingly, the force to achieve a certain penetration d is given as

FL ¼ 4
3
E
 ffiffiffiffiffiffi

R
p
d3=2: ð8:42Þ

For a rigid sphere indenting an elastic half-space, the vertical displacement of the half-
space outside the contact area is given by

DzðrÞ ¼ a2

pRP

ffiffiffiffiffiffiffiffiffiffiffiffi
r2

a2
�1

r
þ 2� r2

a2

� �
arcsin

a
r

" #
for r > a; ð8:43Þ

as shown in Figure 8.7.
The vertical stress distribution in the contact follows an elliptical shape:

sz ¼ 3
2
FL
pa2

ffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

a2

r
; ð8:44Þ
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Figure 8.7 Contact geometry between a rigid sphere and an elastic half-spacewith contact radius a
as derived from the Hertz theory.
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which corresponds to a maximum contact pressure in the center of the contact of

pmax ¼ 3
2
FL
pa2

¼ 3
2
P0 ð8:45Þ

which is 1.5 times the value of the average contact pressure P0 (Figure 8.8).
The indentation force increases with a power of 3/2 with indentation depth. The

contact area pa2 increases as F2=3
L and the mean contact pressure FL=pa2 increases

with applied load as F1=3
L . In contrast to the flat punch case, the contact does no longer

act as a linear spring sinceFL is proportional tod
3=2 due to the fact that the contact area

changes with load. The effective spring constant or contact stiffness can be defined as
the slope of the curve FLðdÞ:

dFL

dd
¼ d

dd
4
3
E
 ffiffiffiffiffiffi

R
p
d3=2 ¼ 2E
 ffiffiffiffiffiffiffiffi

R
d
p

¼ 2E
a: ð8:46Þ

This is twice the value of that for a flat cylindrical punch with the same contact radius
a. The elastic energy UE stored for a given indentation d can be calculated from

UE ¼
ð
FLðdÞdd ¼

ð
4
3
E
 ffiffiffiffiffiffi

R
p
d3=2dd ¼ 2

5
4
3
E
 ffiffiffiffiffiffi

R
p
d5=2 ¼ 2

5
FLd: ð8:47Þ

Deriving of the above equations, theHertz theory assumes that a 
 R. This will in
most practical cases be fulfilled since for larger indentationsmaterialswill often beno
longerwithin their elastic limit and theHertz theory does not apply. Indentation of an
elastic half-space by a spherical indenter with radiusRPwas studied by Sneddon [850]
and Ting [851] who derived equations without the approximation a 
 RP :

d ¼ a
2
ln

RP þ a
RP�a

ð8:48Þ

FL ¼ E
 R2
P þ a2

2
ln

RP þ a
RP�a

� �
�aRP

� 	
: ð8:49Þ

A comparison of their results with those of Hertz shows that for values of a=RP of up
to 0.4, the Hertz theory is an excellent approximation.
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Figure 8.8 Vertical stress (contact pressure) between a sphere and an elastic half-space forming a
contact with radius a.
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8.2.4
Adhesion of Spheres: JKR Theory

The Hertz theory allows to calculate the contact shape and forces between spheres
under the influence of an external force. It does not include any surface force and
therefore does not lead to an expression for the adhesion force. When moved apart,
the bodies separate at the point where d ¼ 0 and a ¼ 0 without any adhesion force. A
first model to include adhesive forces based on the Hertz theory was introduced by
Derjaguin in 1934 [84]. He assumed that the contact shape is that given by the Hertz
theory and that the total energy of the system is the elastic energy as givenby theHertz
model minus the energy due to the formation of the contact area pa2. In Derjaguin�s
model, the force to achieve a certain indentation d is reduced by

FðdÞ ¼ FLðdÞ�pR
wadh; ð8:50Þ
where FL is the corresponding value of the load in the Hertz model as defined
in Eq. (8.42). Separation of the surfaces therefore occurs at a pull-off or adhesion
force of

Fadh ¼ �pRwadh ð8:51Þ
and a contact radius of a ¼ 0. Note that this force is smaller by a factor of 2 than the
value calculated by Bradley as well as that resulting from the Derjaguin approxima-
tion, which was introduced in the same paper [84].

An extension of the Hertz theory taking adhesive interactions and their influence
on the contact shape into account was introduced in 1971 by Johnson, Kendall and
Roberts [852] and it has become well known as the JKR theory. Their basic
assumption was to take into account adhesive interaction only within the contact
zone and neglect any interactions outside the contact zone.

To calculate the penetration d for adhesive interactions, they suggested the thought
experiment sketched inFigure 8.9. Let us assume that the spheres forma contactwith
radius a in the presence of adhesion and an external load FL. We define F1 as the
loading force necessary to obtain the same contact radius a for a Hertzian contact
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Figure 8.9 Loading (0–A) and partial unloading (A–B) process for deriving indentation and elastic
energy in the JKR model.
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without adhesion. According to Eq. (8.42) and Eq. (8.41),

F1 ¼ 4
3
E
 ffiffiffiffiffiffi

R
p
d3=2 ¼ 4

3
a3E


R
 ð8:52Þ

When loading the contact up to the force F1 in the absence of adhesion (wA ¼ 0), we
follow theHertzian PðdÞ curve from 0 to A. At A, we have the contact radius a and the
indentation d1 ¼ a2=R
 and the stored elastic energy is (Eq. (8.47))

UðAÞ
E ¼ 2

5
F1a2

R
 ¼ 2
5
F1d1: ð8:53Þ

We now start to decrease the load down to a value FL while simultaneously
increasing the adhesion energy to its value wA so that the contact area stays
constant. Reducing the load at constant a corresponds to the unloading of a flat
punch and follows the straight lineA–B. The change in indentation along this line is
given by Eq. (8.25):

Dd ¼ F1�FL

2aE
 ð8:54Þ

and the change in elastic energy is given by the area of the trapezium ABCD:

DUE ¼ Dd
F1 þFL

2
¼ 1

4aE
 ðF2
1�F2

LÞ: ð8:55Þ

The indentation d in the presence of adhesion is given by

d ¼ d1�Dd ¼ a2

3R
 þ FL
2aE
 ð8:56Þ

The elastic energy at point B is

UE ¼ UðAÞ
E �DUE ¼ F2

L

4aE
 þ 4a5E


45R
2 : ð8:57Þ

The last result was obtained by combining Eqs. (8.52), (8.53) and (8.55). The
distribution of the normal stress sz across a JKR contact is just the sum of the
distributions for aHertzian contact with compressive loadF1 and aflat punchwith a
tensile load F1�FL (Figure 8.10):

szðrÞ ¼ F1�FL

2pa2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�ðr=aÞ2
q � 3

2
F1
pa2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ðr=aÞ2

q
: ð8:58Þ

The inner circle of the contact area will be under compressive stress, whereas outer
annular zone will be under tensile stress. The radius of the inner compressed zone
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is given by

r 0 ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�F1�FL

3F1

r
: ð8:59Þ

The tensile stresses go to infinity at the rim of the contact, but the total stress
integrated over the whole contact area remains finite. Outside the contact area, the
vertical stress is zero since the JKR model assumes that no surface forces act
outside the contact area. The infinite stresses at the edge of the contact are
physically not possible. Obviously, the description of that region down to
molecular scales by a continuum model as the JKR theory cannot be realistic.
As soon as one assumes realistic interaction potentials between the molecules at
the rim of the contact, these singularities will disappear. However, such detailed
models will usually be too complicated to allow their routine use in contact
mechanics.

The vertical displacement outside the contact area is the sum of the displace-
ment of a Hertzian contact under load F1 and a flat punch under a tensile force
of F1�FL.

Dz ¼ 1
E


F1�FL

pa
arcsin

a
r

� �
þ a2

pR


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� r
a

�2
�1

r
þ
�
2�
� r
a

�2�
arcsin

�� a
r

�2�" #
:

ð8:60Þ
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Figure 8.10 Vertical stress (contact pressure)
between a sphere and an elastic half-space
forming a contact with radius a. The stress
distribution according to the JKR theory (solid

line) is the sum of a Hertzian contact pressure
(dashed line, compressive stress) and a flat
punch contact stress (dotted line, tensile
stress).
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Compared to a Hertzian contact, the indentation depth and contact radius are
increased. While for the Hertzian contact, the surface contacts the sphere tangen-
tially, it forms a right angle in the JKR case (Figure 8.11). This leads to the
characteristic shape of the JKR contact with a small neck at the edge of the contact
zone (Figure 8.11).

The energy release rate is given by Eq. (8.38) as

G ¼ 1
E


ðF1�FLÞ2
8pa3

ð8:61Þ

¼ ð4a3E
=3R
�FLÞ2
8pa3E
 ð8:62Þ

¼ E


2pa
d� a2

R


� �2

: ð8:63Þ

Combining Griffith�s criterion (8.33) with Eq. (8.61)

ðF1�FLÞ2 ¼ 8pa3E
wadh: ð8:64Þ

Expressing F1 and FL as dimensionless quantities F1=3pwAR and FL=3pwAR and
using Eq. (8.52), we obtain

F1

3pwadhR
 �
FL

3pwadhR


� �2

¼ 8pa3E
wadh

ð3pwadhR
Þ2 ¼
8a3E


9pwadhR
2 ¼
2F1

3pR
wadh
: ð8:65Þ

This quadratic equation is solved by

F1 ¼ FL þ 3pwadhR

 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6pwadhR
FL þð3pwadhR
Þ2

q
: ð8:66Þ
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Figure 8.11 Profiles of the contact of a rigid sphere with an elastic half-space for the Hertz (dotted
line) and JKR model (solid line). The insets show the rim of the contact zones in detail.
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From the stability condition that @G=@A > 0, it can be shown that only the positive
determinant in Eq. (8.66) has to be taken into account. By using again Eq. (8.52), to
replace F1 with a3, we obtain the JKR equation for the contact radius

a3 ¼ 3R


4E
 FL þ 3pwadhR

 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6pwadhR
FL þð3pwadhR
Þ2

q� �
: ð8:67Þ

Thefirst summand in this equation is identical to theHertzian contact radius defined
in Eq. (8.39), the second and the third one are due to the adhesive interaction and lead
to an increased contact radius compared to the adhesionless case. By using again
Griffith�s criterion (8.33) in combination with Eq. (8.63), we obtain the equation for
the JKR indentation

d ¼ a2

R
 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pawadh

E


r
: ð8:68Þ

The relation between load and contact radius is given by

FLðaÞ ¼ 4E
a3

3R
 �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pE
wadha3

p
: ð8:69Þ

For zero external load FL ¼ 0, we obtain the contact radius from Eq. (8.62) with
G ¼ wadh:

a0 ¼ 9pwadhR
2

2E


� �1=3

ð8:70Þ

and the indentation

d0 ¼ a20
3R
 ¼

p2w2
adhR




E
2

� �1=3

: ð8:71Þ

The pull-off occurs at a negative loading force FL ¼ �F1 ¼ Fadh. Using Eq. (8.65) we
obtain the adhesion force:

Fadh ¼ � 3
2
pwadhR


: ð8:72Þ

At pull-off, the contact radius is given as

amin ¼ 9
8
pwadhR
2

E


� �1=3

¼ 0:63a0 ð8:73Þ

and the height of the neck (¼negative indentation) as

dmin ¼ � p2w2
adhR



64
3 E


2

 !1=3

: ð8:74Þ
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While the contact radius (Eq. 8.73) and neck height (Eq. 8.74) depend on the reduced
Young�smodulusE
, the expression for the adhesion force (Eq. 8.72) does not depend
on the elastic properties of the materials. This result is counter-intuitive, since for a
soft material, a larger deformation will occur and the contact area will be larger and
onemight expect a higher value of Fadh. However, when pulling the two bodies out of
contact, the stored elastic energy will be recovered. This balance between adhesive
and elastic energy leads to the independence from the Young�s modulus. The
adhesion force given by Eq. (8.72) is smaller than the value calculated by Bradley
for rigid materials (Eq. (8.1)). Since Eq. (8.72) does not depend on the value of E
, it
should also hold for the limit of rigid bodies. This clear contradiction gave rise to
strongdiscussions about the validity of the JKR theory.Wewill comeback to that issue
at the end of the next section.

8.2.5
Adhesion of Spheres: DMT Theory

Soon after the introduction of the JKR theory,Derjaguin,Muller, and Toporov in 1975
[854] came up with an alternative contact model that became known as the DMT
theory. As in the Derjaguin model from 1934 [84], they assumed that within the
contact, the stresses and deformations are given by theHertz theory but that attractive
surface forces acting in an annular zone around the contact (Figure 8.12). The
additional load induced by the surface forces with that so-called cohesive zone can be
calculated by using the Derjaguin approximation. This force is then simply added as
an additional load to obtain the correct indentation and contact area from the Hertz
theory. It is assumed that the surface forces do not deform the surfaces outside the
contact area and thus the surface profile is the same as for a Hertzian contact (see
Figure 8.7).
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Figure 8.12 Stress distribution for theDMTmodel. In an annular zoneoutside the contact area, the
so-called cohesive zone, surface forces lead to a tensile stress. Within the contact zone, the stress
distribution is that of a Hertzian contact.
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The pull-off in theDMTtheory occurs at zero contact radius and the adhesion force is
given by

Fadh ¼ �2pwadhR

; ð8:75Þ

In their original paper, DMT used a thermodynamic approach to calculate the
contribution of the adhesion energy. They found that the surface forces give an
additional contribution of 2pwadhR
 to the normal load at zero indentation that
decreases topwadhR
 with increasing indentation d. In a later paper [855], the authors
used a force balance calculation and found that the additional load increases with
indentation, starting from a value of 2pwadhR
 for zero indentation. In his calcula-
tions on the JKR–DMTtransition,Maugis (see Section 8.2.6) used afixed that value of
2pwadhR
. Most references to theDMT theory actually refer to this formulation of the
DMT theory that was introduced by Maugis.

The radius of contact at zero external load (FL ¼ 0) for that variant of the DMT
theory is

a0 ¼ 3pwadhR
2

2E


� �1=3

: ð8:76Þ

Note that the value of the adhesion force in theDMT theory is identical to the value
obtained by Bradley and in contradiction to the JKR result. This discrepancy between
JKR and DMT theories caused some debate. Both theories have obvious limitations.
The JKR theory does not account for surface forces outside the contact zone but
allows deviations from the Hertzian contact shape. The DMT model takes into
account the surface forces outside the contact area but not the deformations due to
these forces. Therefore, onemight expect that the JKRmodel is more appropriate for
the case of large soft spheres and high surface energies, whereas the DMTmodel
should be better suited for the case of small rigid spheres and low surface energies,
where deformations close to the contact zone should remain small. This was put on a
more quantitative basis by Tabor in 1977 [856], who recognized that a consequence of
the neck formation in the JKR theory is that the gap width increases steeply outside
the contact, rendering surface forces outside the contact area ineffective. He
concluded that the JKR theory should apply if the neck height is of order or larger
than the range of the action of the surface forces. He introduced the so-called Tabor
parameter

mT ¼ w2
adhR




E
2D3
0

� �1=3

; ð8:77Þ

which is the ratio between the neck height at separation (Eq. (8.74)) and the typical
range of the surface forces, whichwas set equal to the equilibriumatomic distance z0.
For values of mT 
 1, the DMT theory should be valid and for mT � 1, the JKR theory
should be applicable. In 1980, Muller et al. [853] showed by numerical calculations
using a Lennard–Jones interaction potential between the molecules that there is
indeed a transition between the two theories and that is governed by the value of the
parameter mT.
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Example 8.2

A silicon oxide sphere with 20 mm diameter sits on a silicon oxide surface.
Estimate the contact radius at zero external force and calculate the adhesion
force.E ¼ 5:4� 1010 Pa, n ¼ 0:17, cS ¼ 50mNm�1, densityr ¼ 2600 kgm�3.
WithR1 ¼ 10 mmandR2 ¼ 1, the effective particle radius isR
 ¼ R1 ¼ 10m.

1
E
 ¼ 2 � 1�0:172

5:4� 1010 Pa
YE
 ¼ 2:8� 1010 Pa:

The contact radius is estimated using the JKR model. Without external forces,
we have

a3 ¼ 3
4
� 10�5 m

2:8� 1010 Pa
� ð6p � 2 � 0:05 Nm�1 � 10�5 mÞ

¼ 5:05� 10�21 m3Ya ¼ 1:71� 10�7 m:

The neck height is

hn � 0:052 N2 m�2 � 10�5 m

ð2:8� 1010 PaÞ2
 !1=3

¼ 3:2� 10�10 m:

The neck height is about as large as an atomic diameter. Therefore, the DMT
model is suitable and the adhesion is

Fadh ¼ �4p � 0:05 Nm�1 � 10�5 m ¼ �6:3 mN

8.2.6
Adhesion of Spheres: Maugis Theory

Another approach to the problem of the JKR–DMT transition was introduced by
Maugis in 1992 [857]. By using aDugdale potential (Figure 8.13)Maugis could derive
a set of analytical equations that describe the transition between the JKR and DMT
limits. The Dugdale potential simply has a hard wall response at distance z0 and a

0

t

Distance

z0aera/ecroF

Figure 8.13 Dugdale potential used in the Maugis theory.
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constant attractive interaction s0 over a certain distance dt; it is zero for distances
greater than z0 þdt. The values ofs0 and dt are chosen such that s0dt ¼ wadh and that
s0 matches the minimum adhesive stress of a Lennard–Jones potential with
equilibrium distance z0, which implies that dt ¼ 0:97z0.

The transition in the Maugis model is governed by the parameter mM defined as

mM ¼ 2s0

ð16pwadhE
2=9R
Þ1=3
: ð8:78Þ

Since s0dt ¼ wA and dt ¼ 0:97z0, the transition parameter l is almost identical to the
one defined by Tabor:

mM ¼ 1:1570 mT ð8:79Þ
Maugis introduced the dimensionless variables �a for the contact radius �FL for the

load, and �d for the indentation defined as

�a ¼ a

ð3pwadhR
=4E
Þ1=3
; ð8:80Þ

�FL ¼ FL

pwadhR
 ; ð8:81Þ

�d ¼ d

16p2w2
adhR


=9E
2 : ð8:82Þ

For spheres that are soft and have a large radius, mM will become large and this should
correspond to the JKR limit. For small, hard spheres, mM ! 0 corresponding to the
DMT limit. Using this set of variables, the Hertz equations reduce to

�a ¼ �FL
1=3

; ð8:83Þ

�d ¼ �a2: ð8:84Þ
The JKR equations are

�a3 ¼ �FL þ �a
ffiffiffiffiffi
6�a

p
; ð8:85Þ

�d ¼ �a2 þ 2�FL

3�a
¼ �a2� 2

3

ffiffiffiffiffi
6�a

p
: ð8:86Þ

The governing equations based on the Dugdale potential were found by Maugis
as

�FL ¼ �a3�mM�a
2

ffiffiffiffiffiffiffiffiffiffiffiffi
m2�1

p
þm2arctan

ffiffiffiffiffiffiffiffiffiffiffiffi
m2�1

p� �
; ð8:87Þ

�d ¼ �a2� 4
3
�amM

ffiffiffiffiffiffiffiffiffiffiffiffi
m2�1

p
; ð8:88Þ
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mM�a
2

2

ffiffiffiffiffiffiffiffiffiffiffiffi
m2�1

p
þðm2�2Þarctan

ffiffiffiffiffiffiffiffiffiffiffiffi
m2�1

p� �h i

þ 4m2M�a
3

ffiffiffiffiffiffiffiffiffiffiffiffi
m2�1

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffi
m2�1

p� �
�mþ 1

h i
¼ 1; ð8:89Þ

where m is the ratio of the radius c ¼ aþ dt of the adhesive zone and the contact
radius a:

m ¼ c=a: ð8:90Þ
The implicit character of the Maugis equations makes a somewhat evolved

procedure necessary to plot the relations between load, contact radius, and inden-
tation. For a given value of the parameter mM and contact radius a, one can use Eq.
(8.89) to obtain the corresponding value of m. This value is then plugged into Eqs.
(8.87) and (8.88) to calculate the desired quantities. In Figures 8.14–8.16, the relations
between different quantities for several values of mM are plotted together with the
limiting cases of the Hertz, JKR, and DMT theories. Note that the curves in these
figures correspond to the full set of values obtained form these equations. Some parts
of the curves, however, will be of no physical relevance, since the surfaces will
separate before, as described in the figure captions.

From the shapes of the curves in Figures 8.14–8.16, we can conclude that the JKR
model is already a good approximation for values of mM > 3. To justify the use of the
DMTmodel, the value of mM should be at least lower than 0.1 but better even lower
than 0.01. Especially in Figure 8.16, it becomes obvious that prediction of the DMT
model that the rupture of the contact occurs at zero contact radiuswill be fulfilled only
in the limit of mM ! 0, which corresponds to the hard sphere limit of Bradley.
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Detailed numerical calculations carried out by Greenwood [858] and Feng [859]
showed reasonable agreement of the Maugis–Dugdale equations with their calcula-
tions using a Lennard–Jones potential and that indeed JKR is a good approximation
for mM > 3. For theDMTmodel, they found that theDMTequations give a reasonable
description of the data only for the limit mM ! 0,where they coincidewith the simpler
Bradleymodel. Amap for the range of validity for the different elastic contact models
was proposed by Johnson and Greenwood [860].

The use of theMaugis–Dugdale equations to fit experimental data is cumbersome
due to their implicit character and poses the question how to determine the
appropriate value of mM for a given experiment. Therefore, simpler analytical
expressions have been developed for the relation between load and contact radius
by Carpick et al. [861] and for the dependence of indentation on load by Pietrement
and Troyon [862]. A more general approach by Schwarz [863] was based on a linear
superposition of the JKR andDMTsolutions, where the total adhesive interactionwas
split up in a short-range component wadh1 (JKR) and a long-range component wadh2

(DMT)withwadh ¼ wadh1 þwadh2. In thismodel, no additional transition parameter is
introduced, but the value of the adhesion force depends on the relative contributions
of adhesive interaction:

Fadh ¼ � 3
2
pR
wadh1�2pR
wadh2: ð8:91Þ

The relations for contact area, indentation, and vertical stress distributionwere found
to be

a ¼ 3R


4E


� �1=3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Fadh þ 6pwadhR


p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FL�Fadh

p� �2=3
; ð8:92Þ

d ¼ a2

R
 �4
ffiffiffiffiffiffi
pa

p
4E
 Fadh

pR
 þ 2wadh

� �
; ð8:93Þ

szðrÞ ¼ 4E
a
2pR


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r

a

� �2r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4E


pa
Fadh

pR
�2wadh

� �s
1� r

a

� �2� ��1=2

: ð8:94Þ

8.3
Influence of Surface Roughness

All the equations derived for contact models discussed so far were valid for the
assumption of perfectly smooth surfaces. Surface roughness will have a pronounced
influence on adhesion. First, adhesion limits the average distance of closest approach
between two bodies and thus reduces the interaction. Second, bringing the two rough
bodies in close contact involves the deformation of the highest surface asperities. The
elastic energy stored during this process will be released again during separation of
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the bodies. A combination of both effects has the consequence that adhesion between
rough solids with a high Young�smodulus will almost disappear [865]. The extension
of contactmechanicmodels for single spheres to rough surfaces canbe accomplished
by a statistical description of the surface asperities that are modeled as spherical
protrusions with a certain height distribution. A well-known example is that of
Greenwood andWilliamson [864] that will be discussed in Section 9.1.1 in the context
of friction forces between rough surfaces. Based on this concept, Fuller and Tabor
[865] developed theirmodel of adhesive contact of rough surfaces by assuming a JKR-
type interaction for each of the contacting asperities. A central quantity in theirmodel
was the so-called adhesion index, which is the ratio of adhesion force to the elastic
force needed to push the contacting sphere by a depth s into the surface. The quantity
s is the standard deviation of the assumedGaussian height distribution of the surface
asperities. Limitations of this model are that it is valid only for situations where the
real contact area (i.e., the areawhere the surfacesmake real contactwith the deformed
asperities) is a small fraction of the apparent (projected) contact area and that it
assumes that contact breaks uniformly across the apparent contact area. In reality, the
latter assumption will usually not be fulfilled since rupture will typically occur by
crack propagation.

Another example of models that use the approximation of real surface profiles by
spherical asperities is that of Rumpf [866], where the adhesion between a spherewith
radius RP and a rough surface with asperities of radius ra due to van der Waals
interaction is given as

Fadh ¼ �AH

6
ra
D2

0

þ RP

ðra þDÞ2
" #

; ð8:95Þ

whereD0 is the atomic distance for closest possible approach between surfaces. The
description of surface roughness by a single asperity radius is very simplistic.
Rabinovich et al. [867] characterized surface roughness by two parameters, root
mean square roughness rrms and average lateral distance d between asperities (with
d � rrms), and found that

Fadh ¼ �AHRP

6D2
0

1

1þ 32cRPrrms

d2
þ 1

1þ crrms
D0

� �2
2
64

3
75; ð8:96Þ

where c is proportionality factor (c ¼ 1:817). This model was found to lead to a more
realistic description of adhesion forces for their AFM experiments [868].

Adifferent approach to the characterization of surface roughness uses fractals. The
basic idea was introduced by Archard [869] even before the term fractals was coined.
Majumdar and Bhushan [870] noticed that surfaces often exhibit roughness on
different length scales and could best be described as self-affine. Corresponding
theories that link the fractal dimension of the surface with the dependence of true
contact area on applied load have been developed recently by the groups of Persson
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[871] and Robbins [872]. They predict an exponential increase of load with increasing
indentation:

FL / expð�d=d0Þ; ð8:97Þ
where d0 depends on the nature of the surface roughness (being of the order of the
rms roughness) and is independent of FL. Such an exponential relation between
repulsive force and distance for randomly rough surfaces was confirmed experi-
mentally with the SFA (but not for surfaces with regular patterns) [872] and for the
contact between elastomers with an asphalt surface [873].

8.4
Adhesion Force Measurements

Due to the high practical relevance of adhesion forces in industrial and everyday
applications, a broad spectrum of experimental methods tomeasure adhesion forces
has been established and there are, for example, standardized procedures such as
peel tests for adhesive tapes or tack tests for pressure-sensitive adhesives. We will
focus here on some representative examples of experimental work targeted toward a
fundamental understanding of contact mechanics and adhesion phenomena.

The adhesion of spherical particles to surfaces has, for instance, beenmeasured by
a centrifuge formore than 40 years (Figure 8.17). A significant part of our knowledge
about the behavior of powders stems from such experiments [875]. The centrifugal
force, which is required to detach particles from a planar surface, is measured
[875–878] by mounting the surfaces on an ultracentrifuge and rotating them at a
defined speed. Detachment force of particles is determined from pictures of the
surfaces taken after each run with increasing speed of rotation. Particle size and
centrifugal force needed to remove the particle are obtained by digital image analysis.
Usually, the detachment forces of many particles are measured in a single series of
runs, allowing statistical evaluation of the data. This is especially useful in the case of
irregularly shaped particles where the contact area and adhesion force will depend on
the random orientation of the particles relative to the surface. The centrifuge
technique has been used to characterize the behavior of powders for the pharma-
ceutical or food industry.When tilting the surfaces towhich the particles are attached,
the centrifuge technique can also be used to study friction forces. There are, however,
disadvantages of this technique also. One disadvantage is that the rotational speed of
the available ultracentrifuges is limited due to the material stability of the rotor. This

Figure 8.17 Schematic of the centrifuge method to determine adhesion forces of particles on
surfaces. Friction forces can also be analyzed when the particles are placed on a horizontal surface.
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restricts adhesion measurements using the centrifuge method to particles larger
than a few microns. Otherwise, the centrifugal force is not strong enough to detach
the adhering particles from the surface. In addition, the contact time and load are
difficult to vary. In particular, contact times shorter than some 10 minutes cannot be
realized.

For soft materials and large radii of curvature, the JKR theory predicts contact
radii in a range where direct optical observation of the contact area is possible. A
prominent example is the contact of the crossed mica cylinders in the SFA, where
contact radii on the order of 100 mm can occur. Observed contact areas for SFA
measurementswere in reasonable to good agreement with the JKR theory [102, 879,
880]. However, when using the JKR theory for interpretation of SFA data, one must
be aware that one has to deal with a layered system of mica/glue/silica. The contact
mechanics for this layered system ismore complex andmay lead towrong estimates
of the adhesion energy if not properly taken into account [882]. For the direct contact
between mica and silica, the overall increase in contact area with load was well
described by the JKR theory, but was superimposed with a step-like behavior, that
was found to be due to the high friction between the two surfaces [883].

Another method to study the contact mechanics and adhesion behavior of soft
solids is the so-called JKR test using elastomeric poly(dimethylsiloxane) (PDMS)
lenses that are brought in contact with flat surfaces or with each other [884]. The soft
PDMS ensures almost ideal JKR behavior of the contacting surfaces. Applied load,
indentation and contact radius, and neck shape can be determined simultaneously,
which allows comparison with the JKR predictions. The surfaces of the lenses can
easily be modified by treatment with an oxygen plasma to induce a silica-like surface
that can then bemodifiedusing silane chemistry. As long as these layers are kept thin,
the mechanical properties will still be dominated by the bulk PDMS. This type of
experiments have been used extensively to study the influence of separation rate on
adhesion (for a review, see Ref. [885]).

Rimai et al. used a scanning electronmicroscope to directly image the contact radii
of microparticles deposited on surfaces. For glass beads on polyurethane surfaces,
the relation between sphere size and contact radius was well described by JKRmodel
[886], whereas for polystyrene beads on silicon wafers [887], only inelastic contact
models could explain the observed relation.

Adhesion forces for single microcontacts can be measured by the use of the
colloidal probe (for a review, seeRefs. [200, 252]). The colloidal probe technique offers
the advantage that the same particle can be used for a series of experiments and its
surface can be examined afterward, for example, by SEM. The accessible range
of particle size is typically limited to a range between1 and50 mm.The tedious sample
preparation limits the number of different particles used within one study,
for practical reasons. Therefore, the colloidal probe and centrifugal methods com-
plement each other. By fixing a second particle on a solid substrate, particle–particle
contacts can be studied. The relation between particle size and adhesion force
between single silica microspheres [888] follows a linear dependence on the reduced
radius as expected for both the JKR and DMT theories (Figure 8.18). The significant
scatter of the data makes discrimination between the two theories impossible.
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This spread of results is not a deficit of the method but an inherent property of the
system studied. Even for the very smooth silica spheres, surface inhomogeneities
lead to broad distribution of adhesion forces and is a general feature of particle
adhesion [889].

For sharp AFM tips with a contact radius of the order of some 5–10 nm,
determination of tip shape gets difficult and hinders quantitative evaluation of
adhesion force measurements. However, the dependence of contact area on load
has been deduced from friction forcemicroscopy experiments. By assuming that the
friction force is proportional to the shear strength of the contact times the contact
area, good agreement between friction force and contact area was obtained by fits
with the JKR model [889–891] (see also Figure 9.5).

The use of continuum theories such as the JRK and DMT models for the
calculation the interpretation of experimental data of nanocontacts provokes the
question if such continuum models are still appropriate at such length scales. Yao
et al. [893] have claimed that for small spheres, the JKR theory could overestimate the
adhesion force by a factor of 10. Greenwood [845] demonstrated that their calculation
is, in principle, correct, but that the significant deviations from the JKR model arise
only for spheres of atomar dimensions. Luan andRobbins concluded frommolecular
dynamics simulations that for indentation that are of the order of a few atomic
distances, contact areas and yield stresses may be underestimated by continuum
theory while friction and contact stiffness might be overestimated [894]. Hoffmann
et al. [895] used an ultralow-amplitude dynamic mode AFM to probe the interatomic
force gradients at surfaces. When driving tip and surface into contact, they observed
plastic deformations and the interfacial energy, yield strength, and the energy per
atom needed to initiate plastic deformation could well be explained with continuum
mechanics for a situation where only �60 atoms were involved in the contact.

DynamicAFMmethods also allowed tomeasure �single-atomadhesion� [300, 895]
and separate the different contributions such as van der Waals forces and chemical
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Figure 8.18 Adhesion force between silica spheres plotted versus the reduced radius (Eq. (8.40)
[887]). A linear relation is observed as expected from the JKR or DMT theories.
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bonding force. By repeating such force measurements within an atomically resolved
surface, amap of the surface interaction potentials can be generated [897]. Great care
must be taken in such experiments to avoid changes in AFM tip shape. For high
energy surfaces such as metals, contact between tip and sample may lead to
irreversible changes due to transfer of material between tip and sample as demon-
strated by simulations and experiments between a Ni tip and a gold surface [896].
Breaking the contact between metals can even lead to the formation of monoatomic
chains [898], which can be identified by their quantized conductivity. Under opti-
mized conditions, it is even possible to obtain a pair of stable monoatomic tips that
allow repeated force cycles between single atoms [899] or probe the mechanical
properties of single atom chains [900].

8.5
Summary

. The adhesion force between two bodies is the maximum force necessary to
separate them from contact. The adhesion between surfaces can often be
described in terms of an adhesive energy per unit area times the contact area
between the surfaces. This means we have to know the surface forces acting and
have to understand the contact mechanics governing the formation of the contact
area.

. The adhesion energy can in principle be related to the surface energies of the
solids involved. The work of adhesion wadh could be expressed as the sum of the
surface energies c1;2S of the two solids minus the interfacial energy c12 between
them:

wadh ¼ c1S þ c2S�c12

In practice, however, surface roughness and contamination will usally have a
dominating influence on the observed adhesion force. In this case, wadh should
rather be seen as a parameter describing the adhesion strength of a given system
than as a material property.

. The Hertz theory describes the elastic contact between spheres in the absence of
surface forces. The indentation d is given by

d ¼ a2

R


and the contact radius a is related to the applied force FL by

a3 ¼ 4FLR


3E
 :

. The JKR theory describes the adhesion between elastic spheres by taking only
surface forces within the contact area into account. It is best applied in the case of
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soft materials, large sphere radii and short-ranged forces. The adhesion force
between 2 spheres with reduced radius R
 in the JKR theory is

Fadh ¼ 3
2
pwadhR




. The DMT theory describes the adhesion between elastic spheres by assuming a
Hertzian shape of the contact and taking surface forces outside the contact zone
into account. It is best applied in the case of hardmaterials, small sphere radii, and
more long-ranged forces. The adhesion force between 2 spheres with reduced
radius R
 in the JKR theory is

Fadh ¼ 2pwadhR



. The JKR and DMT theories were found to be limiting cases of the more general
Maugis–Dugdale model that can explain the smooth transition between the two
models.

. Measurements of adhesion forces and contact deformations for single macro-,
micro- and nanocontacts carried out with instruments as the JKR test, the SFA, or
the AFMhave shown good agreement with the JKR andDMTcontinuum theories
even on the nanoscale.

8.6
Exercises

8.1. Calculate the adhesion force Fadh and critical displacement dc at which sepa-
ration betweenflat punch of steel with a diameter of 5 cmand aPDMShalf-space
occurs. The Young�s modulus of steel is 200GPa and its Poisson�s ratio is 0.27.
For PDMS, a Young�s modulus of 2MPa and a Poisson�s ratio of n ¼ 0:5 are
assumed. The adhesion energy wadh between the steel punch and the PDMS is
assumed to be 50mJm�2.

8.2. Calculate the adhesion force Fadh and critical displacement dc and radius ac at
which separation occurs for a PDMS sphere on a flat PDMS surface. PDMS
Young�s modulus 2MPa, Poisson�s ratio 0.5. Assume a sphere radius of 10mm
and an adhesion energy of 22mJm�2.

8.3. The yield stress (i.e., the stress from which plastic deformation sets in) of a
structural steel is 250MPa, its Young�smodulus is 200GPa, its Poisson�s ratio is
0.27, and its density is 7.8 g cm�3. If we place a steel sphere of radiusRP on a steel
plate, how large can the sphere radius be before we get plastic flow in the contact
zone? Assume that adhesion does not play a role in this case.
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9
Friction

Friction is the force between interacting surfaces that resists or hinders their relative
movement.Due to its importance in everyday life, friction is one of the oldest subjects
in the history of science and technology. Closely related are wear and lubrication.
Wear is defined as the progressive loss ofmaterial from a body caused by contact and
relative movement of a contacting solid, liquid, or gas. The aim of lubrication is to
reduce friction and minimize wear. Today, the research field of friction, lubrication,
and wear is called �tribology.� This term is derived from the ancient Greek word
�tribein� (meaning rubbing) andwas first used in 1966 in a publication titled,The Jost
Report: Lubrication (Tribology) Education and Research, published by Her Majesty�s
StationeryOffice (HMSO) in theUnitedKingdom. Since then it became the common
term to describe the science of friction, wear, and lubrication. Introductions to the
field of tribology are Refs [901, 902]. Friction phenomena are reviewed inRef. [903]. A
book on sliding friction is Ref. [904] and an overview of literature is given inRef. [905].
Readers interested in the history of tribology are directed to refer to Ref. [906].

In spite of the importance of this field, there is no general macroscopic theory of
friction that would allow us to predict the frictional force between two given bodies,
and our understanding is still rudimentary. This results from the complexity of these
topics. Friction usually takes place at a buried interface that is hard to access by
analytical experimental methods. Surface roughness down to the nanoscale, plastic
deformation, wear, and lubrication strongly influence the friction behavior and their
relative contributions are hard to control and separate in most situations. This
complexity demands a multidisciplinary approach to tribology. In recent years, the
development of new experimental methods such as the surface forces apparatus, the
atomic force microscope, and the quartz microbalance has made it possible to study
friction and lubrication at the molecular scale under wearless conditions. However,
this new wealth of information does not alter the fact that there are no general
fundamental equations to describe wear or calculate coefficients of friction. En-
gineers still have to rely largely on their empirical knowledge and their extensive
experience.

In the first part of this chapter, we discuss macroscopic friction phenomena. The
second part will focus on the field of nanotribology that has emerged with
the invention of corresponding experimental techniques to measure friction on the
nanoscale.
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9.1
Macroscopic Friction

Friction on the macroscopic scale can take place either between �dry contacts� or
between lubricated surfaces. An intermediate case called boundary lubrication is
friction in which the surfaces are not separated by a thick layer of lubricant but just by
surface layers such as oxide layers onmetals or by a fewmolecular layers of adsorbed
lubricants.

9.1.1
Dry Friction

In this section we discuss dry friction, also called solid or Coulomb friction. Dry
friction occurs when two solid surfaces are in direct contact without any other
components such as lubricants or adsorbed surface layers involved.Onemight object
that in practice no such surface exists under ambient conditions and that all surfaces
are somehow �contaminated.�However, the basic principles of dry frictionmay apply
even in this situation.

9.1.1.1 Amontons� and Coulomb�s Law
The first recorded systematic studies on static friction were carried out by Leonardo
da Vinci.1) He stated that friction does not depend on the contact area and that
doubling the weight doubles the friction. However, his findings did not become
general knowledge and were rediscovered later and published in 1699 by Guillaume
Amontons.2) Like da Vinci, hemeasured the friction force FF required to slide a body
over a solid surface at a given load FL (Figure 9.1). The load is usually theweight of the
body but it can also contain an additional external force pushing the body down.
Amontons found that the frictional force is proportional to the load and does not
depend on the contact area. For example, in Figure 9.1 when the loads F1

L ¼ F2
L are

equal, then the frictional forces are also equal F1
F ¼ F2

F. In other words, the coefficient
of friction m defined by

FF ¼ mFL ð9:1Þ
should be constant and independent of the contact area. Equation (9.1) became
known as Amontons� law. Amontons himself gave a value of 1/3 for the coefficient of
friction. Although Amontons� law is today used to describe dry friction, Amontons
himself employed greased surfaces in his experiments under conditions that would
correspond to boundary lubrication (see Section 9.2.2). But it turned out that his
conclusions are also valid for dry friction.

Amontons� law is purely empirical and results from the interplay of complex
processes that we have only recently begun to understand. At first sight, Amontons�
finding that the friction force is independent of the surface area is quite surprising.

1) Leonardo da Vinci, 1452–1519. Italian scientist, inventor, and artist.

2) Guillaume Amontons, 1663–1705. French army engineer.
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Around 1940, Bowden and Tabor pointed out that the true area of contact Areal

between two solids is only a small fraction of the apparent contact areaAapp [907]. This
is because of surface roughness. Practically, almost all surfaces are rough. Some
surfaces, such as glass or polishedmetal, might appear optically smooth but this only
means that the roughness is significantly below the wavelength of light. On the
nanometer scale, these surface are still rough. Due to the roughness, the surfaces
touch each other only at some microscopic contacts (asperities), also referred to as
microcontacts or junctions. The friction force is equal to the force necessary to shear
these junctions and is therefore given by [908]

FF ¼ tc �Areal: ð9:2Þ
Here, tc is the yield stress during shear, that is, themaximum lateral stress the contact
can bear. Bowden and Tabor assumed that this is equal to the shear strength of the
material itself. The true contact areaAreal depends on the compliance of thematerials.
For soft, rubberlike materials, the real contact area will be larger than that for hard
materials such as steel.

How can the actual contact surface be measured? When at least one of the
contacting materials is transparent, optical microscopy or interferometry may be
used; however, resolution will be limited and the estimated contact area may be
wrong. For electrically conducting materials, one can measure the electrical resis-
tance between two conductors and calculate the contact area from the measured
resistance and the specific resistivity of the materials [909]. For other materials,
reflection and transmission of ultrasound at the interface can be employed [910].
Typical ratios of Areal=Aapp of 10�3–10�5 were found with contact diameters on the
order of some micrometers. An optical microscopy image of the contacts between
two surfaces is given in Figure 9.2. Dieterich and Kilgore [911] imaged the true
contact area (as well as the change of it with load) by bringing two rough, transparent
surfaces in contact and detecting the light passed perpendicular through the contact
zone by an optical microscope. Only in those points where the two surfaces were in
intimate contact, light could pass straight throughwhile in all other places it would be
scattered by the rough surfaces. The inverted image in Figure 9.2 shows the contact
points as dark areas.

With these methods, it was found that the friction force is, in fact, proportional to
the actual contact area. This implies that the true contact area must increase linearly
with load. To illustrate how this is possible, we consider two extreme cases. In thefirst

Figure 9.1 Amontons� lawof friction: the frictional force does not dependon the contact area and is
proportional to the load.
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case, plastic deformation is considered. In the second case, we assume purely elastic
deformation of the asperities.

Plastic Deformation Bowden and Tabor suggested that the linear dependence on
load should result from plastic deformation asperities [912]. If we bring two surfaces
into contact, then the pressure at each microcontact can be very high. If the local
pressure exceeds the yield stress sc, the microcontacts will deform plastically. The
yield stress is the maximum pressure before the material starts to deform plastically.
For a sphere in contact with aflat surface, the pressure distributionwithin the contact
can be described by the Hertz model (see Section 8.2.3). When the contact pressure
exceeds the yield strength throughout the contact area, the contact is regarded as fully
plastic. In this situation, any further increase in normal force will just lead to an
increase inAreal while the normal stress stays constant and is equal to the yield stress
sc of thematerial. Therefore, the true contact areaAreal is considerably affected by the
material hardness. For a fully plastic contact, the true contact area is given by

Areal ¼ FL

sc
: ð9:3Þ

The true contact area is independent of the apparent contact area and increases
linearly with increasing load. Typical values for the yield stress of metals are
108–109 Pa. Thus, for a 10 kg cubic block of a metal, the true area of contact expected
from this model is of the order of (0.3–1mm)2.

This simplemodel of Bowden andTabor also gives an estimate of themagnitude of
the coefficient of friction:

Figure 9.2 Opticalmicrograph of the contact between an acrylic plastic and a soda lime glass hand
lapped with # 240 abrasive. In this inverted image, dark areas correspond to contact between the
surfaces. (Reprinted from Ref. 911 with permission from Birkh€auser Verlag AG.)
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FF ¼ tc �Areal ¼ tc � FL
sc

ð9:4Þ

and therefore

m ¼ tc
sc

: ð9:5Þ

Since shear stress tc and yield stress sc are of similar magnitude, typical values for m
are expected to be of the order of 1. This simplemodel of Bowden and Tabor has been
criticized since it is hard to imagine that an engine, for example, can run for years
without significant change in the friction behavior while there is continuous plastic
deformation of the contacting surfaces occurring.

Elastic Deformation For small loads or soft, elasticmaterials such as rubbers, we can
assume purely elastic deformation and use the Hertz model as a simple approxi-
mation. The microcontacts are thereby assumed to be spherical. Hertz theory
predicts a true contact area for an individual sphere on a plane (see Eq. (9.39)):

Areal / F2=3
L : ð9:6Þ

For a single asperity, this would lead to a nonlinear dependence between load and
friction. Archard introduced the concept of multiple roughness scales where smaller
asperities (�protuberances�) sit on top of larger asperities and this is repeated over and
over [869]. Today, we would call this a self-affine or fractal surface, a concept not yet
known at that time. Archard found that with increasing number of levels of these
hierarchical asperities, an increase in load mainly created new contacts rather than
increasing the contact area of the existing ones (in the latter case one would again
obtain aHertzian dependence). Archard summarized his result, �It follows that as the
complexity of the model increases the number of individual areas becomes more
nearly proportional to the load and their sizes less dependent on it.� The Archard
model allowed a qualitative understanding of the linear dependence between load and
contact area for elastic contacts, but it cannot beapplied tomeasure roughnessprofiles.

GreenwoodandWilliams[913]developedamodel thatwasbasedontheobservation
that height profile distribution of engineering surfaces often resembles a Gaussian
distribution. They modeled the surface asperities by spherical caps that have all the
sameradiusof curvaturebut followaGaussianheightdistribution,which implies that
the number of asperities exceeding a height h above the average surface level can be
approximated by an exponential distribution. The problem of contact between two
such surfaces can be deduced to a composite random surface and a rigid plane. The
Greenwood–Williams model gave the result that Areal is, in fact, proportional to FL
resulting in a linear dependence between true contact area and normal load.

For both the Bowden–Tabor and the Greenwood–Williamson models, the as-
sumption that friction is proportional to the true contact area directly leads to
Amontons� law of friction. Except for very soft elastic materials, one will always
expect a mixture of elastic and plastic deformations. There may even occur a
paradoxical situation in which deformation occurs plastically initially at low loads
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(flattening out small sharp asperities) and becomes elastic at higher loads when the
load is distributed over the larger area of already rounded off asperities. As a criterion
to estimate the relative contributions of elastic and plastic deformation, Greenwood
and Williamson introduced the plasticity index y [913]:

y ¼ E�

H

ffiffiffiffiffiffiffiffiffi
Rrms

ra

r
: ð9:7Þ

Here, E� is the reduced Young�s modulus,H is the hardness, Rrms is the root mean
square surface roughness, and ra is the radius of the surface asperities; remember
thatGreenwood andWilliamsonused a single asperity radius in theirmodel. Thefirst
factor in Eq. (9.7) is the ratio between elastic and plastic deformability. The second
factor is the measure of the area density of asperities. For y < 0:6, plastic defor-
mation is negligible, whereas fory � 16 plastic deformation will dominate. Typical
values of E*=H for metals are on the order of 102�103. Since values of
Rrms=ra < 10�4�10�6 would be unrealistically small, metals are expected to be in
the purely plastic regime as was originally anticipated by Bowden and Tabor. Note,
however, that repeated sliding on the same trackmay change this situation, since the
sharper asperities will be flattened out by plastic deformation already on the first
contact. The opposite extreme would be elastomers that remain elastic even under
strains of�1. An example would be tires in contact with a road surface. Polymers in
the glassy state with values of E*=H ¼ 10�100 fall in the intermediate range, where
only a fraction of the microcontacts will undergo plastic deformation.

When looking at Eq. (9.5), onemightwonder why the coefficient of friction is really
a constant and does not depend on load. H is a material constant, but the shear
strength of a single contact is expected to depend on the load. However, for a
multiasperity contact, the average contact pressure will simply take the value of H
independent of load. An increase in load will not result in an increase in contact
pressure but inAreal. This is different for the friction of single nanocontacts as wewill
see in Section 9.3.

In his original studies, Amontons found a coefficient of friction of 0.3.Meanwhile,
it has become clear that coefficients of friction can assume a whole range of values.
With metals, a clear difference exists between clean metal surfaces, oxidized metal
surfaces, and metal surfaces with adsorbed gas. Clean metals have coefficients of
friction of 3–7. With oxidation, the value decreases to 0.6–1.0. A consequence is that
the coefficient of friction can depend on the load. For small loads, friction is
determined by the oxide coating. At high loads, the microcontacts penetrate the
oxide coating, the bare metals come into contact, and the coefficient of friction
increases.

Example 9.1

Feng et al. [914] studied frictionbetweendiamond surfaces in ultrahigh vacuum
(UHV) and in the presence of different gases. In UHV, after heating to remove
contamination and an oxide layer, a coefficient of friction of m ¼ 0:6 was found.
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This ismuchhigher than thevalueof 0.05 at ambient conditions. Exposure of the
surfaces to lowpressures (10�3 Pa) of oxygen, hydrogen, ornitrogen showed that
molecular hydrogen was most effective in reducing friction, followed by atomic
oxygen,molecular oxygen, andmolecular hydrogen.Molecular nitrogen did not
have a significant influence on friction. This demonstrates that formation of a
chemically bound hydrogen or oxygen layer significantly reduces friction.

As a consequence, values fromTable 9.1 with coefficients of friction always have to
be usedwith caution, since the experimental results depend not only on thematerials
but also on the surface condition, which is often not well characterized.

The significance of surface roughness for explaining Amontons� law provokes the
question of how friction depends on the roughness. Usually, friction of dry and clean
surfaces does not change much with roughness. The main effect would be expected
from the fact that adhesion between surfaces will become smaller with increasing
roughness. Only for very flat and clean surfaces, which can get into atomic contact
over significant areas, strong adhesive interaction will occur that will lead to high
friction and wear (e.g., by cold welding of metals). Additional friction and wear can
occur if roughness is so large that the two surfaces interdigitate and sliding would
also require a vertical motion to release the asperities.

A special case is the friction of softmaterials on rough surfaces. In the extreme case
in which the soft material can deform so easily that it fills the valleys between
asperities, the true contact area could become even larger than the apparent one and
friction can be expected to be very high.

Coulomb, who became famous mostly for his studies on electricity and magne-
tism, made extensive studies on dry friction and formulated another law: the
frictional force between moving surfaces is independent of the relative speed. At
first sight, Coulomb�s law is also surprising. For the movement of a particle in a
viscous medium, we know that the friction or drag force acting on this particle is in
fact proportional to the velocity of the particle (see Stokes friction Equation (6.11)). The
explanation was given by Prandtl [916] and Tomlinson [917] in 1929 and will be
discussed in Section 9.3. Usually, there is a slight decrease in dry friction at
higher speeds. This is related to an increased surface temperature that leads to a
reduced shear strength of themicrocontacts. At very high sliding speeds, friction will
increase again due to viscous dissipation. In lubricated systems (including boundary
lubrication), the dependence of friction on speed becomes more complicated and
varies according to the different interaction regimes (see Figure 9.13).

9.1.1.2 Sliding on Ice
Very small coefficients of friction are observed on ice. A typical value is m � 0:03.
There have been several attempts to explain this extremely low friction (for a history
of research on this topic, see Ref. [918]). One attempt is related to the abnormal
behavior of ice with respect to pressure and density. James Thompson in 1850
developed an expression showing the linear dependence between pressure and
freezing point depression, which was verified experimentally by his brother Lord
Kelvin. In 1886, John Joly calculated that the local pressure below skater slides leads to
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Table 9.1 Examples of coefficients of friction between different materials for dry and lubricated
friction [915].

Material 1 Material 2 Conditions m (static) m (sliding)

Metals
Hard steel Hard steel Dry 0.78 0.42

Castor oil 0.15 0.081
Stearic acid 0.005 0.029
Lard 0.11 0.084

Mild steel Mild steel Dry 0.74 0.57
Mild steel Lead Dry 0.95 0.95

Mineral oil 0.5 0.3
Cast iron Cast iron Dry 1.1 0.15
Aluminum Aluminum Dry 1.05 1.4
Aluminum Mild steel Dry 0.61 0.47
Brass Mild steel Dry 0.51 0.44
Copper Copper Dry 1.63
Copper Mild steel Dry 0.53 0.36
Copper Cast iron Dry 1.05 0.29
Copper Glass Dry 0.68 0.53
Nickel Nickel Dry 1.1 0.53
Zinc Cast iron Dry 0.85 0.21
Nonmetals
Glass Glass Dry 0.94 0.4
Glass Nickel Dry 0.78 0.56
Graphite Graphite Dry 0.1
Mica Mica Freshly cleaved 1.0
Teflon Teflon Dry 0.04 0.04
Teflon Steel Dry 0.04 0.04
Tungsten carbide Tungsten carbide Dry, 22 �C 0.17

Dry, 1000 �C 0.45
Dry, 1600 �C 1.8

Materials on ice and snow
Ice Ice Clean, 0 �C 0.1 0.02

Clean, �12 �C 0.3 0.035
Clean, �80 �C 0.5 0.09

Aluminum Snow Wet, 0 �C 0.4
Dry, 0 �C 0.35

Brass Ice Clean, 0 �C 0.02
Clean, �80 �C 0.15

Nylon Snow Wet, 0 �C 0.4
Dry, �10 �C 0.3

Teflon Snow Wet, 0 �C 0.05
Dry, 0 �C 0.02

Wax, ski Snow Wet, 0 �C 0.1
Dry, 0 �C 0.04
Dry, �10 �C 0.2
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amelting point of�3:5 �C.He attributed the low friction to pressure-inducedmelting
of ice and sliding on a thin layer of liquid water.

This explanation, still found in some textbooks, is not sufficient and ignores the
fact that ice skating works best at temperatures of�7 �C with a coefficient of friction
as low as 0.0046 [919]. Furthermore, one would then expect that either the friction
does not depend at all on speed or it riseswith increasing speed, since therewould not
be sufficient time for melting. The reverse is observed, for example, for skis: m ¼ 0:4
at small sliding velocities while m ¼ 0:04 at large velocities. Nevertheless, the
pressuremelting hypothesiswas not questioned until Bowden andHughes proposed
in 1939 [912] that local heating melts the ice and creates a water layer. Such a layer
would then serve as a lubricant and reduce friction. They found, in fact, that the
sliding friction of skis on snow depends on their thermal conductivity, where
aluminum as a highly heat conductive material exhibited much larger friction than
wood. Local heating due to friction is, in fact, in most cases the dominant factor
explaining the low friction on ice.

Another peculiarity of ice is the existence of a premelting layer of liquid water on
top of the ice surface (reviewed in Ref. [921]). The existence of a premelting layer was
already suggested by Faraday in 1859 [920], but convincing evidence of its existence
had to wait until the end of the twentieth century. The existence of the premelting
layer starting from temperatures of around �30 �C is now well confirmed [921], but
the precise layer thickness and its dependence on temperature is still under debate.
Values from different experimental approaches can vary as much as two orders of
magnitude [918]. Some of these discrepancies may be due to high sensitivity of the
layer thickness to traces of impurities [923] or ice crystal orientation [924]. It is not as
clear if this premelting layer does also exist always at a solid–ice interface. Recent
X-ray scattering experiments demonstrated a liquid-like layer of less than 2 nm
thickness at a silicon–ice interface [925]. QCM measurements indicated that a layer
thickness of several 100 nm may exist on a gold–ice interface [926]. However, the
influence of premelting on ice friction seems to be relatively small, since static and
low sliding speed coefficients of friction on ice are commonly as high as expected for
dry solid friction.

9.1.1.3 Static, Kinetic, and Stick–Slip Friction
We distinguish between static and dynamic frictions. Dynamic friction, also called
kinetic friction, is themechanical force between sliding or rolling surfaces that resists
the movement. Static friction must be overcome to start the movement between two
bodies that are initially at rest. Therefore, we have to distinguish between a static
coefficient of friction ms, which refers to the force that must be exceeded for amotion
to start, and a kinetic coefficient of friction mk, which is related to the force needed to
sustain sliding. In general,mk 	 ms. LeonhardEuler

3)wasfirst to notice the difference
between static and dynamic frictions and tried to explain it by a simple model. He
assumed that to start sliding, the upper body has to slide uphill along the slope of
interlocking asperities.

3) Leonhard Euler, 1707–1783. Swiss mathematician.
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If the dragging force is coupled elastically to a body, this may lead to the so-called
stick–slip motion [927]. Prominent examples for stick–slip motion are the excitation
of a violin string by the bow or the squeaking of brakes or of doors. To illustrate
stick–slipmotion, we take as amodel a block ofmassm that is connected via a spring
of spring constantK to a hook that ismovedwith constant velocity v (Figure 9.3). If the
block is moving with the same speed as the hook and the elongation of the spring is
equal to Dx ¼ mkmg=K , the system would be in equilibrium. When we start pulling
the hook, with themass at rest, it will notmove until the elongation force of the spring
has reached the value Fspring ¼ msmg (¼ stick phase). Then, the block starts to move
and is accelerated to a velocity greater than v since the kinetic coefficient of friction is
smaller than the static one (¼ slip phase). This rapidly restores the spring to a more
relaxed length. The drag force on the block decreases, causing it to come to rest and
stick again, and the whole process starts over again.

In technical applications, stick–slip friction is detrimental in terms of wear,
vibrations, and precision of movement. The main factors determining stick–slip
behavior are as follows:

. Stick–slip is more pronounced at small velocities.

. Stick–slip increases with increasing difference between ms and mk.

. Stick–slip is more significant when soft springs are used.

To avoid stick–slip, one should make the spring constant high enough, for
example, by using stiff materials and stable constructions. Stick–slip may also arise
from a velocity dependence of the coefficient of friction; if the coefficient of friction
decreaseswith sliding velocity, stick–slip is amplified.When the coefficient of friction
increases with velocity, stick–slip is damped out. The former is usually the case at low
speeds, certainly for the transition from static to dynamic friction, whereas the latter
prevails usually at high velocity.
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Figure 9.3 Example of a system that exhibits stick–slip friction. Stick–slip is also illustrated as a
schematic plot of spring elongation versus time at constant pulling speed v0.
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The simple concept of constant static and dynamic coefficients of friction does not
assume anything on how the transition from stick to slip occurs. The transition from
sticking to sliding between two transparent PMMA blocks was studied experimen-
tally in detail by Rubinstein et al. [928] who found that the onset of friction is
connected to the propagation of crack wave fronts, which lead to a rupture of the
interface.

Important examples of stick-slip are earthquakes that have long been recognized as
resulting from a stick–slip frictional instability. It soon became evident that for an
appropriate description of earthquakes, the so-called rate- and state-dependent
constitutive laws of friction had to be introduced [929, 930] (reviewed in Ref.
[931]). The conceptual idea behind these rate and state laws is the aging of contacts
during stick phases and rejuvenation during sliding. Aging could occur, for example,
by slow viscoplastic flow of the contact asperities, leading to an increase in the static
friction coefficient with time. During sliding, the state of the contact �refreshes� and
the friction force decreaseswith sliding speeds, which favors the stick–slip instability.
The evolution of the coefficient of friction is then described by an equation

m ¼ m0 þA ln
v0
v*

þ 1
� �

þB ln
tss
t*ss

þ 1

� �
; ð9:8Þ

where v* and t*ss arematerial-specific parameters, v0 is the sliding velocity, tss is a state
variable that in the most simple case is taken as the age of the contact, and m0 is the
static coefficient of friction (v0 ¼ 0) of a nascent contact (tss ¼ 0). Dieterich [910]
suggested the relation

dtss
dt

¼ 1þ v0
Dc

tss ð9:9Þ

with a characteristic sliding distance Dc over which the steady-state distribution of
contact asperities is reached. This definition of tss results in a logarithmic strength-
ening of the contact when v0 ¼ 0 and a linear weakening of friction with sliding for
large v0. An alternative relation

dtss
dt

¼ v0
Dc

1þ 1
1þ v0=vc

�tss

� �
ð9:10Þ

was recently introduced by Yang et al. [932] to describe their results of friction
between steel and silicon at low velocities down to nanometers per second. The use of
a full constitutive law of rock friction that takes into account the time dependence of
ms and the dependence of mk on speed and sliding distance can account for the rich
variety of earthquake phenomena [933].

Macroscopic stick–slip motion applies to the center of mass movement of the
bodies. However, even in situations where the movement of the overall mass is
smooth and steady, microscopic stick–slip might occur locally. This involves the
movement of single atoms, molecular groups, or asperities. In fact, such stick–slip
events form the basis of microscopic models of friction and explain why the friction
force is largely independent of speed (Section 9.3).
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9.1.2
Rolling Friction

Experience tells us that much less force is required to roll a wheel or cylindrical object
rather than toslide it.First experimentsonresistanceagainstrollingwerecarriedoutby
Coulomblooking into therollingresistancebetweenwoodenrollersonawoodenplane
(for an overview on the history, see Ref. [934]). He found that rolling resistance is
proportional to load and inversely proportional to diameter. The rolling resistance was
assumed to arise from surface roughness and crushing of surface asperities. The first
systematic attempt to understand the mechanism of rolling friction was made by
Reynolds [935], who recognized that deformations in the contact zone will lead to
interfacialslipthat linksrollingresistancetoslidingfriction.Ifthematerialsarenot fully
elastic, contact deformationwill also result in dissipation.Muchmore detailed studies
werecarriedoutbyEldredgeandTabor [936]ontherollingfrictionofametal sphereona
metal surface. Plastic deformation was found to be the dominant process, whereas
interfacial slip contributed little to rolling friction. After repeated traversals of the same
track, deformation becomesmainly elastic and the (then reduced) rolling resistance is
causedbyhysteretic losses inthemetal.Formetalcylinderrollingonrubber,Tabor [937]
found that the rolling friction is almost exclusively caused by bulk viscoelastic losses in
the rubber material and again interfacial slip does not contribute significantly.

The coefficient of rolling friction is usually defined by

M ¼ mrFL or FF ¼ mr
FL
rc

: ð9:11Þ

Here,M is the torque of the rolling object, mr is the coefficient of rolling friction, and
rc is the radius of the rolling object (Figure 9.4). In this case, the coefficient of rolling
friction is not dimensionless but has the unit of length. Typical values for the
coefficient of rolling friction are of the order of 10�3 m. Sometimes, another
definition is used

FF ¼ mrFN ð9:12Þ
in analogy to Amontons� law, to obtain a dimensionless coefficient of friction.

Ideally, that is, for infinitely hard solids, a rolling sphere or cylinder makes contact
with the underlying surface at only one point or a single line, respectively. In this
cases, rolling friction would, in fact, be zero as there is no relative movement of the
contacting surfaces. In real systems, there is always a finite contact area, as we have

FL

FF

RC

Figure 9.4 Sphere or cylinder rolling over a planar surface.
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seen in Section 8.2. As a result, there are different sources of energy dissipation that
causes rolling friction:

. Relative sliding (microslip) of the contacting surfaces: When the elastic moduli of the
two bodies rolling on each other are different, there will be a different amount of
stretching of the two materials in the contact area, leading to a slip. This was
recognized by Reynolds in 1876 [935]. Mathematically, rotation of a rigid sphere
on a rigid plane can also be described as a rotation around an instantaneous axis
through the contact point parallel to the true rotation axis.Heathcote [938] showed
that, if a hard sphere is rolling on a soft surface, this instantaneous center of
rolling lies just above the lowest point of contact. The surface elements within the
contact have different distances from that instantaneous center of rolling and this
fact enforces slip. However, the contribution of slip to the total rolling friction is
low, which is also reflected by the fact that rolling friction is usually not much
changed by lubrication [927].

. Adhesion hysteresis: During rolling, there is a continuous generation of new contact
area at the front and a continuous disruption of contact at the backside. Viewed
from the point of surface energies, the two effects should just compensate.
Usually, however, this is not the case. Depending on the detailed interaction,
disruption of material bridges at the backside leads to energy dissipation. An
extreme example would be rolling friction on an adhesive tape.

. Plastic deformation: If normal or tangential stresses become too high, plastic
deformation of the contact area will occur. For metals in contact, it is often the
dominating process, as already shown by Tabor [937]

. Viscoelastic hysteresis: For viscoelastic materials, relaxation processes within the
materials are expected to dominate the rolling friction behavior.

Rolling friction for viscoelastic materials is expected to be dominated by bulk
properties. This allows the development of theoretical models to calculate the rolling
friction force based on bulk material properties. Hunter [939] introduced a semi-
analytical approach for the problem of a rigid cylinder rolling on a half-space of
viscoelastic material. Brilliantov and P€oschel [940] calculated the coefficient of
friction for a soft, viscoelastic sphere rolling on a hard substrate with a rolling speed
of n ¼ vR. Assuming that rolling friction is caused by dissipative processes in the
bulk of the material, they derived an expression for the friction coefficient that
contains onlymaterial properties such as the Young�smodulus E, the Poisson ratio n,
and the viscous constants g and gv (g is the dynamic viscosity and gv is the volume
viscosity, which is equal to zero for incompressible liquids):

mr ¼ v
ð3gv� gÞ2ð1� n2Þð1�2nÞ

3 � ð3gv þ 2gÞEn2 ð9:13Þ

which implies a linear increase in the coefficient of friction with speed v ¼ vR. At
high rotational speeds, an additional effect has to be taken into account: the broken
symmetry of the sphere due to the contact deformation, which leads to a net inertial
force. This inertial force causes a higher effective normal load and leads to anonlinear
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increase in rolling friction with speed [941]. A finite material relaxation time can also
lead to nonlinear relation between friction and rolling speed [942]. For a hard cylinder
on a viscous half-space, a more complex behavior was found [943, 944]. At lower
speeds, the rolling friction increases with speed to reach a maximum value and then
decreases at higher speeds. The reason is an effective stiffening of the substrate at
higher speeds. Qiu [945] treated the special case where the viscoelastic half-space
substrate is replaced by a viscoelastic foundation of finite thickness on top of a hard
substrate. For layer thicknesses smaller than about 10 times the contact length, a
decrease in rolling friction is observed. In a second paper [946], the reverse situation
of a layered roller on a rigid ground was modeled including standing wave phe-
nomena such as sharp rise in rolling resistance anddynamicmaterial softeningwhen
rolling speed reaches a critical value.

9.1.3
Friction and Adhesion

Friction becomes stronger with increasing adhesion between the two solids. Strong
adhesion between two bodies is caused by strong attractive forces, for example, van
derWaals forces. Usually, we can take this adhesion force Fadh into account by simply
adding it to the load. Equation (9.1) is then replaced by

FF ¼ mðFL þFadhÞ: ð9:14Þ
For macroscopic objects, the adhesion force is often small compared to the load.

For microscopic bodies, this can be different. The reason is simple: the weight of an
object sliding over a surface usually decreases with the third power of its diameter (or
another length characterizing its size). The decrease in the actual contact area and
hence the adhesion force follows a weaker dependence on size. For this reason,
friction between microbodies is often dominated by adhesion while in the macro-
scopic world we can often neglect adhesion.

Example 9.2

The sliding frictional force between a spherical silica particle (SiO2) and a planar
silicon wafer increases with the true contact area as calculated with the JKR
model and assuming constant shear stress of the contact (Figure 9.5). In this
case, the load is almost entirely due to an external force, while the weight only
adds a gravitational force of 4p=3 �R3�g � 0:0019 nN. Negative values of the
load indicate the presence of adhesion. Even if we pull on the microsphere, it
remains in contact due to attractive forces. Only when pulling with a force
stronger than the adhesion force of 850 nN does the particle detach from the
surface. The experiment was done with the colloidal probe technique [947].
Please note that for this singlemicrocontact, Amontons� law is not fulfilled! The
friction force does not increase linearly with load. Monomolecular layers of
hydrocarbons drastically reduce adhesion (to 150 nN) and friction.
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9.1.4
Techniques to Measure Friction

Classical, macroscopic devices to measure friction forces under well-defined loads
are called tribometers. There are numerous types of tribometers. Static coefficient of
frictions can bemeasured by inclined plane tribometers, where the inclination angle
of a plane is increased until a block on top of it starts to slide. To determine the
dynamic coefficient of friction, themost direct experiment is to slide one surface over
the other using a defined load andmeasure the required drag force. One of the most
common configurations is the pin-on-disk tribometer (Figure 9.6). In the pin-on-disk
tribometer, friction ismeasured between a pin and a rotating disk. The end of the pin
can beflat or spherical. The load on the pin is controlled. The pin ismounted on a stiff
lever and the friction force is determined by measuring the deflection of the lever.
Wear coefficients can be calculated from the volume of material lost from the pin
during the experiment.

Most of our understanding of friction on micro- and nanoscale, which has led to
the field of nanotribology, has resulted from experiments using the surface forces
apparatus (SFA, see Section 3.1) and the atomic force microscope (AFM, see
Section 3.2). Another tool used to study friction on themolecular scale is the quartz
crystalmicrobalance (QCM, Figure 9.7). It consists of a small quartz crystal that was
cut as a thin disk in a distinct orientation relative to its crystal axes (the so-called AT-
cut). The upper and lower sides are coated with a thin metal layer, typically by
evaporating a thin layer of gold. When a voltage is applied between the electrode,
the quartz crystal undergoes a shear deformation due to the inverse piezoelectric
effect. This can be used to excite the crystal to oscillate at its resonance frequency of

Figure 9.5 Dependence of frictionon load for a
single microcontact. The friction force between
a silica sphere of 5 mmdiameter and an oxidized
siliconwafer is shown (filled symbols). Different
symbols correspond to different silica particles.
The solid line is a fitted friction force using a

constant shear strength and the JKR model to
calculate the true contact area (based on
Eq. (8.68)). Results obtained with five different
silanized particles (using hexamethylsilazane)
on silanized silica are shown as open symbols.
(Redrawn from Ref. [295].)
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some MHz by application of an alternating voltage to the electrodes with corre-
sponding frequency. Due to the high quality factor Q of the resonator, the
resonance peak is very sharp and its position can be determined very precisely
by a frequency sweep of the input voltage. The oscillation amplitude, resonance
frequency, and quality factor of the quartz crystal can be determined by impedance
analysis. Therefore, a network analyzer is employed to measure the electric
conductance depending on oscillation frequency, and a resonance curve is fitted
to the measured conductance.

The standard application of theQCM is tomonitor the adsorption of thinfilms on
surfaces via the induced frequency shift [948]. It was demonstrated by Kim and
coworkers that the QCM can also detect the sliding of atomic monolayers on metal
surfaces [949, 950]. The slippage of adsorbed layers on the QCM leads to a damping

Figure 9.7 Working principle of the quartz crystal microbalance. The quartz crystal is excited to
shear oscillate at its resonance frequency. Changes in adsorbed mass or viscous coupling of
adsorbed layers lead to changes in resonance frequency and width of the resonance peak.

Figure 9.6 Schematic of a pin-on-disk tribometer.
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of the oscillator [951, 952]. This damping is reflected as a decrease in the quality
factor Q of the oscillator, which is resembled by a broadening of the resonance
curve. From the change in Q , the so-called slip time tscan be derived. This
characteristic time constant ts corresponds to the time needed for the sliding
layer�s speed to fall to 1=e of its maximum value. A long slip time ts stands for low
friction. Typical values for ts are in the range of 10�9 s. The limitation of the QCM
method is that it works only for weakly adsorbed layers, which will start sliding
during shear oscillation. A review on the friction of adsorbed films studied by QCM
provided in Ref. [953].

9.2
Lubrication

The reduction in friction by lubricants was a prerequisite for the industrial revolu-
tion. Lubrication helps to reduce energy consumption and increase the lifetime of
machines by minimizing wear. Without lubricants, almost no machine made of
metal would work. It is not surprising that the phenomenon of friction and
lubrication was of interest since ancient times. We know that the Egyptians wetted
the sand on which they transported their stones, to reduce friction [906].

Depending on the thickness of the lubricating layer, we distinguish between two
different lubrication regimes. In hydrodynamic lubrication the lubrication layer is
thicker than the maximum height of the surface asperities resulting in a complete
separation of the friction partners. In boundary lubrication, the lubrication layer is
typically only a few molecular layers thick and therefore thinner than the surface
roughness. Inmany practical applications, we are between the two extremes, which is
referred to as mixed lubrication.

9.2.1
Hydrodynamic Lubrication

The principle of hydrodynamic lubrication can be easily understood from a simple
configuration as shown in Figure 9.8. A substrate is moving below a slider with
constant velocity �n0 in the presence of a lubricant. The viscous shear force on the
lubricant film between the surfaces causes the formation of a hydrodynamic wedge.

Figure 9.8 Simple example of a configuration in hydrodynamic lubrication.
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In such a system, the coefficient of friction depends on the fluid dynamics, in
particular on the viscosity g of the lubricant. For this reason, hydrodynamic
lubrication is also called fluid lubrication. A well-known example of hydrodynamic
lubrication is the effect of aquaplaning. When a car is driven at high speed on a wet
road, the water forced between the surfaces of the tires cannot escape and separates
the car from the road; traction is lost. The build-up of the lubricationfilmeither canbe
solely due to the relative movement of the bearing surfaces or can be achieved by
active pumping of the lubricant (for a textbook, see Ref. [954])

In hydrodynamic lubrication, the friction force is fully determined by the viscous
friction of the lubricant. The coefficient of friction can be calculated using the
Navier–Stokes equation (6.4). This was done in 1886 when Reynolds published his
classical theory of hydrodynamic lubrication [630].

We will now consider a lubricated contact as shown in Figure 9.8 as an example. A
substrate ismoving with a fixed velocity�v0 along the x-axis, while the upper friction
partner of length L is assumed to be fixed. The width of the system is assumed to be
large enough to neglect leakage of lubricant at the sides of the slider. For this system,
an approximate analytical solution can be derived [904]. In addition to the Navier–-
Stokes equation, we assume that the lubricant is incompressible and must fulfill the
continuity equation (6.6).

For typical lubrication situations with a density of the lubricant of � ¼ 103 kgm�3,
a sliding velocity v0 ¼ 1ms�1, a viscosity of the lubricant of g ¼ 1 Pa s, and a gap
width h0 ¼ 10mm, we obtain a Reynolds number Re ¼ �v0L=g � 0:01 (Eq. (6.42)).
Thismeans, we can safely assume laminar flow. For constant v0 also, the explicit time
dependence vanishes, @!v=@t � 0, and we have creeping flow. If we exclude a side
leakage in y-direction and due to symmetry we can assume that vy ¼ 0. In addition,
theflow velocity of lubricant in z-direction is negligible. As a result, theNavier–Stokes
equation for creeping flow (Eq. (6.10)) reduces to

g � @2vx
@x2

þ @2vx
@z2

� �
¼ @P

@x
and

@P
@z

¼ 0: ð9:15Þ

The second equation tells us that P is only a function of x. The change of the flow
velocity in z-direction ismuch stronger than the change offlowvelocity inx-direction.
Thus, @2vx=@x2 
 @2vx=@z2 and the first equation simplifies to

g � @
2vx
@z2

¼ @P
@x

: ð9:16Þ

With the boundary conditions vxðz ¼ 0Þ ¼ �v0 and vx ¼ 0 for z ¼ hðxÞ, Eq. (9.16)
can be integrated twice:

vx ¼ @P
@x

zðz�hÞ
2g

þ v0
z
h
�1

� �
: ð9:17Þ

If the lubricant is incompressible, the amount of lubricant flowing through each
cross section of the sliding area has to be constant. This means the quantity

C� ¼
ðh
0
vxdz ð9:18Þ
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must be independent of x. Inserting Eq. (9.17) into Eq. (9.18) and integrating gives

@P
@x

¼ �9gv0
1
h2

þ C
h3

� �
with C ¼ 2C*

v0
: ð9:19Þ

Using the geometry assumed in Figure 9.8, one can write

hðxÞ ¼ h0 þðh1�h0Þx: ð9:20Þ

This relation together with the boundary conditions Pð0Þ ¼ PðLÞ ¼ P0, where P0 is
the pressure in the lubricant outside the gap, allows us to integrate Eq. (9.19):

P ¼ P0 þ 6gv0
ðh1�h0Þ=L

1
h
� 1
h0

� �
� h0h1
h0 þ h1

1
h2

� 1
h20

� �� �
: ð9:21Þ

The pressure difference P�P0 integrated over the whole gap area A is equal to the
load:

FL ¼
ð
A
ðP�P0Þdxdy ¼ gALv0

h20
a; ð9:22Þ

where

a ¼ 6

ðh1=h0�1Þ2 ln
h1
h0

� �
�2

h1=h0�1
h1=h0 þ 1

� �
: ð9:23Þ

The friction force is given by

FF ¼
ð
A
g
@vx
@z

ðz ¼ 0Þdxdy ¼ gALv0
h20

a: ð9:24Þ

By inserting Eqs. (9.17) and (9.21), one obtains

FF ¼ gAv0
h0

b; ð9:25Þ

with

b ¼ 1
ðh1=h0�1Þ 4ln

h1
h0

� �
�6

h1=h0�1
h1=h0 þ 1

� �
; ð9:26Þ

The coefficient of friction for hydrodynamic lubrication is therefore given by

m ¼ FF

FL
¼ h0

L
b

a
: ð9:27Þ

From a plot of the parameters a for the normal force and b for the friction force
(Figure 9.9), one can conclude that b=a is on the order of 10. With typical values of
h0=L of 10�4, one obtains a typical value for the coefficient of friction of m ¼ 10�3.

It should be noted that the coefficient of friction given by Eq. (9.27) is actually not a
constant, but will depend on the applied load since the value of h0 will decrease with
increasing load (which also changes the values of a and b). If we define the applied
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load per unit area,

PL ¼ FL
A

¼
ð
A
ðP�P0Þdxdy ¼ gLv0

h20
a ð9:28Þ

and plot the friction coefficient versus the quantity gv0=p expressed in units of b
2=aL,

we obtain a simple square root dependence between these two dimensionless
quantities (Figure 9.10). Thus, the friction coefficent increases with the square root
of sliding velocity and of lubricant viscosity and is inversely proportional to the
loading pressure; the friction force FL itself will still increase with increasing load.
This plot also shows that for different systems with the same values of gv0=PL, the
same coefficient of friction will be observed.

One way to reduce hydrodynamic friction is to use lubricants with low viscosity.
However, this is limited by the fact that the gapwidth h0 must remain large enough to
avoid direct contact of surface asperities. If the gapwidth decreases below that critical
value, a strong increase in friction coefficient will be observed, as indicated by the
dotted line in Figure 9.10, which indicates the onset of boundary lubrication. In
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Figure 9.9 Plots of the parameters a and b depending on h1=h0.
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Figure 9.10 Plot of the coefficient of friction
versus gv0=P expressed in units of b2=aL.
Friction increases as the square root of viscosity
and velocity. For very thin lubrication layers, the

experimentally observed values (dotted line) will
be higher than expected due to the onset of
boundary lubrication.
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practical applications, the increase in viscous friction with speed is often lower than
expected from Eq. (9.25). The explanation is that friction leads to an increased
temperature of the lubricant that reduces the viscosity. For most lubricants, the
temperature dependence of the viscosity is given by

g ¼ g0 � eEa=kBT : ð9:29Þ
Here, Ea is an effective activation energy. This leads to an inherent stability of
hydrodynamic lubrication, as a thinning of the lubricant at higher temperatures
reduces the friction and therefore avoids further heating, which would finally lead to
breakdown of lubrication.

The plot of Figure 9.10 also implies that when sliding is stopped, one inevitably
ends up in a situation where boundary lubrication takes over (Figure 9.11). This
means that oneusually cannot solely rely onhydrodynamic lubrication, but onehas to
avoid excessive friction andwear during starting and stopping of bearings. Therefore,
lubricants often contain substances that bind to the surfaces andminimize boundary
friction. For our description of hydrodynamic lubrication, we have assumed that the
viscosity of the lubricant does change due to the shearing between the two surfaces.
This is fulfilled for most lubricants except at extremely high shear rates. At very high
shear rates, the viscosity might decrease, a phenomenon known as shear thinning.

9.2.1.1 Elastohydrodynamic Lubrication
In hydrodynamic lubrication, the relativemotion of the surfaces leads to entrainment
of the lubricant. Some lubricant becomes pressurized in the convergingwedge and is
thus able to support the load. Film thicknesses are typically on the order of
micrometers and the maximum pressures are on the order of some megapascals.
At such pressures, no significant deformation of the surfaces will occur and the
lubricant viscosity can be assumed to be pressure independent. In nonconforming
contacts, such as the line and point contacts occurring in gears and ball bearings,

Bearing

Low speed / high load

Shaft

High speed / low load

Bearing

Shaft

Figure 9.11 Different lubrication situations in
a journal bearing. Left: At low velocities and high
loads, boundary lubrication with a high
coefficient of friction dominates. The shaft
climbs the journal on the right side. Right: At
high speeds and low loads, hydrodynamic

lubrication leads to much lower friction. The
buildup of the hydrodynamic wedge moves the
shaft to the upper left (lubrication layer
thickness and eccentricity are strongly
exaggerated in the drawing to visualize the
effect).
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extremely high local pressures are unavoidable. Under these conditions, the above
theory of hydrodynamic lubricationwould predict a lubrication layer thickness that is
smaller than the surface roughness, as was recognized in 1916 by Martin [956].
However, experiments show that fluid film lubrication still holds under such
conditions, otherwise gears and ball bearings under high loads could not work for
such long periods without significant wear. To understand this phenomenon, we
have to take two additional effects into account, which lead to elastohydrodynamic
lubrication:

. The pressure dependence of the viscosity. The viscosity of most lubricants
increases roughly exponentially with increasing pressure, as found in 1893 by
Barus [957]:

g ¼ g0e
aP: ð9:30Þ

Here, a is a constant called viscosity pressure coefficient and g0 is the viscosity
at ambient pressure. This Barus law tells us that the higher the pressure, the
harder it becomes to squeeze the lubricant out of the gap. At the very high
pressures of �1 GPa, there may even be a phase transition of the lubricant to a
glassy state.

. The solids confining the lubricant are never perfectly stiff but deform elastically at
high pressure. As a result, a locally conforming contact is formed and the load
bearing area increases.

Both effects allow stable lubrication with surfaces separated by a lubricant layer for
contact pressures up to more than 1 GPa. A comprehensive book on this topic is
Ref. [958]. For reviews, see Refs [959, 960].

The first theoretical description of elastohydrodynamic lubrication for the line
contact problem relevant to gears that combined the Reynolds equation, Barus law,
and a Hertzian contact mechanics was developed by Ertel [961] and published
10 years later by Grubin and Vinogradova [962]. The approach was to assume a
Hertzian contact to calculate the pressure in the gap and let the pressure in the
lubricant before the entrance increase exponentially to match the Hertzian contact
pressure curve. The pressure distribution for such a line contact between parallel
cylinders is shown in Figure 9.12. With this approximation, Ertel derived an
expression for the average thickness h0 of the lubricant film within the gap, which
was later refined by Dowson [963]:

h0
R*

¼ 2:65
U0:70G0:54

W0:13
L

: ð9:31Þ

Here, the dimensionless speedU, the dimensionless material parameter G, and the
dimensionless load per unit length WL are given by

U ¼ g0v0
E*R*

; G ¼ aE*; WL ¼ FL

lE*R*
: ð9:32Þ
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FL=l is the normal load per unit length of the cylinders. The reduced radius R* and
reduced Young�s modulus E* are defined as usual as

R* ¼ R1R2

R1 þR2
; 1=E* ¼ 1�n21

E1

1�n22
E2

ð9:33Þ

with R1, R2 being the undeformed contact radii of the cylinders and E1, E2 and n1, n1
being theYoung�smoduli and Poisson ratios of the twomaterials forming the friction
contact. A characteristic is the weak dependence of the gap height h0 on the applied
load FL, which follows a power of 0.13. This reflects the fact that with the contact zone
the lubricant becomes stiff. A further increase in load will then mainly result in an
increased flattening of the contact partners. This is reflected in the much higher
exponent for the material parameter G that contains mechanical properties of both
the cylinders and the lubricants.

Ertel recognized that the pressure drop in the lubricant at the outlet should lead to a
reduced deformation of the surfaces and thus to a restriction in thefilm that results in
a pressure spike just before the outlet. A first numerical solution for the pressure
profile of a line contact was published by Petrusevich [964], who also calculated the
height of the second pressure peak close to the outlet, which then became known as
the Petrusevich pressure spike. In 1959, an improved numerical approach was
introduced by Dowson and Higginson [965]. It laid the foundation for elastohydro-
dynamic lubrication as a distinct field of research. While experimental proof of the
existence of a lubrication film and determination of its shape by optical interferom-
etry [966, 968] in highly loaded point contacts was found at around the same time, it
took much longer to solve the problem theoretically [969, 970]. Today, computer
power and development of efficient algorithms havemade computer-based solutions

Petrusevich
pressure peak

EHL pressure
distribution

1 GPa

Hertzian pressure
distribution

v0

v0

Lubricant

Figure 9.12 Schematic cross section of a
lubricated line contact between two rotating
parallel cylinders. The solid line indicates the
pressure distribution in the contact region with

the characteristic pressure peak in the outlet
region. The dotted line corresponds to the
pressure distribution of the classical Hertzian
contact at the same loading force.
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available for almost any kind of contact geometry [971], and frictional forces for
elastohydrodynamic contacts can be calculated numerically [968]. On the experi-
mental side, optical interferometry nowallowsfilm thicknessmeasurements down to
0.3 nm [972] and pressure distributions can bemapped by Raman spectroscopy [973].
This has led to the extension toward film thicknesses in the nanometer range
resulting in the so-called thin film lubrication (see Section 9.3).

A great advantage of hydrodynamic and elastohydrodynamic lubrication is that
friction can be quite low and in principle there is no wear of themoving parts as long
as the gap width remains significantly larger than the surface roughness. Further-
more, the underlying mechanism is reasonably well understood and allows the
calculation of the necessary parameters for the construction of bearings. In practice,
wear may still occur during starting and stopping, where the hydrodynamic lubri-
cation breaks down. Another possible wear mechanism is the repeated deformation
of the bearing surfaces, which may lead to fatigue failure.

9.2.2
Boundary Lubrication

Hydrodynamic and elastohydrodynamic lubrication breaks down at low sliding
velocities and under excessive loads since the lubricating film is squeezed out of
the gap. If the lubricant is completely removed, dry frictionwould occur, whichwould
imply high friction forces and wear. If a thin layer of lubricant remains adsorbed,
friction between surfaces is strongly reduced compared to dry friction. This leads to
the so-called boundary lubrication. Friction coefficients under these conditions are
typically 100 times higher than those under hydrodynamic lubrication conditions but
still substantially smaller than those for dry friction under UHV conditions. In
boundary lubrication, friction essentially depends on the chemical constitution of the
lubrication layer and not on its bulk viscosity.

One effect of a boundary lubricant is to reduce adhesion between the solids.
Adhesion between solids is usually dominated by vanderWaals forces (seeChapter 2).
Hydrocarbons have a small Hamaker constant (see Table 2.2). Their presence leads
to a reduction in the adhesion and hence friction. Films of only monomolecular
thickness are sufficient to have a pronounced effect [974] (see Example 9.2). In that
case, friction can be as small as friction with plenty of lubricant. At least withmetals
it can be shown that the number of microcontacts is not changed by the lubricant.
Only the contact intensity is reduced. The reduced van der Waals attraction can
thereby diminish the actual contact area.

It should be noted that most �clean� surfaces are covered by a thin layer of
contamination, unless prepared and kept inUHV. As a consequence, in experiments
performed under ambient conditions, we always have the case of boundary lubri-
cation rather than dry friction.

In practical applications, we often encounter a combination of boundary and
hydrodynamic lubrication, which is called mixed lubrication. For example, bearings
that are usually lubricated hydrodynamically experience mixed lubrication when
starting and stopping. This is shown in the so-called Stribeck diagram (Figure 9.13):
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at low speeds, boundary lubrication with high friction dominates. With increasing
speed, a hydrodynamic lubricant film is created that significantly reduces friction.
The linear increase in friction at even higher speeds is due to the internal viscosity of
the lubricant, as described by Eq. (9.25).

9.3
Microscopic Friction: Nanotribology

In the previous section, we learned that the relevant processes of friction occur at
microcontacts. To get a better understanding of friction phenomena, one should
therefore study friction at the micro- and nanoscale. This field of micro- and
nanotribology evolved with the availability of suitable experimental techniques,
namely, FFM, SFA, and QCM. Reviews can be found in Refs [975–978]. Recent
books on this topic are Refs. [979, 980].

9.3.1
Single Asperity Friction

For macroscopic bodies, the real and apparent contact areas are different. It was the
deformation of surface asperities that accounted for Amontons� law. If considering a
single nanocontact, apparent and real contact areas are identical. For nanocontacts,
friction should be proportional to the shear strength and contact area as described by
Eq. (9.2). Wearless friction of single contacts is also denoted as �interfacial friction.�
Assuming that the shear strength of the contact does not depend on the normal load,
it is possible to calculate the load dependence of the friction force by applying contact

10-1
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10-2 10-1 1 cm/s

10-3

10-4

μ

v0η/FL

hydrodynamic

lubrication

boundary

lubrication

mixed

lubrication

Figure 9.13 Stribeck diagram for a lubricated
friction contact. Coefficient of friction m versus
gv0=�P is plotted, where � is the density of the
lubricant, v0 the velocity, and P the contact
pressure. From left to right, there are three

distinct friction regimes: boundary lubrication
with high friction and wear, mixed lubrication
with intermediate friction and wear, and
hydrodynamic lubrication with low friction and
(almost) no wear.
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mechanics to predict the true contact area. In general, this will lead to a nonlinear
dependence of FF on FL. Experiments on the load dependence of friction for single
nanocontacts have been carried out by several authors using friction force micros-
copy. The resulting friction force for different systems could be described using
continuum theories such as the JKR model (Eq. (8.68)) to calculate the true contact
area and assuming a constant shear strength [890–892]. This result was confirmed by
determining independently the true area of contact from the electric conductance of
the contact [981]. However, for small nanocontacts, the application of continuum
mechanics may be questionable and this issue has been addressed in several studies
using molecular dynamics simulations. Luan and Robbins [894] suggest that for
nanoscale contacts, contact area and yield stress may be underestimated and friction
and contact stiffness may be overestimated by continuum theories. Wenning and
M€user [984] showed that while for curved, nonadhering, amorphous surfaces
FF / F2=3

L , for commensurate surfaces or flat surfaces a linear relation FF / FL is
obtained. Mo et al. [986] came to the conclusion that atomic roughness of the contact
leads to a linear dependence of friction on load just like in the case of macroscopic
roughness. The obvious disagreement between the linear dependency observed in
simulations and the power law dependence found experimentally is even more
striking for the study of Gao et al. [985], who carried out FFM experiments on
diamond crystal surfaces that were contrasted with molecular dynamics simulations
of the same system.While the experimental data couldwell be explained by assuming
a constant shear strength and calculating the contact area with the Dugdale–Maugis
contact model, their simulations showed FF / FL independent of commensurability
of the surfaces.

In experiments with friction force microscopy, the tip forms a contact of a few
nanometers in diameter with the substrate, the so-called nanocontact. In reality,
friction of macroscopic bodies is determined by the interaction via microcontacts.
One possibility of extending themethod of friction forcemicroscopy to larger contact
areas is the use of the colloidal probe technique, where a small sphere is attached to
the end of an atomic force microscope cantilever (see Section 3.2). Even for
microcontacts, the proportionality between the true area of contact and the friction
force was observed (see Example 9.2).

Even larger contact areas with interfacial friction are found in the SFA.While SFA
hasmainly been used to study boundary lubrication in the presence of adsorbedfilms
or confined liquids, there have also been studies on dry friction. Homola et al. [987]
found that the increase in contact area between the mica sheets with load could be
described by JKR contact mechanics. The friction force was given by the product of
this contact area times a constant shear strength of t � 20MPa. This value of the
shear strength differs extremely from the values obtained in FFM experiments,
where values on the order of 1GPa are common. This scale dependence of shear
strength was originally explained by a micromechanical model of scale-dependent
formation and movement of dislocations during the sliding process [988]. However,
theremight also be the problem that in SFAexperiments therewill always be a certain
amount of adsorbedmolecules present on themica surfaces, which can influence the
effective shear strength of the contact.
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Example 9.3

McGuiggan et al. [982] measured the friction onmica surfaces coated with thin
films of either perfluoropolyether (PFPE) or polydimethylsiloxane (PDMS)
using three different methods: the surface forces apparatus (radius of
curvature of the contacting bodies R � 1 cm), friction force microscopy with
a sharp AFM tip (R � 20 nm), and friction force microscopy with a colloidal
probe (R � 15mm). In the surface force apparatus, coefficient of frictions of the
twomaterials differed by a factor of� 100, whereas for the AFM silicon nitride
tip, the coefficient of friction for both materials was the same. When the
colloidal probe technique was used, the coefficient of frictions differed by a
factor of�4. This can be explained by the fact that, in friction forcemicroscopy
experiments, the contact pressures are much higher. This leads to a complete
penetration of the AFM tip through the lubrication layer, rendering the
lubricants ineffective. In the case of the colloidal probe, the contact pressure
is reduced and the lubrication layer cannot be displaced completely.

Xu et al. [983] used a special friction tester that allows contact sizes in between FFM
andSFA. They could observe that transition betweenhigh (hundreds ofMPa) and low
(some 10MPa) shear strength can occur for contact radii of only 20–30 nm,
depending on whether there is intimate contact of the sliding surfaces or whether
there is still a monolayer of lubricating molecules present. This is in line with the
quantized friction behavior found in SFA experiments depending on the number of
molecular lubrication layers [644].

9.3.2
Atomic Stick–Slip

The first measurement of friction with atomic resolution using friction force micros-
copy was carried out by Mate et al. [275]. They used a tungsten tip on highly oriented
pyrolyticgraphite (HOPG)andobservedanatomicstick–slipfriction.Theperiodicityof
the stick–slip agreed with the lattice spacing of the graphite. In the following years,
atomic stick–slip friction was observed for many other types of crystal surfaces, for
example, Au [989], diamond [990], NaF, NaCl, AgBr [991], MoS2 [992], stearic acid
crystals [993], KBr [994], CuP [995], or Cu(111) [996]. In these experiments, with
moderate loadontheAFMtip,nowearoftheatomicallyresolvedsurfaceswasobserved.

The possibility of wearless friction had already been postulated independently by
Prandtl in 1928 [916] and by Tomlinson in 1929 [917]. They suggested a simplemodel
that describes the interaction between two surfaces in relative motion (Figure 9.14).
The lower surface (2) is represented by a periodic potential VðxÞ. The surface atom
(A) is elastically coupled to the upper surface (1) via a spring with spring constant K
andmoves through the potential VðxÞ as surface (1) moves from the left to the right.
At the beginning (A) is pinned at aminimumof the potential (a). As surface (1)moves
on, the force on (A) increases (b) until it gets so strong that the atom jumps to the next
potential minimum (c). During this relaxation energy is dissipated via lattice
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vibrations of the upper body and finally via the generation of phonons. In the
Prandtl–Tomlinson model, this dissipation is described by a simple damping term
that is proportional to the speed vA of the atom. Thismodel explainsCoulomb�s law of
friction: The fast, dissipativemovement of the surface atom is largely independent of
the relative speed of the surfaces v0, provided they move with a speed that is much
slower than the relaxation of the atom (v0 
 vA).

Let us apply the Prandtl–Tomlinson model to the example of an AFM tip sliding
along a one-dimensional periodic potential VðxÞ with periodicity a (see Figure 9.15):

VðxÞ ¼ �V0 cos
2px
a

� �
: ð9:34Þ

The tip is assumed to be coupled to a support via a springwith spring constantK . The
support moves at a velocity v0. Its coordinate changes according to x0 ¼ v0t. The total
energy of the system can then be written as

E ¼ �V0 cos
2px
a

� �
þ 1

2
Kðx�x0Þ2 ¼ �V0 cos

2px
a

� �
þ 1

2
Kðx�v0tÞ2: ð9:35Þ

Initially, the tip will reside within the local minimum given by the condition

@E
@x

¼ 2pV0

a
sin

2px
a

� �
þKðx�v0tÞ ¼ 0: ð9:36Þ

For the beginning of one stick–slip cycle, we can use the approximation sin z � z for
small z. This leads to

4p2V0

a2
þK

� �
x�Kv0t ¼ 0: ð9:37Þ

The initial velocity of the tip vtip will therefore be given by

vtip ¼ dx
dt

¼ v0
1þC

with C ¼ 4p2V0

Ka2
: ð9:38Þ

This is slower than the velocity v0 of the support.
If the support position x0 has changed sufficiently far, the tip could be forced to a

position, where @2E=@x2 changes it sign. This will be exactly at the point x� where

@2E
@x2

¼ 4p2V0

a2
cos

2px�

a

� �
þK ¼ 0; ð9:39Þ

Figure 9.14 Schematic of the Prandtl–Tomlinson model.
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which is equivalent to

C � cos 2px�

a

� �
¼ 1: ð9:40Þ

Equation (9.40) can be solved only if C � 1 (i.e., 4p2V0 � Ka2). Thus, stick–slip
motion is expected for soft springs or for strong tip–sample interaction. For C ¼ 1,
the critical position x* ¼ 0. ForC > 1, we obtain two critical points x*1;2 per lattice cell.
In two dimensions, this corresponds to a critical curve.

The friction force is given by

FF ¼ �Kðx�x0Þ ¼ �Kðx�v0tÞ: ð9:41Þ
Using Eq. (9.36), this can be expressed as

FF ¼ 2pV0

a
� sin 2px

a

� �
: ð9:42Þ

It has a maximum at a=4 with

Fmax ¼ 2pV0

a
: ð9:43Þ

The friction force increases linearly with the maximum interaction potential V0.
However, in a stick–slip situation, the friction force will not follow the sinusoidal
pattern but a sawtooth pattern due to instabilities. The force F�

F at which the jump
occurs can be calculated using Eqs. (9.36) and (9.40) in combination with the
mathematical identity sin2xþ cos2x ¼ 1:

F� ¼ Ka
2p

ffiffiffiffiffiffiffiffiffiffiffiffi
C2�1

p
: ð9:44Þ

From Eq. (9.36), we can obtain for t! 0

x ¼ v0t
1þC

: ð9:45Þ

By putting this relation into Eq. (9.41), we can calculate the increase in the friction
force with time when the sliding starts:

FFðt! 0Þ ¼ Kv0t
C

Cþ 1
: ð9:46Þ

This means that during stick, the force ramps up with distance with an effective
spring constant

Keff ¼ K
C

Cþ 1
: ð9:47Þ

From the fact that Eq. (9.40) can have solutions only for values of C > 1, it follows
that for sufficiently stiff springs, the stick–slipmotion should disappear. Naively, one
might expect that by using stiffer AFM cantilevers, ultralow atomic friction without
stick–slip and thus without dissipation should be achievable. However, the effective
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spring constant K entering into the Prandtl–Tomlinson model is for typical friction
force microscopy experiments not given by the lateral cantilever spring constant but
by the stiffness of the contact between tip and surface. Typical values of this contact
stiffness are on the order of 1Nm�1 compared to some 10Nm�1 for the lateral
spring constant of the cantilever. The alternative approach to ultralow friction would
therefore be tominimize the interaction between tip and surface (i.e., the value ofV0).
This can be achieved by reducing the normal force between tip and surface.

For the friction force between a silicon AFM tip and a NaCl(001) surface in UHV,
such a transitionwas in fact observed [997] (Figure 9.16). At an applied normal load of
4.7 nN, stick–slipwas observedwith a clear hysteresis between forward and backward
scanon the same line. By reducing the applied load to 3.3 nN, the stick–slip amplitude
stays almost constant but the hysteresis, which is proportional to friction loss, is
clearly reduced. When changing the applied force to �0.47 nN to compensate partly
the adhesion force of 0.7 nN, the stick–slip pattern changed into a continuous
modulation with no detectable hysteresis between trace and retrace. This corre-
sponds to a frictionless sliding at least within the force resolution of the experiment.
This effect of vanishing friction due to very small loads is called static superlubricity.

As already seen in Figure 9.15, the jump during slip can in principle go to different
positions that are all lower in energy than the position fromwhich the jumpoccurs. In
most cases where atomic-scale stick–slip motion is observed, slip distances corre-
spond to single atomic spacings. This implies that usually the AFM tip sliding on the
crystal surface is a strongly damped system. However, theremay be situations where
double [998] or multiple slip occurs as suggested by Johnson and Woodhouse [999]

Figure 9.15 Energy for a sliding AFM tip in the
one-dimensional Prandtl–Tomlinson model
versus position. The position is given in units of
the periodic surface potential (a ¼ 0:4 nm).
Parameters were V0 ¼ 0:5 eV and
K ¼ 1:5Nm�1. The energy is plotted for a
support moving to the right with a speed
v0 ¼ 20 nms�1 (i.e., x0 ¼ v0t is assumed)

leading to C ¼ 13:2. The tip is assumed to
reside in aminimum at x ¼ 0 at time t ¼ 0. The
three different lines indicate the shape of the
potential for three different times, where the
position of the support is at x0 ¼ 0 (continuous
line), x0 ¼ 2a (dashed line), and x0 ¼ 3a
(dotted line), respectively.
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and discussed in detail by Medyanik et al. [1000]. In fact, double slip events were
already observed in the first friction force experiments by Mate et al. [275]. At high
sliding speeds, very complex and even chaotic stick–slip behavior may arise [1001],
for example, not only due to resonances of the tip itself but also simply due to the fact
that the entire friction system consisting of tip–sample interaction, cantilever spring
constant, and contact stiffness is nonlinear in nature [1002].

In spite of its conceptual simplicity, the Prandtl–Tomlinson model has been quite
successful for the quantitative interpretation of friction force microscope experi-
ments when extended to two dimensions [1018]. It should be noted that all AFM
contact mode images (i.e., images recorded with direct mechanical contact between
tip and sample) showing resolution of atomic lattices are, in fact, the result of
stick–slipmotion. Since the contact area between tip and surface is much larger than
just a single atom, such images do not have true atomic resolution. Single atom
defects or adatoms would not be recognized under these imaging conditions. True
atomic resolution can be achieved using only dynamic modes of AFM.

At atomic steps, an additional lateral force DFF is usually necessary to drag the tip
over the step. There is, however, amarked difference between scanning the step up or
down: for downward scans, DFF does not depend on applied load, whereas for
upward scans, a linear increase in DFF with applied load was found. This was
observed for graphite(0001) in UHV [1019] as well as on freshly cleaved graphite

Figure 9.16 Friction forces FF measured
between a NaCl(001) surface and an AFM tip
sliding along the (100) direction in UHV. At an
applied load of 4.7 nN (a) and 3.3 nN (b),
stick–slip motion of the tip is observed with a
hysteresis between forward and backward
directions. For an applied load of �0.47 nN (at
0.7 nN adhesion force), motion changes to a

continuous sliding without detectable
hysteresis, indicating dissipationless sliding.
This effect is denoted as static superlubricity.
Parts (d)–(f) show corresponding numerical
results using a Tomlinson model with values of
C ¼ 5, C ¼ 3, and C ¼ 1. (From Ref. [997] with
permission of R. Bennewitz.)
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(0001), MoS2(001), and NaCl(001) under ambient conditions [1020], and again a
Prandtl–Tomlinson model can fully explain these findings by simply plugging in an
appropriate potential VðxÞ for the atomic steps [977].

Example 9.4

In Figure 9.17, the experimental results from a friction force microscope
experiment are compared with simulations based on an extended two-dimen-
sional Prandtl– Tomlinsonmodel [1004]. The tip was assumed to be connected
elastically to the holder (coordinates x0, y0) that is scanned with the velocity v0
relative to the sample surface. The path xðtÞ; yðtÞ of the tip was calculated using
effectivemassesmx ,my, spring constantsKx,Ky, and damping constants cx, cy.
The equation of motion for this system is

mx €x ¼ Kxðx0�xÞ� @Vðx; yÞ
@x

�cx _x;

my €y ¼ Kyðy0�yÞ� @Vðx; yÞ
@y

�cy _y:

Figure 9.17 Friction forcemicroscope pictures
(a, b) of a graphite(0001) surface as obtained
experimentally with FFM and results of
simulations (c, d) of the stick–slip friction using
a two-dimensional equivalent of the
Prandtl–Tomlinson model. The friction force

parallel to the scandirection (a, c) and the lateral
force perpendicular to the scan direction (b, d)
are shown. The scan size is 20Å� 20 Å.
(Pictures taken fromRef. [1004]with permission
of R. Wiesendanger.)
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For the interaction potential, the authors chose

Vðx; yÞ ¼ �V0 2 � cos 2p
a
x

� �
cos

2p

a
ffiffiffi
3

p y

� �
þ cos

2p

a
ffiffiffi
3

p y

� �� �
:

Recent experiments [1005] with high time resolution have revealed fine structures of
the jump dynamics, which cannot be explained by a simple Prandtl–Tomlinson
model. This has led to the postulation of a new model that assumes an ultrasmall
effective mass for the tip apex, which therefore exhibits a much faster kinetics than
assumed in previousmodels [1006, 1007]. This led to thermal delocalization of the tip
that probes the surface potential at a much faster rate than the observed stick–slip
motion of the cantilever.

A fundamental question not yet resolved regarding stick–slip motion is the exact
mechanism for the occurrence of stick–slip with a periodicity of the surface lattice.
For interpretation of the stick–slipmotion by the Prandtl–Tomlinsonmodel, the tip is
commonly treated as a single, pointlike entity without any additional internal degree
of freedom. However, the contact area between AFM tip and crystal surface will
typically contain some 10 unit cells. Atomic stick–slip was observed even for
amorphous silicon and silicon nitride tips [1003] and for crystalline tips, atoms of
tip and surface lattice will usually not be in registry, making the observation of
stick–slip with a periodicity of the surface lattice surprising.

In the Prandtl–Tomlinson model, energy dissipation is described by a simple
damping term. This phenomenological approach does not reveal anything about the
underlying mechanism. For insulating surfaces, phonons are expected to be the
relevant dissipative pathway [904, 1009]. Recently, Canarra et al. [1010] demonstrated
that the vibration frequencies of the surface atoms have a profound influence on
friction force. They compared friction forces on silicon or diamond substrates that
were terminated by hydrogen or deuterium. The higher vibration frequencies of H-
terminated surfaces led to a more rapid energy dissipation however, the effect was
smaller than expected from themodel of Persson [904], which shows that other,mass-
independent contributions must be present. In the case of conducting surfaces,
electronic excitations (e.g., generation of electron–hole pairs) can contribute [1011].
The existence of such an electronic friction was shown for the damping of adsorbate
movements on Ru(0001) surfaces by He scattering [1012].

The relative contributions of these two mechanisms are still under debate.
Measurements with the quartz microbalance on the slippage of nitrogen on a
superconductor (lead) showed that, below the transition temperature Tc, sliding
friction dropped to about half the value compared to temperatures above Tc [951]. If
we assume that this drop is due to a complete loss of electronic friction, then
electronic and phononic contributions are of the same order ofmagnitude, at least in
this system. Park et al. [1013] found that friction on p-doped silicon can bemodulated
by an applied potential that changes the charge carrier density, which might open a
newway to control friction inMEMS devices. Other energy lossmechanisms such as
dislocation-mediated plastic deformation [1014, 1015] chemical reactions, tribolu-
minescence, or emission of charged particles can also occur [1016].
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Example 9.5

The first direct measurement of the energy dissipation through single atoms
was achieved by Giessibl et al. [301]. They used an extended version of friction
forcemicroscopy, where the tip is oscillated laterally. Dissipation energies were
obtained from the frequency shift of the oscillation while measuring the
tunneling current between tip and surface. With this method they were able
to measure the energy dissipation during interaction of the tip with single
adatoms of a Si(111)7� 7 surface. When the tip was placed above an adatom,
the dissipationwas low. Apositive frequency shift of the oscillation indicated an
increase in the effective spring constant of the oscillator. Thiswas interpreted as
the formation of a �bond� between tip and adatom.When the tipwas positioned
further away from the adatom, the �bond� was formed and destroyed in each
oscillation cycle and more energy was dissipated. In this case, the large
deflection of the adatom from its equilibriumposition leads to strong vibrations
and generation of phonons.

9.3.3
Velocity Dependence of Nanoscale Friction

The influence of sliding velocity on friction force can be derived within the
framework of the Prandtl–Tomlinson model when interpreting the slip event as a
thermally activated process. In the above discussion of the Prandtl–Tomlinson
model, we did not consider thermalmotion, which corresponds to sliding atT ¼ 0K.
The jump of the tip from one stable surface position to the next one is hindered by an
energy barrier DE. At zero temperature, the tip will not be able to jump to the next
position unless DE ¼ 0. In the case of finite temperature, there will be a certain
probability that the energy barrier will be overcome by thermalmotionwhileDE > 0.
As a consequence, the force at which slip occurswill become a statistically distributed
quantity and the average friction forcewill correspond to themost probable slip force.
The probability that the tip has not yet slipped changes with time according to [1008]

dp
dt

¼ �f0 exp � DE
kBT

� �
pðtÞ; ð9:48Þ

where f0 is the characteristic lateral frequency of the system (i.e., lateral resonance
frequency). The activation energyDE itself will be a function of time since it depends
on the change in the lateral force FF with time. For small sliding velocities, one can
assume thatDE decreases linearlywith increasing friction forceFF,where the slopeA
will depend on the interaction potential. Using this so-called �linear creep
assumption� and the relation dFF=dt � Kv0, a logarithmic dependence of friction
on velocity is obtained:

FF ¼ F0� kBT
A

ln
v
v0

� �
: ð9:49Þ

Within this framework, the increase in friction force with velocity simply reflects the
fact that at higher sliding speeds, the system has less time to overcome the activation
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barrier by thermalmotion. This effect leads to a higher value of themost probable slip
force. A logarithmic increase in friction with velocity has indeed been observed, for
example, for a silicon tip sliding on a Cu (111) surface [996] or a NaCl(001) surface in
UHV [1008].

Riedo et al. [1017] measured the friction force between silicon tips and mica. They
found a logarithmic increase up to a critical velocity vc and no dependence on speed
for v0 > vc. This behavior was explained by a modified Prandtl–Tomlinson model,
where the linear creep assumption was replaced by a �ramped creep.� This assump-
tion should bemore appropriate when slip occurs close to the critical point x� defined
by Eq. (9.40) and leads to a relation of DE � ðconst�FFÞ2=3 and FF � lnðv=v0Þ3=2
[1021]. Such type of transition between two friction regimesmight also have occurred
in experiments done by Zw€orner et al. [1022] in which friction force was independent
of speed up to 25 mms�1 on amorphous carbon, diamond, and HOPG; for velocities
below 0.5mm, there seems to be an increase with velocity. The model of Reiman and
Evstigneev [1023] even predicts a maximum and then a logarithmic decrease at high
(>20 mm=s) scan speeds. This effect is due to a decrease in stick–slip–type deforma-
tions of the tip apex at higher speeds that leads to a decrease in dissipation. A
logarithmic increase in friction force with sliding speed on polymer layers grafted on
silica was found by Bouhacina et al. [1024] and explained by a thermally activated
Eyringmodel. Depending on the precise type of the contacting surfaces and the range
of sliding speeds, deviations from the logarithmic dependence have been observed.
On hydrophilic surfaces under ambient conditions, the formation of a water
meniscus by capillary condensation (see Chapter 5) may strongly influence the
friction behavior. A logarithmic decrease in friction with increasing velocity was
observed when a sapphire ball was slided on a silicon wafer with native oxide layer
[1025]. Such dependence was also found for AFM tips sliding on hydrophilic CrN
surfaces by Riedo et al. [1026] and explained the kinetics of capillary condensation.
With increasing sliding speed, the meniscus between tip and surface cannot fully
develop and the friction force decreases with increasing speed. Other mechanisms
such as elastic hysteresis on soft layers, viscous shearing, and deformation of
asperities may lead to more complex patterns and a reversal of speed dependence
at high speeds [1027]. Tao and Bhushan [1028] used a high-speed scan stage added to
an AFM setup. For very high sliding speeds (20–200mms�1), a transition from
logarithmic to linear relation between friction force and sliding velocity was found,
which was attributed to the dominance of viscous friction forces [1029].

9.3.4
Superlubricity

From the application point of view, reduction of friction is often the primary goal. For
many macroscopic technical applications, lubrication is extremely effective and a
broad basis of empirical knowledge exists. However, with increasing importance of
micromechanical systems and nanotechnology, new concepts for reduction of
friction have to be developed. In microelectromechanical systems (MEMS) with
high surface-to-volume ratio, stiction and friction become critical issue, that limit
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operability and lifetime [1030, 1031]. For dry and clean surfaces, stick–slip motion
usually dominates. It goes along with high-energy dissipation. It would therefore be
desirable to avoid stick–slip in favor of a continuous, frictionless sliding.

Structural Superlubricity In 1990, Hirano and Shinjo [1032] found by theoretical
studies that it should in principle be possible for two crystalline surfaces to slide over
each other with vanishing friction, if the interaction potential is low enough. They
proposed that such a configuration could be achieved by a lattice mismatch of the
crystals. They coined the term �superlubricity� for such amode of sliding [1033]. This
term is somewhatmisleading since it suggests a quantumnature of the phenomenon
and therefore the term �structural superlubricity� was suggested to be more
appropriate [1034]. It was also found later that other mechanisms can lead to almost
vanishing friction and superlubricity was consequently used as a general term for
sliding with almost zero friction. For a recent review, we refer to Ref. [1035], while
Ref. [1036] is a comprehensive book on the topic.

In their first experimental attempt to prove their concept of structural lubricity,
Hirano et al. [1033] demonstrated that the friction force between mica sheets in a
tribometer can be reduced by a factor of 4 whenmisaligning the sheets. This finding
indicates that commensurability of surfaces had a strong influence, but no full
superlubricity was achieved. Martin et al. [1037] observed coefficients of friction
below10�3 between cleanMoS2 surfaces in anUHV tribometer,whichwas attributed
to structural lubricity. A second experimental attempt of Hirano et al. [1038] was to
measure the friction force between a W(011) tip and a Si(001) surface in an STM.
When rotating the tip, they observed a reduction in friction from 8� 10�8 N to below
3� 10�9 N. Themost convincing proof of superlubricity came fromDienwiebel et al.
[1039] who studied the sliding friction betweenHOPG and a graphite flake on the tip
of an unconventional FFM that allowed detection of lateral forces in both directions
with a resolution of 15 pN. By rotating the sample in small steps relative to the tip, the
angular dependence of friction on relative orientation between flake and sample was
mapped. Clear friction force peaks separated by an angle 60� were observed with
lateral forcemore than one order ofmagnitude smaller in between. The experimental
data could be fitted using a two-dimesional Prandtl–Tomlinson model [1040].

If friction requires a certain commensurability of the sliding surface, should
friction not vanish in almost all situations? It would be a coincidence if two surfaces
have a similar lattice constant and are aligned. There are several reasons why this is
not the case:

. Structural lubricity removes only dissipation caused by stick–slip motion. Other
dissipation channels are not affected and can be dominating.

. Single crystalline flakes have the tendency to self-align into a high friction state
orientation [1041].

. The presence of �third bodies� (i.e., adsorbed molecules, contaminants) between
the surfaces will lead to significant friction [1042].

. The above models assume rigid bodies with ideal flat surfaces. If this rigid block
assumption fails, superlubricity cannot be expected. This is related to the balance
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between interfacial interactions and bulk elastic forces. An estimate if this
condition is met or not can be made by scaling arguments for surface interaction
potentials and bulk bond strength [1034].

Most theories of structural superlubricity are based on the Prandtl–Tomlinson
model or the more advanced Frenkel–Kontorova model [1043, 1044], in which the
single atom/tip is replaced by a chain of atoms coupled by springs. However, Friedel
and de Gennes [1045] noted recently that correct description of relative sliding of
crystalline surfaces should include the motion and interaction of dislocations at the
surfaces. This concept was taken up by Merkle and Marks [1046] and generalized
using the well-established coincident site lattice theory and dislocation drag from
solid-state physics.

While the applicability of superlubricity for atomically flat, crystalline surfaces
without contamination to practical friction problems seems limited at the moment,
the phenomenon of structural lubricity sheds new light on the well-known excellent
lubrication properties of materials such as graphite or MoS2. These materials have
long been known as solid lubricants, and commonly this is attributed to the weak
interaction between crystal layers. However, relative slip of layers with flakes of the
lubricant is expected to lead to high forces, making relative sliding of flakes themore
realistic scenario for the low-friction mechanism. For the case of MoS2, a possible
contribution of superlubricity due to incommensurate sliding of single flakes has
been found in a UHV tribotester [1037]. The superlubricity between graphite sheets
has initiated the search for other candidates of ultralow friction. One prominent
example are graphite sheets intercalated with C60 monolayers that exhibit outstand-
ing properties (for review, see Ref [1047]).

Static Superlubricity As already discussed in Section 9.3, a reduction in the strength
of the interaction potential (case C < 1 in Eq. (9.40)) will suppress the stick–slip
motion according to the Prandtl–Tomlinson model. This was experimentally first
confirmed by Takano and Fujihira [993] using FFM on stearic acid crystals and
studied in more detail by Socoliuc et al. [997] using FFM on NaCl(001) in UHV. In
both cases, the reduction in interaction strength was achieved by minimizing the
effective contact pressure. Since static superlubricity requires small (or even neg-
ative) loads between the sliding surfaces, this effect will probably have limited
applicability in practice. However, an interesting approach might be the use of
configurations where repulsive van der Waals forces exist between surfaces as
demonstrated by Feiler et al. [1048]. They found that friction forces between a
gold-coated colloid probe and Teflon in cyclohexane were below resolution of the
instrument even for applied loads of almost 30 nN, corresponding to a coefficient of
friction below 0.0003.

Dynamic Superlubricity It is the reduction of friction by vertical oscillations. It is a
known phenomenon for macroscopic friction, where it is related to intermittent loss
of contact. This requires relatively strong oscillation excitations and is therefore of
limited applicability. For nanoscale friction, a marked reduction of friction for
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boundary lubrication conditions was demonstrated by Heuberger et al. [1049] in an
SFA experiment with oscillation amplitudes as small as 0.1 nm and in an FFM
experiment by Jeon et al. [1050]. Stick–slip motion for atomic friction on KBr and
NaCl in UHVcould be suppressed by applying an AC voltage between the silicon tip
and an electrode on the backside of the insulating samples [1051]. This approach was
extended toward conducting samples usingmechanical oscillation by a piezoelement
[1052] and was found to work also under ambient conditions, which makes it a
promising possibility to control friction in MEMS applications.

Thermal Superlubricity In the Prandtl–Tomlinson model, we expect that friction
should decrease with increasing temperature since thermal excitations facilitate the
jump over the potential barriers and that decreasing sliding speed should also
decrease friction force. However, in both cases stick–slip is still expected for
sufficiently corrugated surface potentials. In a more elaborate theoretical analysis,
Krylov et al. [1053] demonstrated that there exists a transition to vanishing friction
even for values ofC > 1 in Eq. (9.40) due to transition from stick–slip to thermal drift
motion. This transition was confirmed experimentally in FFM experiments between
a graphite surface and a tungsten tip with andwithout graphiteflake at scan velocities
below 1nm s�1 [1054].

9.3.5
Thin Film Lubrication

The design of precision components with ultrasmooth surfaces, for example, in the
field of microelectromechanical systems and nanotechnology, boosts the use of
lubricating films of molecular thicknesses. Under these conditions, the validity of
continuum theories to describe the hydrodynamics of the lubricant is questionable.
This is a new lubrication regime, denoted as thin film lubrication. A review on thin
film lubrication as the limiting case of elastohydrodynamic lubrication is provided in
Ref. [1055]. We will focus here on the aspects of molecular thin films studied in the
context of nanotribology (reviews are Refs [185, 1056]).

Much of our knowledge on thin film lubrication is based on experiments with the
SFA and thus between mica surfaces. The SFA has proven to be especially suited for
the study of the shear response of confined liquids (see Section 3.1). As we will see in
Chapter 10, such confined liquids may behave quite differently from the bulk
lubricant. Close to the surfaces, the formation of layered structures can lead to an
oscillatory density profile (Figures 10.1 and 10.2).When these layered structures start
to overlap, the confined liquid properties may exhibit marked deviations from the
bulk properties. First SFA studies were conducted using nonpolar liquids with either
near-spherical structure such as OMCTS and cyclohexane [644] or with linear
structure such as hexadecane [1057]. These first experiments were followed by a
series of other studies using these and other simple organic liquids that together gave
the following picture:

. For film thicknesses ofmore than�7molecular layers, liquids behave essentially
as bulk liquids [645, 1058–1060].
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. For film thicknesses of less than 7–4 molecular layers, a transition to a solid-like
state occurs, which is characterized by a finite yield stress [645, 1059–1062].

. To shear a solidified film (i.e, to induce transition from stick to slip), a certain
minimum shear stress has to be applied [645, 1057–1059, 1062–1063], otherwise
the film will remain solid and show an elastic response. The value of this critical
shear stress depends in a discrete manner on the number of liquid layers present
between the surfaces [644, 645, 1057, 1059, 1064].

. When the critical shear stress is exceeded, sliding commonly occurs as a stick–slip
motion [645, 1059, 1062, 1063]. The transition fromstick to shearing is commonly
interpreted as a shear-inducedmelting of the solid that solidifies again at the next
stick. This hypothesis was supported by molecular dynamics simulations [649,
1065]. Energy dissipation during stick–slip motion was found to occur largely
during the slip phase due to viscous dissipation [1066].

. When the shearing velocity exceeds a certain critical velocity vc, a transition from
stick–slip to smooth sliding occurs [645, 1059, 1065].

. Shearing can be carried out whilemaintaining a fixed number ofmolecular layers
n, and with n constant, the friction force increases linearly with applied load [645,
1059, 1064].

Some newer experiments have, however, challenged this picture, and discrepan-
cies betweendifferent studies have not yet been satisfactorily resolved.While in some
cases, a continuous transition from liquid to solid behavior with increasing con-
finement was observed [1061, 1062], Klein and coworkers found a sudden transition
within a distance change of a single molecular layer [1060, 1063]. Such a sudden
transition was predicted bymolecular dynamics simulations only for commensurate
orientation of the confining crystal surfaces [658]. Monte Carlo simulations by
Ayappa et al. [1070] on the solidification of OMCTS between mica sheets showed
freezing at a thickness of up to seven layers and phase transitions between triangular,
square, and buckled phases if only one or two layers were left.

Recent experiments on the confinement and shear of OMCTS by Zhu and
Granick [1071] questioned the picture of a liquid–solid transition. For thin films
formed by rapid compression, a high effective viscosity was observed, similar to
earlier experiments. But for films with quasistatic compression, friction was
extremely low and no change in fluid viscosity was detectable. Mukhopadhyay
et al. [1072] measuredmolecular diffusion of OMCTS within the contact zone of an
SFA using fluorescence correlation spectroscopy. Upon shearing of the mica
surfaces, diffusion increased only by a factor of 3–5 that is incompatible with a
solid–liquid transition. These surprising findings were confirmed by dynamic
AFMexperiments [1073] on OMCTS, where friction and viscosity were low for very
slow (<0.6 nm s�1) confinement rates and high for fast confinement. According to
Lang et al. [1074], this dependence on confinement rate could be due to the interplay
of a confinement-dependent glass transition temperature Tg and the relative
timescales of relaxation time t of the liquid and experimental time constant. Glass
transition will occur only when increase in Tg with decreasing gap size is
sufficiently fast, to make the glass transition occur within the experimental time
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t > t. On the one hand, this implies that under equilibrium conditions (i.e.,
infinitesimally slow approach) no phase transition to a solid state should occur.
On the other hand, typical situations in lubrication will correspond to approach
rates that aremuch faster than the critical velocities found in Refs. [1073, 1074] and
therefore the high friction state predominant in the older studies might be the
practically more relevant one.

In spite of the significant number of successful experimental and numerical
studies on the shear behavior of confined thin films, a consensus on the exact
mechanismof friction and the structure and phase state of the confined liquid has not
yet been reached and further investigation focusing on time-and rate-dependent
effects will be necessary.

9.4
Summary

. Amontons� law of macroscopic, dry friction states that the friction force is
proportional to the load and does not depend on the apparent contact area:

FF ¼ m �FL:
. The proportionality constant m is the coefficient of friction. Amicroscopic analysis

shows that the friction force is proportional to the true contact area. The true
contact area is proportional to the load. The coefficient of friction is in general
higher for static than for dynamic friction. Typically, m 	 0:1 for dry friction.

. The second empirical law for dry,macroscopic friction is that of Coulomb: friction
does not depend on the sliding velocity.

. Lubrication is used to reduce friction andwear. Depending on the thickness of the
lubrication layer, different regimes are distinguished. Hydrodynamic lubrication
prevails if the lubrication layer is thick enough to completely separate the surfaces.
In this case, friction is determinedby the viscosity of the lubricant. Typically,m is in
the range of 0:001�0:01. In the case of nonconforming contacts as in ball bearings
or gears, elastohydrodynamic lubrication allows stable operation due to elastic
deformation of surfaces and pressure-dependent viscosity of lubricants.

. If the surfaces are separated only by adsorbedmolecules or oxide layers, boundary
lubrication is acting. In systems where the thickness of the lubrication layer is of
the order of the surface roughness and intermittent contact of the surfaces occurs,
we talk about mixed lubrication. Friction coefficients are typically 0:01�0:2.

. With the evolution of nanotechnology, thin film lubrication is gaining impor-
tance, where the lubrication layer thickness approaches molecular dimensions.
Lowest friction coefficients can be achieved in the case of rolling friction as, for
example, in ball bearings.

. The availability of new experimental methods at the end of the 1980s such as
friction force microscopy allowed us to study friction on the atomic scale and
created the newfield of nanotribology. The observedwearless friction on this scale
can be understood using the model of Tomlinson where the �plucking action of
one atom on to the other� leads to energy dissipation during stick–slip processes.
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. Superlubricity, sliding friction with almost vanishing friction force, can be
achieved by incommensurate alignment of crystalline surfaces, by applying
vertical oscillations or by minimizing the interaction potential.

9.5
Exercises

9.1. A block of metal with amass of 5 kg is put on a plate of the samemetal 1m from
the left end of the plate. The coefficient of static friction of thematerial is 0.5 and
the coefficient of kinetic friction is 0.4. The right end of the plate is slowly lifted to
incline the plate until the block begins to slide. At which inclination angle does
the block begin to slide? If the plate is kept at this angle, what speedwill the block
have when it reaches the left end of the plate?

9.2. A steel cube of 10 cm side length is placed on a steel plate. The yield stress of
simple steel is tc � 250mPa. Estimate the area of real contact. Compare this to
the real area of contact. If we assume a typical area of 10m2 per microcontact,
how many junctions exist between the plate and the block?

9.3. A cylindrical axis of 1 cm diameter and 10 cm length is rotating in a precision
bearing with an inner diameter, which is only 6m larger. We use octadecane as
the lubricant. Due to friction, it heats up to 50 �C, where its viscosity is
2.49mPa s. The axis rotates with 80 rotations per second. What is the torque
we have to apply to overcome viscous friction?

9.5 Exercises j291





10
Solvation Forces and Non-DLVO Forces in Water

For large separations, the force between two solid surfaces in a liquid medium can
usually be described by continuum theories such as the van der Waals and the
electrostatic double-layer theories. The individual nature of the molecules involved,
their discrete size, shape, and chemical nature can be neglected. At surface separa-
tions approaching molecular dimensions, continuum theory breaks down and the
discrete molecular nature of the liquid molecules has to be taken into account. For
this reason, it is not surprising that some phenomena cannot be explained by DLVO
theory. For example, the swelling of clays in water and nonaqueous liquids and
the swelling of lipid bilayers in water cannot be understood on the basis of DLVO
theory alone. In this chapter, we consider surface forces that are caused by the discrete
nature of the liquid molecules and their specific interactions.

10.1
Solvation Forces

The term �solvation force� was introduced by Derjaguin and Kussakov [687]. They
assumed that liquids at interfaces form a boundary layer, in which the molecular
structure is different from the arrangement of molecules in the bulk. When the
boundary layers of opposing interfaces overlap, the two interfaces experience a force.
Sometimes, solvation forces are also called structural forces. We prefer to use the
term structural force for interactions mediated by dissolved molecules, usually
dissolved macromolecules, which do not adsorb to interfaces. In particular at high
concentrations, the interfaces cause the dissolved molecules to assume a layered
structure close to the interface. Upon approach of the interfaces, this layered
structure is changed, which gives rise to the structural force. At this point, it is
instructive to distinguish steric forces. Van Megen and Snook pointed out that
solvation forces are the consequence of adsorption of solvent on the surfaces [1075].
In contrast, steric forces, discussed later, are caused by dissolved molecules that are
adsorbed, such as polymers or surfactants.
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10.1.1
Contact Theorem

To introduce solvation forces, we start with the contact theorem. Consider a fluid
between two parallel planar walls as depicted in Figure 7.2. The contact theorem
relates the local number density of molecules next to the walls, r0, to the pressure
between the plates. This number density depends on the distance between the walls:
r0ðxÞ. At infinite distance, the number density, written as r0ð1Þ, is equal to that of
an isolated wall. r0ð1Þ is in general different from the number density in the bulk
fluid. For example, recent experiments suggest that the density of water close to
hydrophobic surface is depleted [1076–1078].

When the two walls approach each other, the density at the wall changes. The
contact wall theorem states that the force per unit area is

f ¼ kBT ½r0ðxÞ�r0ð1Þ�: ð10:1Þ

The two walls repel each other when the density of liquid at the walls increases upon
approach. If the density decreases, the two surfaces attract each other. To obtain the
force per unit area, we need tofind out how the density at thewalls changeswhen they
come closer.

Let us consider simple models for fluids and have a look at which structure they
assume at an isolated wall. The simplest models for fluids are hard-sphere and
Lennard-Jones fluids. In a hard-sphere fluid, each molecule is taken to be a sphere
with a defined radius and volume. It does not interact at all with the other spheres or
the wall, except when they get into contact. Then, it repels the other spheres or the
walls with an infinitely steep potential so that no overlap occurs. No attraction is taken
into account.

Neglecting attraction between themolecules is a crude assumption since, after all,
the attraction leads to condensation and that is an essential feature of a liquid.
Therefore, a bettermodel for a liquid is the Lennard-Jonesfluid. In the Lennard-Jones
fluid, the potential energy between molecules is described by

VðrÞ ¼ 4eLJ
a0
r

� �12
� a0

r

� �6
� �

: ð10:2Þ

Here, eLJ is the energy characterizing the interaction strength and a0 is themolecular
radius. The first term describes a steep repulsion caused by overlapping electron
orbitals. The second term accounts for the van der Waals attraction between
molecules.

Statistical thermodynamics and computer simulations showed that the density
profiles of hard-sphere andLennard-Jonesfluids normal to a planar interface oscillate
about the bulk density with a periodicity of roughly one molecular diameter
[1079–1086]. The oscillations decay exponentially and extend over a few molecular
diameters. In this range, the molecules are ordered in layers. The amplitude and
range of density fluctuations depend on the specific boundary condition at the wall
and on the size and interaction between the molecules. A steep repulsive wall–fluid
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potential leads to pronounced oscillations wheras a smooth potential suppresses
layering. Such a layering has indeed been observed for different liquids by X-ray
diffraction [653, 654, 1087, 1088].

10.1.2
Solvation Forces in Simple Liquids

When two surfaces approach each other, one surface influences the layered structure
of the liquid at the other surface, and vice versa (Figure 10.1). As a result, r0 changes.
Density fluctuations cause a force that periodically varies; the periodic length
corresponds to the thickness of each layer [658, 1075, 1089–1094]. A liquid confined
in a narrowing gap can even undergo a periodic liquid to solid transition implying a
periodically changingmobility of the molecules [658, 1095]. The periodically varying
force decreases with increasing distance.

To calculate the force, we apply the contact theorem. Therefore, we first need to
know the density at the walls. As a first approximation, we assume that the number
density in the gap can be superimposed by the densities of the two walls according
to rnðx; jÞ ¼ rnðjÞþrnðx�jÞ�rb [1075, 1096].Here, rnðx; jÞ is the number density
at position j normal to a surface in a gap of width x. rnðjÞ is the number density
at position j normal to an isolated surface, which is equal to that of a surface in an
infinite gap (rnðjÞ ¼ rnðx ¼ 1; jÞ). rb is the bulk number density. Please note that
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Figure 10.1 Schematic figure of the structure
of a simple liquid confined between two parallel
walls. The order changes drastically depending
on distance, which results in a periodic force.
For steep potentials between fluid molecules

and the wall and for short-range interactions
between the fluid molecules, the force is
maximal for dense, ordered structures. Thus,
maxima occur at x� d0, 2d0, 3d0, and so on.
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r0ðxÞ ¼ rnðx; j ¼ 0Þ. Let us describe each individual density by

rnðjÞ ¼ Dr � e�j=l � cosð2pj=d0Þþ rb: ð10:3Þ

Here,Dr is themaximal amplitude of the oscillation. Such an exponentially decaying,
oscillating density is justified by statistical thermodynamics and computer simula-
tions of simple fluids [1079–1086]. The exponential factor with the characteristic
decay length l ensures that the force decreases with distance and vanishes for large
distance. A cosine (or sine) is the first-order approximation for any periodic function.
Here, d0 is the layer thickness, which in the case of simple liquids is close to the
molecular size.We assumed that the density ismaximal (orminimal for negativeDr)
directly at the surface at j ¼ 0.

Superimposing the densities of two similar parallel walls at a given spacing x leads
to a density in the gap of

rnðx; jÞ ¼ Dr e�
j
l cos 2p

j

d0

� �
þ rb þDr e�

x�j
l cos 2p

x�j

d0

� �
þ rb�rb:

ð10:4Þ
At the wall, that is, for j ¼ 0, the density is

r0ðxÞ ¼ Dr 1þ e�
x
l cos 2p

x
d0

� �� �
þ rb: ð10:5Þ

The same result is obtained if we calculate the density at the other wall at j ¼ x.
Inserting this expression into the contact theorem (Eq. (10.1)) and considering that
r0ð1Þ ¼ Drþ rb leads to (see also Refs [31, 1097]):

f ðxÞ ¼ f0 cosð2px=d0Þ � e�x=l: ð10:6Þ

Here, f ðxÞ is the solvation force per unit area between twoparallel planes separated by
a distance x. f0 ¼ kBTDr is the force extrapolated to x ¼ 0. Many simulations
[658, 1086] and some experimental force curves [1098–1100] of even more complex
molecules could well be described by this simple function. In an alternative
superposition approach, which is based on a superposition of the mean potentials
rather than densities, the contact densities are calculated from rnðx; jÞ ¼
rnðjÞrnðx�jÞ=rb [1096, 1101, 1102]; it leads to the same expression for the solvation
force (see Exercise 10.1).

In an experiment, we typically measure the force between two spheres or a sphere
and a plane. To calculate the force between a sphere and a plane, we use Derjaguin�s
approximation (2.73) and integrate the force per unit area. The result is [1105]

FðDÞ ¼ F0e
�D=l � cos 2pD

d0
þw

� �
; ð10:7Þ

with F0 ¼ Rf0 � ½ð2plÞ�2 þ d�2
0 ��1=2 and tan w ¼ l=d0. Converting the force per unit

area to a force introduces a phase shift w. The phase shift can also be expressed as
a distance offset D0 and we can write cosð2pD=d0 þwÞ ¼ cosð2pðD�D0Þ=d0Þ with
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2pD0=d0 ¼ �w. Here, D0 can be viewed as an offset distance or a residual gap
distance before hard contact occurs. It fixes the position of the first maximum with
respect to actual contact.

Practically, it is often difficult to relate f0 and D0 to any molecular or thermody-
namic parameter, in particular for smallmolecules. Simulations and statistical theory
showed that the amplitude and the position of thefirstmaximumdepends sensitively
on the chosen fluid–wall and fluid–fluid interactions [1084, 1093, 1095, 1096, 1106,
1107]. Also, the detailed structure of the molecules at the wall [1083], surface
roughness [672, 1108, 1109], and contamination can significantly change the position
of the maximum. In addition, determining contact with subnanometer accuracy is
not a trivial task and sometimes impossible. Therefore, f0 andD0 can inmost cases be
viewed as phenomenological fitting parameters. The larger the molecules are the
more likely it becomes to extract meaningful interpretation out of experimentally
determined values of f0 and D0 (see below).

Meanwhile, experiments have confirmed the existence and the predicted features
of solvation forces. A thoroughly studied liquid is octamethylcyclotetrasiloxane
(OMCTS, C8H24O4Si4). OMCTS consists of a ring of four SiO units with four pairs
of methyl groups each being attached to Si. Each molecule is quasispherical with a
diameter of 0.9 nm. Experiments with the SFA [1105, 1098, 1099, 1110, 1111] and
AFM [303, 1112–1114] always showed exponentially decaying periodic forces with
d0 � 0:8 nm. On example is shown in Figure 10.2.
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Figure 10.2 Left: Normalized force versus
distance across liquid OMCTS between two
mica surfaces measured upon approach with
an SFA (�, adapted from Ref. [1111]). The
continuous line is a fit with Eq. (10.7) and
F0/R¼ 0.013Nm�1, l¼ 3.7 nm, d0¼ 0.94 nm,
and w¼ 144 �. Only those parts are plotted
where the force increases with decreasing
distance. Regions in between are inaccessible
because the gradient of the attractive force

exceeds the spring constant of the SFA. Right:
Normalized force between a microfabricated
silicon nitride tip of an atomic forcemicroscope
and a planarmica surface in 1-propanol at room
temperature [1100]. The tip had a radius of
curvature of R¼ 50 nm. The different symbols
were recorded during approach (�) and
retraction (*) of the tip. For comparison, the
calculated van der Waals force is plotted as a
continuous line.
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Oscillating forces have also been observed with other molecules such as tetra-
chloromethane, benzene, cyclohexane, toluene, 2,2,4-trimethylpentane [1098, 1115,
1116], n-alcohols [1100, 1103, 1104, 1117], and ionic liquids [1118, 1119]. In all cases,
solvation forces were observed with periodicities corresponding to the spacing
determined by X-ray diffraction of bulk liquid. As an example, the solvation force
measured in propanol onmicawith anAFM is plotted in Figure 10.2. In this case, the
observed periodicity indicates that the molecules are preferentially oriented normal
to the surfaces studied and are stabilized by a network of hydrogen bonds between
hydroxyl groups. Alkanes have been studied extensively, by experiments [1120–1123],
simulations, and theory [1069, 1124–1127], driven by their relevance as lubricants.
n-Alkanes tend to orient parallel to surfaces and form layers of 0.4–0.5 nm thickness,
which corresponds to the diameter of an alkyl chain. In branched alkanes, layering
is reduced.

Oscillatory forces also occur in complex liquids. When we talk about complex
liquids, we refer to liquids, which are structured at different length scales. For
example, surfactants or lipids dissolved in a liquid formmicelles, lamellae, and even
more complex structures at high concentrations. In that case, at least two length
scales characterize the solution: at the small scale, the liquid molecules are relevant.
At a larger length scale, the diameter of the micelles or the thickness of the lamellae
describe the solution. When such a surfactant solution is confined between two
surfaces, this can lead to an oscillatory force [779, 1128, 1129]. The oscillation period
then does not correspond to the size of the liquid molecules but is due to structures
at the next larger length scale. Oscillation period and the decay length contain
information about the size and stability of the supramolecular structures formed.
We will get back to oscillatory forces in complex liquids when we discuss the
interaction between lipid bilayers (Section 10.3) and depletion forces (Section 11.6).

10.1.3
Solvation Forces in Liquid Crystals

Solvation forces not only arise due to density changes at the surfaces but can also be
caused by an orientation correlation. For example, a water molecule has an electric
dipole moment. It interacts with the dipoles of neighboring water molecules or with
charges of a surface. In addition, hydrogen bonds between water molecules show
a distinct directionality. As a result, the orientation of one water molecule influences
the orientation of neighboring molecules. The surface might induce a preferred
orientation. As two surfaces approach each other, this ordering is changed, which can
lead to a force.

Orientation correlations are particularly strong in liquid crystals. In liquid crystals,
the molecules show a high degree of ordering. In contrast to solid crystals, the
molecules are, however, still mobile. Depending on the kind of order, we distinguish
different kinds of liquid crystals (Figure 10.3). In a nematic liquid crystal, the
molecules show a preferred orientation but no positional ordering. In the smectic
phase, the molecules form well-defined layers. Smectics thus shows a positional
ordering in one direction.
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One could expect that liquid crystals confined between two solid surfaces should
lead to strong oscillatory forces since they show long-range order even in the bulk.
This is indeed the case, and solvation forces have been observed in various liquid
crystalline systems [1128, 1130–1134]. In liquid crystals, the presence of an interface
generates a smectic layering, while the bulk fluid is still isotropic or nematic. Such
layers are called presmectic layers.

As one example, Figure 10.4 shows results obtained with octyl-cyanobiphenyl
(8CB, H17C8(C6H4)2CN). At high temperature, 8CB is an isotropic liquid. When it is
cooled slowly to 40.5 �C, the material becomes a nematic liquid crystal, where the
molecules align and show a preferred orientation. Cooling further to 33.5 �C, 8CB
undergoes a phase transition from smectic to nematic, where in addition to the
orientational order the molecules form a layered structure. 8CB forms solid crystals
when the temperature is reduced below 21.5 �C. When confined between two

Nematic SmecticIsotropic

Figure 10.3 Schematic of an isotropic liquid and nematic and smectic liquid crystals.

Figure 10.4 Normalized force versus distance
curve measured in 8CB between a glass sphere
(radius 8.5–10 mm) and a glass plate with an
AFM [1134]. The force curve was recorded in the
nematic phase at 34.2 �C; that is, 0.7 K above the
nematic to smectic phase transition. It was

fitted with Eq. (10.8) using LS¼ 5� 10�12N,
yS¼ 0.28, jS¼ nm, d0¼ 3.2 nm, and
D0¼ 2.9 nm. Both glass surfaces were coated
with N,N-dimethyl-N-octadecyl-3-
aminopropyltrimethoxychlorosilane so that
8CB completely wets the surfaces.
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surfaces, smectic ordering is induced in the isotropic phase.When the temperature is
reduced to 34.2 �C, which is in the nematic phase, smectic layering up to at least
15 layers is observed.

To describe interfacial forces caused by orientation correlations, Landau1) theory
in combination with a mean field approach has been applied. In Landau theory, the
free energy density of a system is expanded in a power series of the order parameters
and their derivatives. A description of the theory is beyond the scope of this book and
the reader is referred to textbooks on the statistical physics of liquids. It was first
applied to describe hydration forces (see below) [1135, 1136]. De Gennes2) applied it
to liquid crystals [1137], and sometimes the theory is referred to as Landau–de
Gennes theory.

Depending on the boundary condition for ordering at the surfaces and the kind
of structure of the liquid, different equations describe the force. For example, the
presmectic force between a sphere of radius Rp and a plane made of an identical
material (symmetric case) with fixed orientation of the liquid molecules directly in
contact with the surfaces is [1128, 1131, 1134]

F ¼ 2pRp
LSy2

S

jS
tanh

D�D0

2jS

� �
�1þ 1�cosð2pðD�D0Þ=d0Þ

sinh
D�D0

jS

� �
2
664

3
775: ð10:8Þ

Here, LS is the smectic elastic constant (in units of N), which describes elastic
compressibility of a smectic layer. It depends on the temperature and is typically of
the order of 1–10 pN [1138].yS is the dimensionless degree of smectic ordering at the
surfaces. jS is the smectic correlation length and d0 is the smectic period. The offset
D0 is a zero stress separation without any liquid layer in between the surfaces;
practically, it is a fitting parameter. The first term arises from the changing order of
the molecules as the two surfaces approach each other. Since above the transition
point, an ordered phase has a higher free energy density than an isotropic phase,
for the system it is favorable to reduce the interplate distance. In this way, the amount
of material in the ordered phase is reduced. To understand the second term, let us
consider for simplicity the force between two parallel plates. The second term is
due to the elastic compression of the layers. For x ¼ 2pNd0 with N ¼ 1; 2; 3; . . .,
the layers are not compressed at all. If the distance is different, they have to adjust and
are compressed by a distance x�Nd0. This leads to a periodically varying elastic force,
which to first order is proportional to 1�cos ½2pðx�Nd0Þ=d0� ¼ 1�cos ð2px=d0Þ.
Going from plane–plane geometry to a sphere interacting with a plane leads to the
additional offset D0.

For large distances and small correlation lengths (jS � D), Eq. (10.8) can be
simplified. Remembering that tanh y ¼ ðey�e�yÞ=ðey þ e�yÞ! 1 for y!1 and

1) Lev Davidovich Landau, 1908–1968. Russian theoretical physicist, professor in Moskau, Nobel Prize
in physics, 1962.

2) Pierre-Gilles de Gennes, 1932–2007. French physicist, professor in Paris, Nobel Prize in physics,
1991.
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sinh y ¼ ðey�e�yÞ=2! ey=2, we obtain

F ¼ 4pRp
LAy2

S

jS
� e�

D�D0
jS � 1�cos 2p

D�D0

d0

� �� �
: ð10:9Þ

The force is the sum of an exponentially decaying force plus a periodic contribution
with an exponentially decreasing amplitude.

Equations (10.8) and (10.9) are valid for the force between similar surfaces. If the
two surfaces are not similar, the presmectic force between a sphere and a flat plate
changes [1128]. If the dimensionless degree of smectic ordering at the surfaces
is different, the surfaces start to repel each other (see Exercise 10.2). In addition, the
curvature of the surface has to be taken into account [1139]. In curved geometries,
the director field of the liquid crystal is no longer undistorted. Its contribution to the
force has to be considered. This contribution is repulsive because with decreasing
particle distance the distortion of the director field increases. One consequence is
that Derjaguin�s approximation is valid only for very large radii of curvature. Rather
than taking the condition d0 � Rp, Derjaguin�s approximation is valid only for the
more stronger condition jS � Rp.

10.2
Non-DLVO Forces in an Aqueous Medium

Non-DLVO forces in water deserve a special section because they are important and
owing to the complex structure of water are not well understood. They are important
because water is the universal solvent in nature. Also, in more and more industrial
processes water is used instead of organic solvent since it is environment friendly
and readily available. We distinguish two cases: hydration forces, which occur
between hydrophilic surfaces, and hydrophobic forces between surfaces, which
form a contact angle H 	 90� with water.

10.2.1
Hydration Forces

Around 1980, evidence had accumulated that in many cases DLVO forces are not
sufficient to describe the interaction between hydrophilic surfaces in aqueousmedia
[1140]. For example, dispersions of colloidal silica at alkaline conditions are stabilized
by adding certain salts although the electrostatic double-layer repulsion decreases
[1141]. When studying the coagulation behavior of a polystyrene latex dispersion,
Healy et al. [1142] observed that Kþ and Liþ ions are able to stabilize the dispersion
at high salt concentrations. Another observation not explainable with DLVO theory
is the swelling of clay [1143–1145]. In the presence of water or even water vapor,
clay swells even at high salt concentrations. When two hydrophilic surfaces are
brought into contact, repulsive forces of about 1 nm range have been measured in
aqueous electrolyte between a variety of surfaces, for example, mica [55, 450, 451,
1146–1148], silica [255, 1149–1153], lipids [1154], and DNA [1155]. Because of the
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correlation with the low (or negative) energy of wetting of these solids with water, the
repulsive force has been attributed to the energy required to remove the water of
hydration from the surface. These forces were termed hydration forces. In 1929,
Kruyt and Bungenberg de Jong had mentioned hydration forces as a factor while
interpreting the increase in viscosity of agar solutions at high concentrations [1156].
In this section, we focus on hydration forces between hard, inorganic surfaces. The
interaction between lipids or surfactants will be discussed later.

Inmost cases,measured hydration interactions can be described by an exponential
function:

VAðxÞ ¼ V0 e
�x=lh : ð10:10Þ

Typical values for the amplitude V0 are 10
�3–10Nm�1. The decay length lh ranges

from 0.2 to 1.0 nm. In some cases, oscillatory forces with a period of 0.2–0.3 nmhave
also been observed [303, 1146, 1147, 1157, 1158]. Computer simulations confirm that
oscillations are expected in water between surfaces such as mica [1102, 1159, 1160].

Multiple effects contribute to thehydration force andnounique reason is sufficient
to explain the short-range repulsion. As an example, force versus distance curves
measured between two mica and two silica surfaces are compared in Figure 10.5.
Both curves were recorded at high salt concentration of 1M. Therefore, electrostatic
forces are negligible. At a distance of 2 nm on silica and 6–8 nm on mica, attractive
van der Waals forces dominate. At closer distance, the short-range hydration
repulsion is observed. On mica, the short-range repulsion increases with the
salt concentration. For divalent cations and high concentrations, it can range to
lh ¼ 3 nm [199, 450, 451, 1146]. For distances below 1.5 nm, the periodic layering
indicated by jumps of 0.25 nm is observed. In the case of silica, the short-range
repulsion is weaker and independent of salt concentration [1150, 1151]. In some
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Figure 10.5 Normalized hydration forces
measured on approach between two mica and
two silica surfaces in aqueous solution on a
linear (left) and logarithmic (right) scale. The
measurements between mica were carried out
with an SFA in 1M KCl [1146] (�) and in

1M KNO3 [55] (squares) at pH 5.7. The
continuous line is to guide the eye. The
measurements between a silica sphere
(5mm diameter) and an oxidized silicon wafer
were performed with an AFM in 1M NaCl at
pH 7.0 [1153].
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experiments, no short-range repulsion is observed at all and the force can be
described by DLVO theory [1152].

Example 10.1

To estimate the order of magnitude of hydration forces, we assume that the first
layer ofwatermolecules is ordered by interactionwith the surface. This ordering
leads to a change in the distribution of hydrogen bonds. Let us assume that the
interaction reduces the density of hydrogen bonds in the first monolayer by a
factor of 2. The energy increase per unit area isV0 ¼ Ghyd

m =2NAd
2
0. Here,Ghydr

m is
the free energy of hydrogen bonds per mole of water molecules in the bulk and
d0 is the diameter of the molecules. With d30NA � Vm and Vm being the molar
volume, we can express d20 by the molar volume, d20 ¼ Vm=N

2=3
A , and write

V0 ¼ Ghyd
m =2ðNAV2

mÞ1=3. With Ghyd
m ¼ 20 kJmol�1 and Vm ¼ 18� 10�6 m3

mol�1, one can calculate V0 ¼ 0:17Nm�1. A reasonable decay length for the
density of hydrogen bonds is given by the molecular diameter and we estimate
lH ¼ d0. For the energy per unit area, we get

VA ¼ V0 � e�x=d0 : ð10:11Þ
According to the Derjaguin approximation for a sphere of radius rs interacting
with a plane or between two cylinders of radius rs, this would lead to a
normalized force

F
rs
¼ 2pV0 � e�x=d0 : ð10:12Þ

This roughly agrees with what has been observed between mica surfaces
(Figure 10.5).

Different theories have been proposed to explain hydration forces and to derive
quantitative equations. Mar�celja and Radic assumed that the water molecules in
direct contact with the walls are fixed and preferentially oriented [1135]. This
preferred orientation is coupled to the adjacent layers of water molecules. Using
Landau–de Gennes theory and introducing a water-order correlation length lcorH

they derived a force per unit area

f ¼ EA
0

2lcorh

1

sinh2ðx=2lcorh Þ : ð10:13Þ

EA
0 is the energy per unit area associated with ordering of the water molecules at the

surface compared to the bulk.
Later, Cevc et al. [1136] generalized the approach. Rather than fixing the order of

watermolecules at the surfaces, they applied an effective orientingfield. This allowed
the water molecules to change their orientation when the two surfaces got close to
each other. For similar surfaces interacting with each other, they derived

f ¼ EA
0

2lcorh

1

cosh2ðx=2lcorh Þ : ð10:14Þ
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In the limit of large distances, that is, for x 
 lcorh , both expressions describe
an exponentially decaying force:

f ¼ 2EA
0

lcorh
� e�x=lcorh : ð10:15Þ

The characteristic decay length is the water-order correlation length. For closer
approach, fixed orientation as described by Eq. (10.13) leads to a stronger interaction.
When the orientation is allowed to adjust, the force per unit area at close range is
reduced (Eq. (10.14)).

The approach of Mar�celja and Radic is a phenomenological treatment. It does not
refer to a specific interaction, neither for the orientation and immobilization for the
first water layer nor for the interaction between water molecules. Water molecules
at the surface can be oriented and immobilized by charges [1162]. For example, at
high pH silica bears a high negative surface charge. The resulting electric field seems
to be able to orient the first 3–5 monolayers of water, as indicated by sum-frequency
vibrational spectroscopy [1163]. That electric fields are able to change the structure of
water was observed at electrodes with an applied potential [1164, 1165]. Short-range
repulsion has also been observed on electrically neutral surfaces. In that case, dipoles,
or in general an inhomogeneous charge distribution, can orient the first water layer
[1160, 1166–1168]. Computer simulations show that even without charges on
hydrophilic surfaces such as glass or platinum, the first layers of water molecules
are oriented and show a reduced mobility [1169]. The orientation of the first layer of
water is transmitted by dipole–dipole interactions [1167, 1170] or by hydrogen bonds
to neighboring water molecules. For phospholipid bilayers, with their strong dipoles
at the surface, computer simulations indicate that the decay of water ordering is
directly correlated with the decay of the interfacial dipolar charges [1296].

For silica, the main contribution to the short-range repulsion most likely comes
from the formation and rupture of hydrogen bonds [1153, 1161]. That the hydrogen
bond network is indeed disrupted when two silica surfaces approach each other
was recently confirmed by infrared spectroscopy [1161]. On silica, a gel layer can also
lead to a softening of the surfaces and a steric repulsion.

Ions can significantly influence the structure of water at interfaces. Hydration can
be caused by the overlap of layers of hydrated ions adsorbed on the surfaces. Onmica,
for example, the dehydration of adsorbed cations ismost likely themain cause for the
short-range repulsion between two approaching surfaces [451]. Computer simula-
tions between smooth hydrophilic surfaces confirm a layered structure of the water
molecules and as a result a periodic force [1159, 1160]. Paunov et al. [1171] used this
hypothesis to explain the interaction between proteins in suspensions.

Electrostatic effects can also directly result in a short-range repulsive force. The
dipoles of one surface can electrostatically interact with dipoles on an opposing
surface and their respective polarization charges [1168]. In particular for interacting
lipid bilayers, this can be a major contribution because phospholipids have a strong
dipole. Attard and Patey [1172] calculated the force between two half-spaces with a
certain dielectric constant across a medium with a higher dielectric constant. On the
interface, they placed a square lattice of dipoles. This could, for example, be a model
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for two silica surfaces (e ¼ 3:8) interacting across water (e ¼ 78:5) in which the
dipoles are formed by silanol groups. They obtained short-range repulsive force of
the right range and strength.

10.2.2
Hydrophobic Force

While hydrophilic surfaces tend to repel each other in aqueous medium, surfaces
with a contact angle higher than 90� tend to attract each other. This attractive force
is called hydrophobic force (for a review, see Ref. [1173]). The term arises fromGreek
words �hydro� for water and �phobos� for fear, which describes the apparent
repulsion between water and nonpolarmolecules. The hydrophobic force dominates
the interaction between hydrophobic surfaces and is highly relevant from the
fundamental and technical points of view. Still, its origin is not clear and a generally
accepted quantitative description is missing.

10.2.2.1 The Hydrophobic Effect
The hydrophobic force is related to the hydrophobic effect [1174, 1175]. Nonpolar
molecules such as hydro- and fluorocarbons and nonpolar gases poorly dissolve in
water (Table 10.2). If, for example, liquid octane is in contact with water and the
system is allowed to equilibrate, only 5.4 mM octane dissolves in water. Rather than
being dissolved as individual molecules hydro- and fluorocarbons attract each other
and tend to form intermolecular aggregates in an aqueousmedium. This aggregation
effect is called hydrophobic effect. The apparent attraction between hydrophobic
molecules in water is sometimes referred to as hydrophobic interaction. At the
macroscopic level, the hydrophobic effect is apparent when oil and water are mixed
together and form separate phases. On solid, hydrophobic surfaces, water forms
a high contact angle (Table 10.1). At the molecular level, the hydrophobic effect is

Table 10.1 Surface tension cS of various hydrophobic solids, the interfacial tensions between the
solid and water cSL, and advancing contact anglesHa of water on these solids at 20 �C (from own
measurements, Refs [1176–1178], and references therein).

cS (mNm�1) cSL (mNm�1) Ha

Paraffin 23 45 109�

Polyethylene (low density) 34 42 97�

Polypropylene 30 50 106�

Poly(methyl methacrylate) 42 22 77�

Poly(n-butyl methacrylate) 30 32 92�

Polystyrene 37 36 91�

Poly(ethylene terephthalate) 46 29 77�

Polytetrafluoroethylene 19 41 108�

Poly(vinyl chloride) 40 36 87�

Measurements of solid surface tensions, solid–liquid interfacial tensions, and contact angles vary by
typically �4mNm�1 or 3�. The parameters depend to a certain degree on how the samples are
prepared. For a discussion, see Refs [1177, 1178].
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an important driving force for biological structures and responsible for protein
folding and formation of lipid bilayer membranes.

Example 10.2

How much nitrogen, oxygen, and argon is dissolved in water if the water is in
equilibriumwith air? Air consists of 78.1 vol% nitrogen, 21.0 vol% oxygen, and
0.9 vol% argon. The respective partial pressures are 0.781, 0.21, and 0.009 atm,
assuming all components behave like ideal gases. Since the saturation con-
centration given in Table 10.2 refers to 1 atm, the concentrations of the gases at
the respective partial pressures are 0.51, 0.27, and 0.013mM.

Table 10.2 lists the thermodynamic properties for the transfer of hydrophobic
molecules into water. It has many important lessons [1175]. First, the free energy
of transfer DG0

s is unfavorable (positive) and several times the thermal energy. This
reflects the low solubility since the saturation concentration of the substance cs is
related to DS0S by cs=cw ¼ expð�DG0

s=RTÞ. Here, cw is the concentration of pure

Table 10.2 Saturation concentration cs, standard entropyDSs
0, enthalpyDHs

0, and free energyDGs
0

of solvation for various nonpolar gases and liquids in water at 25 �C [1179, 1180].

cs (mM) TDSs
0 (kJmol�1) DHs

0 (kJmol�1) DGs
0 (kJmol�1)

He 0.39 �30.2 �0.8 29.4
Ne 0.45 �32.8 �3.7 29.1
Ar 1.39 �38.5 �12.3 26.2
Kr 2.49 �40.5 �15.7 24.8
Xe 4.30 �41.9 �18.4 23.5
H2 0.78 �31.7 �4.0 27.7
N2 0.65 �38.6 �10.4 28.2
O2 1.27 �38.5 �12.1 26.4
Methane 1.39 �40.1 �13.8 26.3
Ethane 1.85 �45.3 �19.7 25.6
n-Propane 1.50 �48.5 �22.4 26.1
n-Butane 1.46 �52.4 �26.0 26.6
CF4 0.24 �46.0 �15.1 30.9
n-Pentane 0.55 �29.1 �0.5 28.6
n-Hexane 0.12 �32.3 0.2 28.5
n-Heptane 0.026 �33.1 2.7 29.1
n-Octane 0.0059 �38.0 1.8 29.9
n-Nonane 0.0012 31.0
n-Decane 0.0004 31.1

The entropy is multiplied by the temperature T ¼ 298:15K for better comparison. Values for gases
refer to a pressure of 1 atm. For materials that at 25 �C and normal pressure are in the gas phase,
solubilities,DSs

0,DHs
0, andDGs

0 values are reported in terms of the process: ideal gas (1 atm) ! ideal
solution in water (unit mole fraction solute). For substances that at 25 �C and normal pressure are in
the liquid phase (starting with pentane), the values are reported in terms of the process: pure liquid
solute ! ideal solution in water. See also Exercise 10.3.
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water. At 25 �C, it is cw ¼ 55:35M. Second, the low solubility is the consequence of
an unfavorable (negative) change in entropy that overweighs a favorable (negative)
enthalpy change. Remember, DG0

s ¼ DH0
s�TDG0

s . Hydrophobic molecules induce
order and thus a decrease in entropy in the surrounding water. Consequently,
the solubility decreases with increasing temperature. Dissolved hydrophobic mole-
cules decrease the density of water. Furthermore, the solubility of gases and
hydrocarbons decreases when salt is added [1181]. This effect is sometimes referred
to as �salting out.�

If we try tomix oil and water, the poor solubility leads to a phase separation (unless
one of the phases is present in only trace amounts). The hydrophobic effectmanifests
itself in a high interfacial tension between hydrocarbons and water. For example, the
interfacial tension of n-hexane–water at 25 �C is 50.4Nm�1 and that of n-dodecane–
water is 52.6mNm�1 [1182]. Such a high interfacial tension destabilizes oil-in-water
or water-in-oil emulsions. The oil drops in water (or water drops in oil) coagulate
and form a continuous water (or oil) phase. In practice, to prevent an emulsion from
immediate separation into two continuous phases, surfactants have to be added to
reduce the interfacial tension.

10.2.2.2 Hydrophobic Forces
Just as hydrophobic molecules tend to aggregate in aqueous medium, two hydro-
phobic surfaces adhere to each other. This is intuitively plausible: the system can
lower its total free energy by reducing the solid–water interfacial area. If two
interfaces get into contact, the total interfacial area decreases by twice the contact
area. For this reason, we expect a strong adhesion and an attractive force. These
arguments do, however, not tell us how the force depends on distance.

The first direct evidence that the interaction between solid hydrophobic surfaces
is stronger than the van der Waals attraction was provided by Pashley and
Israelachvili [1183, 1184]. With the help of surface force apparatus, they observed
an exponentially decaying attractive force between twomica surfaces, coated with a
monolayer of adsorbed cationic surfactant cetyltrimethylammonium bromide
(CTAB). Meanwhile, a variety of techniques have been employed to measure
hydrophobic forces. For SFA experiments, hydrophobic surfaces can be formed
by spontaneous adsorption of certain cationic surfactants from solution onto the
negatively charged mica surface [1183–1189] or by Langmuir–Blodgett transfer of
monolayers of insoluble surfactants [1190–1192]. Such monolayers are, however,
laterally inhomogeneous on the 1 mm scale. Both methods rely on physisorption of
surfactants. A chemical modification of mica by different silanating agents leads to
robust hydrophobic surfaces [1191, 1193]. Again, the silanes tend to form islands
on the 1 mm scale [1194].

An alternative technique is the AFM. With the AFM not only forces between
physisorbed hydrophobic layers were measured [1195–1198] but also the forces
between hydrophobic polymers [1199–1201] or silanated silica or glass surfaces
were determined [1194, 1202–1206]. A third technique is the bimorph surface force
apparatus also called MASIF (measurement and analysis of surface interaction
forces). With MASIF-type devices, the force between two spherical glass surfaces
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of typical radius 1mm or between two polymer surfaces can be measured. The long-
range attraction was observed between silanated glass [1207], glass with physisorbed
surfactants [1208], and gold surface coated with a monolayer of alkylthiols [1209].

Usually, two components of the attraction are observed. They are sometimes
described by two exponentials [1173]:

f ðxÞ ¼ �C1e
�x=l1�C2e

�x=l2 : ð10:16Þ

One is short range and decays roughly with a decay length of typically l1 ¼ 1�2 nm.
The second component is more surprising: It is very long ranged and can extend to
several 100 nm in some cases. C1 and C2 are constants that depend on the way the
surfaces are prepared and the experiment is run. As one example, the force between
two mica surfaces made hydrophobic by a fluorinated surfactant is plotted in
Figure 10.6.

The hydrophobic attraction increases with the contact angle [1194, 1206]. Exper-
imental results significantly vary from one group to another. Even for simple
questions such as the dependence of the hydrophobic force on the salt concentration
or the concentration of dissolved gas, no consensus has been reached. It seems clear
today that probably more than one mechanism is important to understand all
phenomena attributed to the hydrophobic force. For example, it is a major difference
if the surfaces are rendered hydrophobic by physisorbed surfactants or if the surfaces
are inherently hydrophobic. In the first case, the force might be caused, or at least
strongly influenced, by a rearrangement of the surfactants [1208, 1210].

Like other strong attractive forces, hydrophobic forces are difficult to measure. In
most measuring devices such as the SFA or AFM, one of the two surfaces, between
which the force is measured, is mounted on a spring. As soon as the gradient of the
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Figure 10.6 Attractive forcemeasuredwith the
SFA between two mica surfaces that had been
coatedwith the double-chain cationic surfactant
N-(a-trimethylammonioacetyl)-O,O0-bis
(1H,1H,2H,2H-perfluorodecyl)- L-glutamate
chloride by Langmuir–Blodgett transfer [1190].
Force curves were recorded with different

spring constants. The jump-in was prevented
by the drainage method. Forces are negative
because they are attractive. The line is a fit with
two exponentials (Eq. (10.16)) with
C1/rc¼ 0.15Nm�1, l1 ¼ 2.2 nm,
C2/rc¼ 1.9mNm�1, l2 ¼ 16.7 nm.
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attractive force exceeds the spring constant, the system becomes unstable and the
surfaces jump into contact. Therefore, with a certain spring, attractive forces can be
measured only down to a certain distance. To prevent the jump into contact, a force
feedback systemhas to be used, which is technically demanding [1188]. Alternatively,
to record a full force curve, measurements with springs of different spring constants
are carried out [1183–1186, 1190]. For large distances, forces aremeasuredwith a soft
spring and with high sensitivity. At short distance, stiff springs allow to approach
closely, though at a loss of sensitivity. Another way ofmeasuring forces at close range
and to avoid a jump-in is the drainage method. In this case, the approach is so fast
that the hydrodynamic repulsion compensates the strong attraction [1189–1191].
After subtracting the hydrodynamic force, the hydrophobic force is obtained.

Different theories have been proposed to explain hydrophobic attraction. Like on
hydrophilic surfaces, the structure of water at hydrophobic surface is different from
the bulk structure. Computer simulations [1211, 1212], sum-frequency vibrational
spectroscopy [1163], X-ray [1078, 1213, 1214], and neutron reflectivity [1076, 1077]
show a layer of up to 1 nm with a reduced density and an increased order. When two
hydrophobic surfaces approach each other at some point, the surface layers overlap
and lead to an attractive force [1212, 1215, 1216]. This force is, however, short ranged
and can certainly not explain the long-range component.

It is clear that the water film between the two approaching hydrophobic surfaces
becomes unstable when a certain thickness has been reached. For contact angles

Figure 10.7 Nanobubbles on a silicon wafer,
which had been hydrophobized by OTS
(octadecyltrichlorosilane), in water [1224].
The macroscopic contact angle was 108�.
Nanobubbles were created by first immersing
the wafer in ethanol. Ethanol dissolves more
nitrogen and oxygen than water. Then, the

ethanol was exchanged by water. Temporarily,
an oversaturation was created and bubbles of
15–35 nm height formed on the wafer surface.
Once formed, they are stable for many hours.
The image of 20 mm size was recorded with an
AFM in tapping mode.
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significantly higher than 90�, it is energetically more favorable that a bubble fills
the gap between the surfaces [578, 1217]. The closer the two surfaces get, the more
unstable the film becomes, and a bubble is formed [574, 1196]. The spontaneous
formation of a bubble is also referred to as cavitation [566]. The bridging bubble
should lead to an attractive force [575, 576] as described in the chapter on capillary
forces.

Today, it is clear that the capillary force caused by a bridging bubble is an important
contribution to the interaction between hydrophobic surfaces. It is particularly
important once the two surfaces have been in contact. Whether at the first approach
cavitation is relevant is not clear yet. One argument against the nucleation or bubble
formation hypothesis is that estimations of the rate of cavitation using classical
nucleation theory result in much too low values. There are, however, possible
mechanisms that could stimulate nucleation and lead to faster cavitation [1218].
Bubbles need not necessarily be filled with water vapor only. They might also be
formed by nitrogen, oxygen, or other dissolved gases [576]. It is known that the
concentration of dissolved gas increases close to a hydrophobic surface [1219, 1220].

Another hypothesis is that there are always some gas bubbles of nanoscopic
dimension residing on hydrophobic surfaces. These nanobubbles could stimulate
cavitation [1207, 1221]. Once two opposing nanobubbles get into contact, they fuse
and cause a strong attraction due to the capillary force [1206]. Several experiments
show jumps at a distance of several 10 nm, which indicates the presence of bubbles
[1202, 1209].

Nanobubbles have indeed been observed [1076, 1221–1223]. They do, however, not
form spontaneously. Only when a hydrophobic surface is exposed to an oversaturated
solution containing dissolved gas the bubbles form. Once they are formed, they are
surprisingly stable and can stay for hours or days even if the concentration of
dissolved gas is reduced again (Figure 10.7) [1222, 1224–1226]. It is one of the open
questions in surface science why these nanobubbles are stable.

The long-range component of the hydrophobic force is sensitive to the concen-
tration of dissolved gas. It is reduced or even abolished by degassing the water
[1189, 1196, 1197, 1200–1202, 1227, 1228]. One example is shown in Figure 10.8.

At this point, we would like to describe another important effect observed when
hydrophobic forces aremeasured. It is known that once twohydrophobic surfaces are
in contact, a cavity spontaneously forms if the contact angle is significantly higher
than 90� [574, 577, 1229]. In addition, the concentration of dissolved gas is increased
close to a hydrophobic surface. In particular in the narrow gap formed by two
opposing hydrophobic surfaces, more gas is dissolved than in bulk water [1220].
When the two surfaces are separated again, the dissolved gas might nucleate and
forma bubble, which remains at the surfaces. At the second approach, the interaction
between two bubbles is measured rather than the force between two hydrophobic
surfaces in aqueous medium. This effect might easily go unnoticed, in particular
when using anAFM. In the AFM, force curves are recorded periodically with a typical
rate of 1–10Hz. If one does not take special care to record the first force curve with
bare surfaces, bubbles can be created [1204]. Indeed, significant differences between
first and subsequent force curves have been observed [1197, 1230].
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To our knowledge, all results of hydrophobic forces ranging more than 10 nm
can be explained by metastable nanobubbles, which are either formed when filling
the measuring cell or by a previous contact. The effect of dissolved gas is to increase
the lifetime of nanobubbles.

To illustrate this effect, Figure 10.9 shows the first three approaches of a
hydrophobic microsphere toward a hydrophobized silicon wafer. At the first
approach, the jump-in distance is only 5 nm. After contact, the sphere is retracted
again. In this case, force curves are recorded with a frequency of 5Hz so that the
second approach is only 0.2 s after the first. The jump-in is at a much larger distance
of 35 nm. This indicates that during the separation of the microsphere after first
contact, bubbles are formed on the silicon wafer, the microsphere, or both. At the

Figure 10.8 Typical approaching force versus
distance curves recorded in normal and
degassed water (redrawn from Ref. [1201]).
Force curves were measured between a glass

sphere of 8.8 mm diameter attached to an AFM
cantilever of 0.15Nm�1 spring constant and a
naturally oxidized silicon wafer. Both surfaces
were hydrophobized by a fluorinated alkyl silane.
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Figure 10.9 Typical approaching force curves
measured between a silanated silica sphere of
4.7mm diameter and a silicon wafer in distilled
water using an AFM [1204]. The silicon oxide
surfaces were made hydrophobic by vapor

silanization with hexamethyldisilazane, leading
to an advancing contact angle of H � 96�. The
first three approaches are plotted. The
cantilever, to which the sphere was attached,
had a spring constant of 0.2Nm�1.
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second approach, this bubble bridges the two surfaces, leading to a jump at much
larger distances. At the third and subsequent approaches, the jump-in distance is
even 40 nm.

Example 10.3

Figure 10.10 shows a typical approaching and retracting force versus distance
curve measured between a hydrophobic particle and a hydrophobic planar
surface. Ishida et al. [1206] recorded it with an AFM. We interpret the force
curves in the following way: force curves are measured periodically with a
typical frequency of 1Hz. The one plotted was preceded by many other force
cycles. During the previous contact, the tip had created a bubble on the surface
(or the tip or both).Upon approach at a distance of�100 nm, the bubble starts to
bridge the two surfaces. The result is a strong capillary force. For distance below
�70 nm, it can even be fitted with Eq. (5.28) assuming a constant volume of the
bubble (gray line) with cL ¼ 0:072Nm�1, R1 ¼ 10 mm, V ¼ 0:095 mm2, and
H1 ¼ H2 ¼ 79:7�. Please note that for a bridging bubble we have to insert
180�H, whereH is the contact angle with respect to water. Upon retraction, the
bridging bubble is even larger. The first part of the retracting curve up to a
distance of �40 nm could be fitted with Eq. (5.23) assuming a constant
curvature (dashed line) with H1 ¼ H2 ¼ 78:4� and a radius of curvature
r ¼ 38 nm. For distances larger than �50 nm, Eq. (5.28) (gray line) fitted the
experimental curves better; the parameters were V ¼ 0:11 mm2, and
H1 ¼ H2 ¼ 75�. On retraction, we observe a transition fromconstant curvature
to constant volume.

Figure 10.10 Normalized approaching and
retracting force versus distance curves
measured between a silicon wafer and a silica
microsphere in 1mM KNO3 aqueous solution
with an AFM [1206]. The silicon oxide surfaces

were made hydrophobic by silanization with
propyltrichlorosilane, leading to an advancing
contact angle of H � 105�. The cantilever, to
which the sphere was attached, had a spring
constant of 0.2Nm�1.
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We would also like to mention that electrostatic theories have been proposed.
They were ruled out because the hydrophobic force does not show the predicted
dependence on salt concentration [1191, 1193, 1200].

10.3
The Interaction Between Lipid Bilayers

10.3.1
Lipids

Lipids are broadly defined as any fat-soluble (lipophilic), naturally occurring mol-
ecule, such as fats, oils, waxes, cholesterol, sterols, fat-soluble vitamins (such as
vitamins A, D, E, and K), monoglycerides, diglycerides, or phospholipids. Lipids are
essentially insoluble inwater. For example, 1,2-dipalmitoyl-sn-glycero-3-phosphocho-
line (in short, dipalmitoylphosphatidylcholine, DPPC) is soluble only to a critical
concentration of 10�12M. That is, less than one molecule in ð10 mmÞ3. At concen-
trations higher than the critical concentration, lipids form aggregates. Many of them
form bilayers. In this case, the lipid molecules have an amphiphilic character with
a hydrophilic head and a hydrophobic tail. In a bilayer, the hydrophobic tails are in the
center and the hydrophilic heads point toward the aqueous phase. Lipid bilayers play
an essential role as the matrix for biological membranes [1231]. They not only form
the outer boundary of a cell, the so-called plasmamembrane, but also separate inner
compartments in eukaryotic cells. Lipid bilayers are very good electric insulators and
are not penetrable for ions. They are also effective borders for hydrophilic molecules
such as sugars and nucleic acids. The interaction of bilayers is important for an
understanding of processes in cells. It is also relevant for many applications in food
science or cosmetics. For a review, see Ref. [1232].

An important class of lipids are the phospholipids, among which the 3-sn-
phosphatidic acids form a relevant group. A 3-sn-phosphatidic acid consists of
glycerol (CH2OH-CHOH-CH2OH), which is esterified at the first two hydroxyl
groups with fatty acids. A fatty acid is an allyl chain with a carboxyl group at one
end: CH3(CH2)nCOOH. At the third hydroxyl group, a phosphate group with an
additional rest group is bound via an ester. An ester is derived from an alcohol,
(R1OH), plus a carboxylic acid (R2COOH), according to R1OH þ R2COOH !
R1�O�CO�R2 þ H2O. Here, R1 and R2 are organic rest groups. One example,
1,2-di-myristoyl-sn-glycero-3-phosphocholine (also called dimyristoylphosphatidyl-
choline or DMPC), is shown in Figure 10.11. In water at neutral pH, the phosphate
group is negatively charged. A neutral rest attached to the phosphate leads to a total
negative charge, for example, in phosphatidylgylcerol (PG) and phosphatidylinositols
(PI). A positive rest group leads to a zwitterionic character and the whole lipid is
neutral. Examples are phosphatidylethanolamine (PE) and phosphatidylcholine (PC).
Phosphatidylcholines are traditionally also called lecithines. Phosphatidylcholines
can be isolated and purified from egg yolk. Then, they are called egg phosphatidyl-
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choline (EPC). Attaching a zwitterionic rest group leads to a net negative charge, as in
phosphatidylserine (PS).

Phospholipids can have different hydrocarbon tails (Table 10.3). Due to the way
lipids are metabolized, they usually contain an even number of carbon atoms.
Hydrocarbon tails differ in length and in the number of double bonds they contain.
Lipids with hydrocarbon chains containing one or more double bonds are called
unsaturated. They strongly influence the fluidity of a bilayer. Longer hydrocarbon
chains have a higher melting point and reduce the mobility of a membrane. Double

Figure 10.11 Chemical structure of DMPC, important head groups of phospholipids, cholesterol,
dioleoyloxypropyl trimethylammonium (DOTAP), and sphingolipid.
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bonds introduce a kink in the chain. The chains are not able to pack regularly and
thus themelting point is reduced. Therefore, unsaturated chains increase the fluidity
of membranes.

Sphingolipids are another constituent of cell membranes. In mammals, they are
particularly important for nerve cells. Depending on the moiety R, we distinguish
sphingophospholipids and glycosphingolipids. In sphingophospholipids, themoiety
is a phosphate bound via an ester group andwith an ethanolamine, choline, and so on
at the other side. Glycosphingolipids have a sugar attached to them.

10.3.2
The Osmotic Stress Method

The interaction between lipid bilayer was first measured with the osmotic stress
method [1233–1237]. In general, in the osmotic stress method the mean spacing
between themacromolecules or lipid bilayers ismeasured against an applied osmotic
pressure. The basic idea of the osmotic stressmethod is tomeasure thework required
to remove a certain amount of solvent from a solution containing a specific solute.
This could in principle be done in an experiment outlined in Figure 10.12 (left). The
solution is filled into a vessel that is closed with a semipermeable membrane. This
membrane allows the solvent molecules to pass but not the solute. A piston is used
to apply a force and squeeze the solvent molecules through the semipermeable
membrane. Such an experiment was carried out by Ottewill et al. [1238]. They
measured the pressure applied to remove solvent from a latex dispersion versus the
mean spacing of the particles. Adisadvantage of such an experimental setupwould be
the finite stability of the thin semipermeable membrane that limits the maximum
pressure that can be applied.

An alternative approach is to apply an osmotic pressurePosm (Figure 10.12, right).
The solution is filled in a container that is closed on one side by a semipermeable

Table 10.3 Names of important acyl chains occurring in lipids and the melting points of the
corresponding fatty acid.

Systematic name Trivial name Structure CH3�[R]�COO�
Melting
point (�C)

Dodecanoyl Lauryl �(CH2)10� 44
Tetradecanoyl Myristoyl �(CH2)12� 54
Hexadecanoyl Palmitoyl �(CH2)14� 63
9-Hexadecenoyl Palmitoleoyl �(CH2)5CH¼CH(CH2)7 0
Octadecanoyl Stearoyl �(CH2)16� 70
9-Octadecenoyl Oleoyl �(CH2)7CH¼CH(CH2)7� 13
9,12-Octadecadienoyl Linoleoyl �(CH2)3(CH2CH¼CH)2(CH2)7� �5
9,12,15-Octadecadienoyl (9,12,15)-Linolenoyl �(CH2CH¼CH)3(CH2)7� �11
Icosanoyl Arachidoyl �(CH2)18� 77
5,8,11,14-Icosatetraenoyl Arachidonoyl �(CH2)3(CH2CH¼CH)4(CH2)3� �50
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membrane. In the second compartment on the other side of themembrane, a defined
amount of a polymer is added. This will lead to a certain osmotic pressure in the
second compartment. Since the solvent molecules are free to diffuse over the
membrane, the pressure in equilibrium has to be the same on both sides of the
membrane. This means upon addition of more and more solutes in the second
compartment, more and more water will be drawn from the first compartment,
increasing the concentration and thus decreasing the distance between the solutes in
that compartment. In equilibrium, the osmotic pressure in the solution has to be
exactly counterbalanced by the sum of attractive and repulsive forces between the
solutes, that is by the force per area between them. The average distance between
the solutes in the first compartment can be measured using, for example, X-ray
diffraction.With this additional information, one can obtain pressure versus distance
curves.

The first andmost common application of the osmotic stressmethod has been the
measurement of the interaction between lipid bilayers [1233, 1239] (see Section 10.3).
By using uncharged water-soluble macromolecules that do not penetrate the bilayer
stacks, one can even simply add the macromolecules directly to the aqueous phase
containing the lipids (Figure 10.12c). Since the concentration of the bilayer stacks is
much smaller than the concentration of the macromolecules, the osmotic pressure
is essentially determined by themacromolecule. Themost commonly used polymers
to adjust the osmotic pressure are polyethylene glycol (PEG) and polysaccharides
such as dextran. It is known that for assemblies of charged biomolecules, PEG is
excluded from the interior if the radius of gyration of the PEG is larger than the
average distance between two biomolecules [1240]. Values for the osmotic pressures
of solutions prepared from these polymers are well characterized and available
from several web sites [1241]. Alternatively, the osmotic pressure could be measured
directly by manometers or by vapor pressure osmometry. The latter uses the fact
that relative humidity RH above a solution in equilibrium is related to osmotic
pressure Pos as

Pos ¼ � kBT
VW

logðRHÞ: ð10:17Þ

(a)

Semipermeable
membrane

Reservoir

(b)

X-rays

Detector

(c)

Figure 10.12 Schematic of the osmotic stress method.
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Here, VW is the volume of a single water molecule (�0.3 nm3 at room temperature).
This relation can also be used to impose a certain osmotic pressure by fixing the
relative humidity (e.g., by salt solutions) [1242]. On the one hand, thismethod has the
disadvantage that the ionic concentration of the solution cannot be controlled
independently, on the other hand, for osmotic pressures higher than 105 Pa, polymer
concentrations get so high that equilibration time may exceed several months.

While in the beginning the biological application of the osmotic stress method
wasmainly used to investigate forces between lipid bilayers (reviewed in Ref. [1239]),
it has also become a valuable tool to study the hydration forces between biomolecules
[1243], for example, DNA [1155], collagen fibers [1244], or polysaccharides [1245].
The osmotic stressmethodhas also been applied to colloidal dispersions [1238, 1246],
emulsions [1247], colloidal crystals [1248], clays [1249, 1250], block copolymers
[1251], amixed nanoparticle/polymer system [1252], and colloids with polyelectrolyte
multilayers [1253].

To measure the force between lipid layers, a lipid is chosen, which at a certain
concentration and temperature range forms an La phase. The La phase is a regularly
spaced stack of lamellar fluid bilayers separated by water. From a symmetry point of
view, the La phase can be considered a smectic-A (SmA) liquid crystal. The mean
repeat distance between lipid bilayers in the Laphase ismeasured byX-ray diffraction
versus an applied osmotic pressure. Direct experiments have been carried out with
the surface force apparatus. Therefore, the bilayers are formed either by spontaneous
vesicle fusion [1254–1256] or by depositing two subsequent monolayers with the
Langmuir–Blodgett technique [1255, 1257]. Atomic force microscope experiments,
which have been carried out between two bilayers formed by spontaneous vesicle
fusion, confirmed earlier results [1258].

10.3.3
Forces Between Lipid Bilayers

Different components contribute to the force between lipid bilayers: van der Waals
attraction, hydration repulsion, steric repulsion, electrostatic forces, and undulation
forces. Electrostatic double-layer forces arise if charged lipids are present in the
membrane. Surface charges also occur in the presence of divalent ions. Ca2þ and
Mg2þ adsorb to lipids, which leads to net positive charge even at concentration of
1 mM [1257]. Double-layer forces are suppressed by adding monovalent salt into
the solution.

The hydration force is the major repulsive component of the force between neutral
bilayers [1254, 1257]. Phenomenologically, it can be described by an exponentially
decaying force up to a distance of 1.0–1.5 nm [1234, 1236, 1237, 1259]:

f ðxÞ ¼ f 0h � e�x=lh or VAðxÞ ¼ V0 e
�x=lh : ð10:18Þ

Typical values for the parameters are fh¼100–1000MPa and lh¼ð0:22� 0:04Þnm
[1235, 1237, 1257, 1259–1261]. Equation (10.18) is identical to Eq. (10.10) with
f ¼ �dVA=dx and f 0h ¼ V0=lh.
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Another short-range force is steric repulsion [1259, 1262, 1263].When two opposing
bilayers approach each other at some point, the head groups of the lipid molecules
come so close that they are hindered to vibrate and rotate. Their entropy decreases,
which leads to a repulsive force. As a first approximation, steric forces can also be
described by an exponentially decreasing interaction:

f ðxÞ ¼ f 0st � e�x=lst : ð10:19Þ

Typical values for the pressure f 0st and the decay length are 10
13 Pa and 0.06 nm [1259].

Often, steric and hydration forces are difficult to distinguish. Then, usually one
exponent is used to describe both. The range of this steric pressure can be increased
by the addition of lipids with large head groups, such as glycolipids or lipids with
covalently attached polymers.

When phosphatidylcholine is dissolved in an excess amount of water, the bilayers
form a lamellar phase with a defined equilibrium separation of 2–3 nm [1233]. Thus,
in addition to hydration and steric repulsion there must be a longer ranged attractive
force. Repulsive forces alonewould tend to separate the bilayers to the largest possible
separation, and the spacing would increase with decreasing lipid concentration.
This long-range attractive force is the van der Waals force. The nonretarded van der
Waals energy between two layers each of thickness d0 separated by a distance x is
given by [23, 413, 1234, 1235] (Eq. 2.74)

VAðxÞ ¼ � AH

12p
1
x2

þ 1

ðxþ 2d0Þ2
� 2

ðxþ d0Þ2
" #

: ð10:20Þ

For small distances, we obtain the simple VA / x�2 dependence, also known for
infinitely extending bodies. For large distances (x 
 d0), the free energy per unit area
approaches VA ¼ �AHd20=ð2px4Þ. Considering retardation effects would lead to an
even steeper decrease at distance above 10 nm. Hamaker constants for lipids such as
DLPC,DMPC,DPPC, EPCandDPPE fall within the rangeAH ¼ ð7:5� 1:5Þ � 10�21

J in water [1235, 1237, 1257, 1259–1261, 1264, 1265]. They decrease to about half
this value at physiological salt concentrations. The effective van der Waals plane can
be slightly offset from the hydrated surfaces of the bilayers; Israelachvili suggests
an offset of 0.5 nm [1264].

Undulation Forces Soft elastic sheets, including lipid bilayers, show thermal un-
dulationswhose amplitude increaseswith temperature. If two bilayers approach each
other to a distance, where the undulation amplitude becomes of the same order of
magnitude as the distance, any further decrease requires a gradual freezing-in of
long-wavelength modes and of more and more degrees of freedom (Figure 10.13).
This reduces the entropy of the system associated with the thermal excitations and
leads to an increase in free energy. The result is a repulsive force. Undulation forces
are also called �Helfrich interaction� since W. Helfrich was the first person to
correctly describe these forces [1269]. In the old literature also the misleading term
�steric force� is used.
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Undulation forces not only act between lipid bilayers in the La phase but also
prevent vesicles from coagulation and act between membranes and other surfaces
[1266]. Emulsions are stabilized by undulation forces [1267].

To describe undulation forces, we first need to introduce the so-called bending
elastic modulus of a membrane kc, also called bending rigidity. The free energy of
bending is to first order given by [1268, 1269]

G ¼ kc
2

ð
1
r1

þ 1
r2
�C0

� �2

dA: ð10:21Þ

C0 is called the spontaneous curvature.A is the surface area and 1=r1 and 1=r2 are two
principal curvatures. Bendingmoduli of phospholipid bilayers in the liquid phase are
typically kc � 10 kBT (Table 10.4). The bending moduli increase when
the temperature decreases below the melting temperature. Addition of cholesterol
increases the bending modulus.

Example 10.4

The bending modulus of DMPC at 28 �C is kc ¼ 3:3� 10�20 J ¼ 8 kBT . We
assume that the spontaneous curvature is negligible (C0 ¼ 0). What is the total
bending energy of a vesicle of R1 ¼ 100 nm radius?
With r1 ¼ r2 ¼ R1, we obtain

G ¼ kc
2

ð
2
R1

� �2

dA ¼ kc
2

2
R1

� �2

4pR2
1 ¼ 8pkc ¼ 8:3� 10�19 J:

It is independent of the radius! Reason: As the radius decreases the bending
energy per unit area increases, but the surface area decreases. Both effects just
compensate each other.

Undulations Protrusions

Head
groups

Hydrophobic tails

Aqueous phase

Figure 10.13 Schematic of two opposing
bilayers in aqueous medium illustrating
undulation and protrusion forces. Undulation
forces occur between any pair of flexible

membranes and are described by continuum
theory. Protrusion forces are caused by
individual lipid molecules jumping up and
down normal to the bilayer.
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The concept of entropic forces between undulatingmembranes was introduced by
Helfrich [1283]. He derived the equation

VAðxÞ ¼ Cfl � ðkBTÞ
2

kcx2
ð10:22Þ

for the free energy of interaction. Cfl is a constant. The distance and temperature
dependence of Eq. (10.22) has been verified by theory [1284–1286], computer
simulations [1287, 1288], and experiments [1237, 1267, 1289]. Undulation forces
increase with temperature not only because of explicit proportionality to T2 but
also because the bending modulus decreases [1290]. Still under discussion is the
precise value of the numerical prefactor Cfl. Helfrich initially presented two ways of
deriving Eq. (10.22), which led to twodifferent results, namely,Cfl ¼ 0:188 and 0.231.
While X-ray scattering experiments on microemulsions confirmed this value [1267],
more recent small-angle neutron and X-ray scattering measurements obtained
withDMPC led toCfl ¼ 0:111. Reference [1289] also contains an instructive overview
of Cfl values reported. Taking into account all values known to us in the literature,
we suggest to use Cfl � 0:14.

Equation (10.22) was derived assuming that no other forces are acting between the
membranes. If the membranes are also loaded by other interactions, the force law
changes [1291]. For example, if hydration forces are present, the undulation contri-
bution at short distances is better described by [1237, 1284, 1292]

VAðxÞ ¼ pkBT
16

ffiffiffiffiffiffiffiffiffi
f 0h
kclh

s
� e� x

2lh or f ðxÞ ¼ pkBT
32

ffiffiffiffiffiffiffiffiffi
f 0h
kcl

3
h

s
� e� x

2lh : ð10:23Þ

Other force laws taking into account van der Waals attraction or hydration repulsion
have been suggested [1288, 1286, 1293].

Table 10.4 Bending moduli kc of various phosphatidylcholine bilayers in water at different
temperature T and melting temperature TM.

Lipid T (�C) kc (10�19 J) TM (�C) References

DAPC 14–18 0.3. . .0.44 �69 [1270, 1271]
DLPC 25 0.46 �1.0 [1272, 1273]
DMPC T < Tm 30 24 [1274]

T > Tm 0.33 [1265, 1271, 1274–1278]
DMPC þ 30% Ch T > Tm 4 [1279]
DPPC T < Tm 6 41 [1276, 1280]

T > Tm 1.3 [1237, 1276, 1280]
DOPC 30 0.4. . .1.0 �20 [1261]
EPC 14–30 0.5 �6 [1237, 1270, 1272, 1281, 1282]

TM refers to the gel to liquid crystalline phase transition. DAPC: diarachidonoylphosphatidylcholine;
DGDG: digalactosyldiglyceride; DLPC: dilauroylphosphatidylcholine; DMPC:
dimyristoylphosphatidylcholine; Ch: cholesterol; DPPC: dipalmitoylphosphatidylcholine; DOPC:
dioleoylphosphatidylcholine, and egg PC.
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Protrusion Forces Based on a theory by Aniansson et al. [1294], Israelachvili and
Wennerstr€om proposed that a short-range repulsive force originates from the
entropic repulsion of molecular groups that are thermally excited to protrude from
the bilayer [1295]. Lipid molecules in a membrane are constantly jumping up and
down driven by thermal excitations. When two bilayers approach each other, these
height fluctuations are suppressed. A suppression of fluctuations reduces the
entropy of the system and thus increases the free energy. The result is a short-range
repulsive force. While undulation forces are present between continuous sheets,
protrusion forces are the result of the discrete molecular nature of the molecules
forming a bilayer (Figure 10.13).

Computer simulations showed indeed that lipid molecules are jumping up and
down. The mean width of the height distribution of the head groups in a phospho-
lipid bilayer is typically 0.5 nm [1293, 1296]. Incoherent quasielastic neutron scat-
tering on lipid bilayers indicated a smaller out-of-planemotion of 0.1–0.15 nm [1297].
Also for surfactant micelles, such roughening of the surface due to height fluctua-
tions was observed by dynamic small-angle neutron scattering [1298].

Recent simulations indicate that the resulting repulsive interaction is, however,
negligible compared to hydration forces [1263]. The reason is that the protrusion of
one lipid molecule is accompanied by a correlated rearrangement of the opposing
and neighboring molecules. The effect of protrusion force is only a slight increase
of the effective exponential decay length of the hydration force [1299].

As examples, pressure versus distance curves of EPC, DMPC, and DPPC are
shown in Figure 10.14. The curves were measured with the osmotic pressure
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Figure 10.14 Force per unit area versus
distance between two lipid bilayers of EPC at
30 �C, DMPC at 30 �C, and DPPC at 50 �C
(redrawn from Ref. [1237]). The force curves
were fitted with a sum of hydration forces
(Eq. (10.18)), van der Waals attraction
(Eq. (10.20)), and undulation forces
(Eq. (10.23)). To obtain the van der Waals
pressure we applied f¼�dVA/dx (see Exercise
10.4). The parameters were kc¼ 0.55� 10�19 J,

fh
0¼ 108 Pa, lh¼ 0.18 nm, AH¼ 4.7� 10�21J,

and a bilayer thickness of d0¼ 4.5 nm for EPC
(continuous line). For DMPC (dashed line),
the parameters were kc¼ 0.5� 10�19 J,
fh
0¼ 1.3� 108 Pa, lh¼ 0.17 nm,

AH¼ 7.1� 10�21J, and d0¼ 4.4 nm. For DPPC
(dottedline), we used kc¼ 0.5� 10�19 J,
fh
0¼ 0.6� 108 Pa, lh¼ 0.21 nm,

AH¼ 9.0� 10�21J, and d0¼ 4.7 nm.
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technique. The applied osmotic pressure is equal to the force per unit area. From
X-ray diffraction, the repeat distancewas determined. After subtracting the thickness
of the lipid bilayers from the repeat distance, the distance between bilayers is
obtained. There is a certain degree of arbitrariness in the choice of the bilayer
thickness. First, it is not obvious where to place the position of the interface between
the bilayer and the aqueous phase. In the particular case shown here, the interface is
placed at the end of the head groups and as such contains a water-rich region around
the head groups. Second, the bilayers aremobile. Individual lipidmolecules jumpup
and down and the bilayer undulates. For the lipids shown in Figure 10.14, van der
Waals forces lead to a drop of the force and a minimum in the energy around 2 nm
(see solution of Exercise 10.4). The equilibrium distance, that is, the separation
the bilayers assume at zero osmotic pressure, is 2.1 nm, for EPC, 2.0 nm for DMPC,
and 1.9 nm for DPPC. At distances below �2 nm, undulation forces prevent the
bilayers from closer approach. At larger distances, the van der Waals attraction
dominates and keeps the bilayers together.

The curves shown inFigure 10.14 can serve to summarize the general trend. At very
short interbilayer separations (less than about 0.4 nm), the force between bilayers
dependson thevolume fractionofheadgroupsat the interface, indicating thepresence
of a large steric barrier, which arises from direct interactions between head groups
from opposing bilayers [1259]. For intermediate interbilayer separations up to
1.0–1.5nm, the pressure–distance curves are similar for liquid–crystalline and
crystalline phosphatidylcholine bilayers. They are relatively independent of temper-
ature. In this range of water spacing, the hydration pressure dominates. For an
interbilayer spacing ofmore than about 1.0–1.5nm, the interaction of neutral bilayers
is dominated by van der Waals attraction and undulation repulsion [1286, 1290]. The
magnitude and range of the observed force depend on the temperature, theHamaker
constant, and the bending modulus of the bilayer. For charged lipids, the interaction
depends also on the charge and the background salt concentration.

Some lipid bilayers adhere to each otherwhen they get into close contact. Attractive
electrostatic forces between the positively charged ammoniumgroups and negatively
chargedphosphate groups in the opposing lipidmolecules lead to an adhesion [1263].
In addition, hydrogen bonds between the lipidmolecules contribute to the attraction.

10.4
Force Between Surfaces with Adsorbed Molecules

In Section 7.6 on thin wetting films, we discussed one link between adsorption
and surface forces. There we studied the adsorption of a liquid film from its vapor
onto a solid surface and related it to the force between the solid–liquid and
liquid–vapor interfaces. In this section, we get to know another aspect of adsorption
and surface forces. We consider the force between two solid surfaces in a liquid. If
dissolvedmolecules in the liquid adsorb to the solid surfaces, theymight significantly
influence the interaction between solid surfaces. This was, for example, observed by
Rehbinder et al. [1301], who observed that surface-active substances can stabilize
suspensions of hydrophobic particles in aqueous medium and of hydrophilic
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particles in benzene. Van der Waarden [1302] observed that carbon black particles in
aliphatic oils aggregate. When adding substances that bind to the particles via an
aromatic ring and that in addition have a hydrocarbon chain attached, the dispersion
remained stable. Mackor [1303] showed that this stabilizing effect can be accounted
for by considering the decrease in the number of configurations of the adsorbed
molecules due to steric hindrance of the aliphatic side chains when two particles
approach each other. A detailed calculation of the reduction in entropy when two
surfaces approach each other depends on the specific molecules and the conforma-
tion they assume at a surface. Mainly polymers are used to sterically stabilize
dispersions. For a detailed discussion, see Section 11.3.

When the two surfaces approach each other, adsorbed molecules are not only
restricted in their conformational fluctuations but also at some point are forced to
leave the surface. To include this effect, let us consider two parallel plates separated
by a distance x interacting across a solution containing different kinds (components)
of dissolved molecules. These molecules are allowed to adsorb to the two surfaces.
The surface excess of component i is Ci. In general, the surface excess on one surface
is influenced by the presence of the other surface so that Ci is a function of the
distance: CiðxÞ. Assuming the system is in full thermodynamic equilibrium,
Hall, Ash, Everett, and Radke [1304, 1305] derived a relation between the force
per unit area, the amount adsorbed in molm�2, and the concentration of molecules
in solution ci:

qf
qmi

				
T ;x

¼ 2
qC
qx

				
T ;mi

: ð10:24Þ

Equation (10.24) contains the concentration via the chemical potential mi. The
chemical potential of the ith component is

mi ¼ m0i þRT ln ci
ci
c0

� �
: ð10:25Þ

Here, ci is the activity coefficient of the ith component and c0 is the standard reference
concentration. The partial derivations in Eq. (10.24) are to be taken at constant
temperature and distance and at constant chemical potentials (or concentrations).
Equation (10.24) tells us that the change in force (at a given separation) that occurs
when a surface-active compound is added to the solution is given by the change in
surface excess as a function of the separation. The change in adsorption results from
the change in energy of adsorbed states under the influence of the approaching
opposite surface.

Following Subramanian and Ducker [1306], we integrate Eq. (10.24) on both sides
from infinite distance to a distance x. With VA ¼ � Ð

f dx, we arrive at

CðxÞ�Cð1Þ ¼ � 1
2
qVA

qmi

				
T ;x

: ð10:26Þ

Equation (10.26) is valid at adsorption equilibrium and when the temperature
and chemical potential of the other components, mj, are constant. It allows to calculate
the change in adsorption when the two solid–liquid surfaces approach each other.
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If two surfaces approach each other, at some distance adsorbed molecules are
squeezed out of the closing gap. We use such a simple view to derive an estimation
of the effect of adsorbed molecules. Let us consider again two parallel surfaces
(Figure 7.2) with adsorbed molecules of length L and cross section b2. Their molar
volume is Vm ¼ NAlb2. They bind strongly so that a dense layer of thickness L is
formed. We denote the binding energy by E0. Thus, adsorption leads to a decrease in
the free energy of the system by 2E0A=b2, where A is the area of one plate. If the two
plates approach each other at a distance x ¼ 2L, they start to squeeze out adsorbed
molecules. We assume that the molecules are incompressible. We also neglect
possible kinetic effects and assume that the adsorbed molecules are in equilibrium
with the bulk reservoir. In the available volume Ax; the number of molecules is at
maximum NAAx=Vm. The binding energy of all molecules is E0NAAx=Vm or
E0Ax=Vm if we express the binding energy in Jmol�1. Setting the total free energy
of the system to zero at infinite distance, the free energy increases upon approach
from zero at x 	 2L to E0Að2L�xÞ=Vm. Per unit area, we get

VAðxÞ ¼ E0

Vm
ð2L�xÞ: ð10:27Þ

The force for a sphere of radius Rp approaching a planar surface with adsorbed
molecules is according to Derjaguin�s approximation (2.67) [1307]

F ¼ 2pRp
E0

Vm
ð2L�DÞ ¼ 4pRpE0C 1� D

2L

� �
forD < 2L: ð10:28Þ

The force is repulsive anddecreases linearlywithdistance.Theslope isproportional to
the binding energy of the molecules and inversely proportional to their volume.

10.5
Summary

. The structure of liquid molecules at an interface is in general different from the
bulk structure. Typically, themolecules arrange in layers, extending 2–4molecular
diameters into the liquid. When two surfaces approach each other exponentially
decaying, periodic forces are observed. The oscillation period corresponds to the
molecular size.

. In liquid crystals, oscillatory forces are particularly strong due to the intrinsic
tendency of the molecules to orient with respect to each other.

. In aqueous medium, hydrophilic surfaces often repel each other at distances
below 1nm. This repulsion is associated with a negative free energy of hydration
and it is called hydration force.

. Rather than a summary of established knowledge, we only propose one possible
interpretation of hydrophobic forces: the short-range component is caused by a
rupture of themetastable film between two approaching surfaces. The thin film is
unstable and ruptures either because of the different molecular arrangements of
water molecules near hydrophobic surfaces or because a capillary bridge is
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spontaneously formed. The long-range attraction is caused by preexisting nano-
bubbles on the surfaces, which are filled with gas. Nanobubbles are formed by a
transitional local oversaturation or by a previous contact between the surfaces.

. The force between neutral lipid bilayers at very short interbilayer distances
(less than about 0.4 nm) is dominated by steric repulsion, which arises from
direct interactions between head groups. For intermediate distances of up to
1.0–1.5 nm, the hydration pressure dominates. For interbilayer spacing more
than about 1.0–1.5 nm, the interaction of neutral bilayers is dominated by van der
Waals attraction and undulation repulsion [1290, 1286]. Themagnitude and range
of the observed force depends on the temperature, the Hamaker constant, and
the bendingmodulus of the bilayer. For charged lipids, the interaction depends on
the charge and the background salt concentration.

10.6
Exercises

10.1. Verify that the superposition approach rnðx; jÞ ¼ rnðjÞrnðx�jÞ=rb leads to
Eq. (10.6).

10.2. For two different surfaces, the presmectic force between a sphere and a plate
is [1128]

F ¼ pRp
�rLS
jS

1

tanh
D�D0

jS

� ��1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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� �2
s

�
cos 2p
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� �
2
664

3
775:
ð10:29Þ

Here, �r ¼ y2
1 þy2

2, Dr ¼ y2
1�y2

2, y1 and y2 are the dimensionless degrees
of ordering at the surfaces. Plot force versus distance for a particle of 6 mm
diameter and a flat surface for d0 ¼ 3 nm, jS ¼ 15 nm, D0 ¼ 0, and
LS ¼ 2� 10�12 N for three pairs of the dimensionless order parameters:
y1 ¼ y2 ¼ 0:2, y1 ¼ 0:14 and y2 ¼ 0:26, y1 ¼ 0:08 and y2 ¼ 0:32. Verify
by plotting that for y1 ¼ y2 ¼ 0:2 Eq. (10.8) leads to the same result.

10.3. A nonpolar liquid is in contact with water. Given are the standard Gibbs
energies DG0

s for the process ideal gas at 1 atm ! ideal solution (unit: mole
fraction solute) and the vapor pressures PV

0 . Calculate the concentration of
dissolved molecules of the liquid in water assuming that the system is in
equilibrium. Do so for n-hexane (DG0

s ¼ 28:5 kJmol�1, PV
0 ¼ 0:199 atm),

n-heptane (28.9 kJmol�1, 0.060 atm), benzene (14.2 kJmol�1, 0.125 atm), and
toluene (14.6 kJmol�1, 0.037 atm) at 25 �C.

10.4. Plot pressure versus distance for van der Waals, hydration, and undulation
forces between two parallel lipid bilayers of DLPC at 25 �C. Use
AH ¼ 5� 10�21 J, f 0h ¼ 100MPa, lh ¼ 0:22 nm, kc ¼ 0:46� 10�19 J
(Table 10.3), and a bilayer thickness of 4 nm.
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11
Surface Forces in Polymer Solutions and Melts

The presence of dissolved polymers in a dispersed system can drastically change the
behavior of the dispersion or emulsion. The ancient Egyptians knew that one can
keep soot particles dispersed in water when they were incubated with gum arabicum,
an exudate from the stemsof acacia trees, or eggwhite. In thisway, inkwasmade. The
reason for the stabilizing effect is the steric repulsion caused by adsorbed polymer. In
the first case, the adsorbed polymers are polysaccharides and glycoproteins; in the
second case, it is mainly the protein albumin.

Steric stabilization of dispersions is very important in many industrial applica-
tions. In particular in nonpolar solvents, the adsorption or grafting of a polymer onto
the surface of particles is the only effective way to establish dispersion stability and
prevent flocculation caused by the attractive van der Waals forces because electro-
static interactions are virtually absent in nonpolar solvents.

In many applications in mineral processing, papermaking, and waste water
treatment, the opposite effect is desired. Then, polymers are used to induce
flocculation. Usually, this is achieved by adding polymer, which can bridge two
particles. To understand all these effects, we first need to introduce some funda-
mentals of the structure of polymers in solution and of polymer adsorption. Good
introductions into polymer physics areRefs [1308–1310]. Polymer-induced forces are
reviewed in Refs [1311 –1313].

11.1
Properties of Polymers

Here, we aremainly concerned about linear polymers, which consist of a linear chain
ofmonomers. Although other architectures such as networks, branched polymers, or
dendrimers exist, for most applications in colloid science linear polymers are used.

To characterize a linear polymer, we need to specify the chemical structure of the
monomer and the number of monomers per chain. Monomers can be simple
chemical units such as in polyethylene (�(CH2)n�) or complex structures in itself.
Polymers are traditionally named according to the monomer from which they are
synthesized. For example, polyethylene is synthesized from ethylene (C2H4). IUPAC
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recommends to use structure-based names. Polyethylene is then called poly(meth-
ylene) because the smallest repetitive unit is �CH2�. Common polymers are listed
in Table 11.1. Important classes of polymers are polyesters, with�CO-O� groups in
their backbone, polyamides, which contain �NH-CO�, and polyurethanes (�NH-
CO-O�). One example for a polyamide is Nylon 6 with �NH(CH2)5CO� as repeat
unit.

Many polymers are in a glassy state. One example is polystyrene. In the glass or
amorphous state, no long-range order exists. The polymer structure rather resembles
that of a frozen liquid. Even on the molecular level, the segments are frozen and
typical segmental relaxation times are slow (typically 100 s).When apolymer is heated
above its glass transition temperature Tg, its viscosity, shear modulus, heat capacity,
and expansion coefficient drastically change. On the molecular level, the segments
start to move again thermally. The glass transition is a gradual process and usually
extends over several degrees.

Other polymers, such as poly(ethylene oxide), form a crystalline phase. Crystalline
regions do, however, not extend over large regions. Growth of large crystalline
regions is prevented by the fact that the segments of the polymer are interconnected.
While one part of the chain may nucleate and start to form a crystal, another part
might be entangled with other chains or it may also be part of another nucleus. One
prevents the other from growing to a large size. Crystalline polymers are character-
ized by a sharply defined melting temperature. The crystalline regions may be
embedded in amorphous regions. Depending on the crystallinity, amelting point Tm

and glass transition Tg may or may not be observable. Tg and Tm vary depending on
molarmass and the particular stereochemical configuration. In addition, sometimes
different forms of a polymermay exist. For example, polyethylene is available as high-
density polyethylene (HDPE) and low-density polyethylene (LDPE). Due to the way
the polymer is synthesized, low-density polyethylene has a higher degree of branch-
ing. This prevents a close packing and causes the lower density. LDPE has a higher
glass transition temperature and lower melting point (Tg ¼ �73 to�48 �C,
Tm ¼ 130�139 �C) than HDPE (Tg ¼ �123 �C, Tm ¼ 146 �C).

The number of monomers per chain is also called degree of polymerization NDP.
The degree of polymerization is linked to the molar mass of a polymer by NDPMr.
Here, Mr is the molar mass of a monomer. Molar masses of a polymer can be
measured in different ways, for example, by gel permeation chromatography (GPC)
or high-pressure liquid chromatography (HPLC). For polymers in solution, themolar
mass can be determined from the depression of the melting point, vapor pressure
decrease, and osmotic pressure measurements.

Usually, polymers can not be synthesized with one precisely defined molar
mass. One polymer chain has a different molar mass than another chain. Practically,
we always get a distribution of molar masses. When we calculate the mean
molar mass, we need to distinguish between the number average Mn or the weight
average Mw:

Mn ¼
P

NiMiP
Ni

and Mw ¼
P

N2
i MiP

NiMi
: ð11:1Þ

328j 11 Surface Forces in Polymer Solutions and Melts



Table 11.1 Structure of common polymers, their glass transition Tg, melting temperature Tm, molar mass of the repeat unit Mr

in g mol�1, and examples for good solvents.

Polymer Solvents

Polyethylene (PE) For Tg and Tm see text
Mr ¼ 28:05

HC, halogenated HC

Polypropylene (PP) isotactic Tg ¼ 7 �C No good solvents at 25 �C
Tm ¼ 173�188 �C
Mr ¼ 42:08

Polystyrene (PS) Tg ¼ 100 �C Toluene, benzene, CHCl3,
THF, MEKLittle crystallization

Mr ¼ 104:15

Poly(vinyl chloride) (PVC)
Tg ¼ 71�98 �C MEK, THF, DMF, DMSO,

tolueneTm ¼ 212�300 �C
Mr ¼ 62:50

Poly(methyl methacrylate)
(PMMA) atactic

Tg ¼ 114 �C Aromatic and chlorinated
HC, THF, MEKTm ¼ 130�140 �C

Mr ¼ 100:12

1,4-Poly(butadiene) (PB) Tg ¼ �95 �C HC, THF
Tm ¼ 2 �C
Mr ¼ 54:09

(Continued)
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Table 11.1 (Continued)

Polymer Solvents

1,4-Poly(isoprene) (PI) Tg ¼ �63 �C (cis) Benzene, toluene,
cyclohexane, dioxaneNo crystal in cis-PI

Tg ¼ �72 �C (trans)
Tm ¼ 40 �C
Mr ¼ 68:12

Poly(dimethyl siloxane)
(PDMS)

Tg ¼ �125 �C HC, THF, DMF,
tolueneTm ¼ �45 to�36 �C

Mr ¼ 74:15

Poly(ethylene tere- phthalate)
(PET)

Tg ¼ 69�115 �C Benzene,
phenolTm ¼ 265 �C

Mr ¼ 192:2

Poly(ethylene oxide) (PEO,
PEG)

Tg ¼ �67 �C Water
Tm ¼ 66 �C
Mr ¼ 44:05

HC: hydrocarbons; MEK: methyl ethyl ketone (CH3COCH2CH3); THF: tetrahydrofuran (C4H8O); DMF: dimethyl formamide (HCON(CH3)2); DMSO: dimethyl sulfoxide
((CH3)2SO).
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The sum runs over all molecules present in a polymer sample. Ni is the number of
polymer chains with i monomers and Mi is the molar mass of a polymer with i
monomers. In general, Mn and Mw are different. In the weight averages, large
molecules contribute more. We can use number and weight averages to characterize
the width of the distribution. This is done with the index of polydispersity
IP ¼ Mw=Mn. IP is always equal to or higher than 1. The higher the index of
polydispersity, the more disperse the polymer distribution is.

An important class of water-soluble polymers are polyelectrolytes (Table 11.2). A
polyelectrolyte is a polymer with chemical groups that, up on dissolving in water or

Table 11.2 Structure of commonwater-soluble polymers and themolar mass of the repeat unit
Mr in gmol�1.

Poly(vinyl alcohol) (PVA,
PVOH)

Mr ¼ 44:05

Poly(acryl amide) (PAAm) Mr ¼ 71:08

Poly(N-isopropyl acryl-
amide) (PNIPAM)

Mr ¼ 113:16
Soluble in water
below 33 �C

Poly(acrylic acid) (PAA) Mr ¼ 72:06

Poly(styrene sulfonate) (PSS) Mr ¼ 184:2

Poly(vinyl amine) (PVAm) Mr ¼ 43:07

Poly(allyl amine) (PAH) Mr ¼ 57:10

Poly(2-vinyl pyridine) (P2VP) Mr ¼ 105:14

Polyelectrolytes are shown in their form at neutral pH.
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another polar solvent, dissociate to give polyions (polycations or polyanions) together
with an equivalent amount of counter ions of opposite sign. For example, when poly
(acrylic acid) is dissolved in water at neutral pH, most of the carboxylic groups
dissociate. After the protons have dissociated, the polymer is negatively charged. PAA
can also be purchased as poly(acrylic acid sodium) with the repeat unit
�CH2CHCOONa�. In water, the sodium ions dissociate and the polymer becomes
negatively charged. The properties of dissolved polyelectrolytes usually depend on
the pH and on the presence of ions, in particular counterions.

11.2
Polymer Solutions

11.2.1
Ideal Chains

In solution, linear polymers are not stiff rods, but the chains are usually flexible. The
groups along the chain can rotate around their bonds and in this way change the
direction. If we start at a certain monomer, we may be able to predict the direction of
the next monomer, but after a certain distance the orientation of the following
monomers is not correlated anymore with the orientation of our starting monomer.
This characteristic decay length for orientation correlation depends on the specific
polymer we are dealing with and on the solvent.

In many applications, we do not need to consider the detailed molecular structure
of the polymer including bond lengths, bond angles, rotation energy, and so on.

Table 11.3 Characteristic ratio C1 [1310, 1315–1317] and lengths of repeat units lr.

Polymer C1 lr (nm)

Polyethylene 7.1 0.25
Polypropylene 5.9 0.25
Polystyrene 10.2 0.25
Poly(vinyl chloride) 7.7 0.25
Poly(methyl methacrylate) 8.7 0.25
cis-1,4-Poly(butadiene) 4.7 0.41
trans-1,4-Poly(butadiene) 6.1 0.48
cis-1,4-Poly(isoprene) 5.1 0.39
trans-1,4-Poly(isoprene) 6.1 0.46
Poly(dimethyl siloxane) 6.8 0.29
Poly(ethylene terephthalate) 4.0 1.00
Poly(ethylene oxide) 5.6 0.37
Poly(vinyl alcohol) 8.3 0.25

Typical variations fromone solvent to another are 10% forC1. Values of lr were calculated byVangelis
Harmandaris by applying energy minimization in trimers or tetramers to avoid end effects and
by defining lr as the distance between the center of mass of two consecutive monomers. Depending
on the specific force field, they vary between 5 and 10%.

332j 11 Surface Forces in Polymer Solutions and Melts



In many discussions, we can use simpler models to describe the polymer. One such
model is the freely jointed chain (FJC)model introducedbyKuhn [1314] (Figure 11.1).
In this model, the polymer is considered to consist of a chain of N links. Each
segment has a length ls, also called Kuhn length. The angle between adjacent chain
links is taken to be random and can change freely.We also assume that the individual
segments do not interact with each other. Polymers with no interaction between the
segments separated by many bonds are called ideal chains. Then the chain forms a
random coil. One can show [1310] that the mean square of the end-to-end distance
R2–we call it the size of a polymer chain–is given by

R0 ¼
ffiffiffiffiffiffi
R2

p
¼ ls

ffiffiffiffi
N

p
: ð11:2Þ

In fact, Eq. (11.2) holds for any ideal chain, irrespective of the specific way the
segments are linked. To determine the mean end-to-end distance, we could either
average over many polymers at a given moment or observe one polymer chain and
average its conformation over time. Due to thermal fluctuations, the chain will
assume many configurations in a short time.

The size of a polymer can be measured by light or neutron scattering. In
light scattering, the radius of gyration is determined. It is related to the size of a
polymer by

Rg ¼ ls

ffiffiffiffi
N
6

r
: ð11:3Þ

The radius of gyration is
ffiffiffi
6

p
smaller than the size of an ideal chain. Experimentally, it

is found that over a wide range of molar masses and temperatures, polymer sizes in
melts and solutions indeed increase proportional to

ffiffiffiffi
N

p
or

ffiffiffiffiffiffiffi
Mw

p
. From measured

values of R2=Mw, the segment length can be determined. Typically, segment lengths
are five to nine times larger than the length of a repeat unit. Sometimes, the
characteristic ratio C1 is reported (Table 11.3). For long chains, the characteristic
ratio is C1 ¼ ls=lr, where lr is the length of a repeat unit or monomer. Chains are
nearly ideal both in polymer melts and in polymer solutions, when the interaction
between segments is equal to the interaction of a segment with the solvent.

It is instructive to compare the size of a polymer to its contour length Lc. The
contour length is the end-to-end distance of a fully stretched linear polymer chain. It
is given by Lc ¼ Nls ¼ Mnlr=Mr, whereMn=Mr is the average number of monomers
per chain.

ls

R

Figure 11.1 Picture of a linear polymer in the ideal freely jointed chain model.
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Example 11.1

By static light scattering Miyaki et al. [1319] observed a Rg of 167 nm with
polystyrene in cyclohexane at 34.5 �C. The molar mass of the polystyrene was
Mw ¼ 32� 106 gmol�1 at an index of polydispersity of IP ¼ 1:1. Calculate the
Kuhn length and compare it to the size of a monomer.
The number of monomers is NDP ¼ Mw=ðIPMrÞ. With Mr ¼ 104:15 gmol�1

we get NDP ¼ 2:8� 105. The length per monomer lr is 0.253 nm with a bond
length of 0.152 nm between two carbon atoms in an aliphatic chain and a bond
angle of 111.5�. The mean contour length is Lc ¼ NDPlr ¼ 71 mm. With
Lc ¼ Nls, we can write Eq. (11.3) as

Rg ¼
ffiffiffiffiffiffiffiffi
Lcls
6

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
lslr

6IPMr

s
�

ffiffiffiffiffiffiffi
Mw

p
:

Solving the first part of the equation for ls, we calculate ls ¼ 2:4 nm, which is
roughly nine times the length of the monomer. In tables or papers, usually the
factor R2

g=Mw is reported. Then, the second part of the equation can be applied
to calculate the Kuhn length. Miyaki, for example, reported R2

g=Mw ¼
8:8� 10�18, with Mw in units of g mol�1 and the result in cm2. We calculate
ls according to

8:8� 10�22 m2mol g�1 ¼ lslr
6IPMr

¼ ls � 3:68� 10�13 mol mg�1:

This again leads to ls ¼ 2:4 nm.

11.2.2
Real Chains in a Good Solvent

In an ideal solvent, the interaction between subunits is equal to the interaction of a
subunit with the solvent. In a real solvent, the actual radius of gyration canbe larger or
smaller. In a �good� solvent, a repulsive force acts between the monomers. The
polymer swells andRg increases. In a �bad� solvent, themonomers attract each other,
the polymer shrinks, andRg decreases. Often a bad solvent becomes a good solvent if
the temperature is increased. The temperature, at which the polymer behaves ideally,
is called the theta temperature, TH. The ideal solvent is called a theta solvent.

To take the interaction between polymer segments into account, Flory1) [1320]
introduced the excluded volume parameter v in units of m3. In good solvents
(T > TH), the polymer segments repel each other and v is positive. For many
calculations, we simply approximate v ¼ l3s . The excluded volume decreases with
decreasing solvent quality to v ¼ 0 for H solvents. It decreases even further and
becomes negative for poor solvents (T < Tq), where the segments attract each other.

1) Paul John Flory, 1910–1985, American physicochemist, Nobel Prize, 1974.
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For a detailed description of the excluded volume, we refer to textbooks, for
example, [1310]. Briefly, the excluded volume is related to the interaction potential
U. Let UðrÞ be the energy cost to bring two segments from infinity to a distance r.
Typically, this potential contains a hard-core repulsion plus a longer range attraction
or repulsion. The probability of finding two segments at a distance r is proportional
to the Boltzmann factor exp½�U=ðkBTÞ�. Now we define the so-called Mayer
f -function: f ðrÞ ¼ exp½�U=ðkBTÞ��1. For an attractive potential, UðrÞ is negative,
exp½�U=ðkBTÞ� > 1, and f is positive. If the potential at a certain distance is
repulsive, UðrÞ is positive, exp½�U=ðkBTÞ� < 1, and f is negative. The excluded
volume is defined as minus the integral of the Mayer f -function over the whole
space: v ¼ � Ð

f ðrÞdV . If attractive interactions between segments dominate, v is
negative. If repulsive interactions dominate, it is positive. With improving solvent
quality, v increases.

The excluded volume changes with the quality of the solvent. A good approxima-
tion for many linear polymers in organic solvents is [1318]

v ¼ 0:78 l3s �
T�TH

T
: ð11:4Þ

In a good solvent, the segments of a polymer chain repel each other. The
interaction energy of polymer segments in a given unit volume is proportional to
the number of segments in that volumemultiplied with the likelihood that they find
another segment to interact with. This likelihood is proportional to the number of
segments in the unit volume.2) In total, the energy density should be proportional to
the square of the concentration of segments c (in number of segments per unit
volume). It can be shown that the energy density of polymer segments in a solvent is
[1310, p. 105]

kBTvc2

2
: ð11:5Þ

The factor of 2 accounts for the fact that otherwise each pair of interacting
segments would be counted twice.

The conformation of a real chain in a good solvent is determined by two effects: the
effective repulsion energy between segments that tends to swell the coil and the
entropy loss due to such a deformation. In equilibrium, the sum of both is minimal
leading to an increased radius of the coil of

R0 � ðvl2sN3Þ1=5: ð11:6Þ
The size of a polymer in a good solvent increases withN3=5 rather thanN1=2 for an

ideal chain. If the total energy of the chain is less than kBT , swelling will be negligible
and the polymer behaves like an ideal chain. This is the case if

ffiffiffiffi
N

p
v=l3s < 1.

Experimentally, the excluded volume can be determined from the osmotic
pressure of a polymer solution or by light scattering. The osmotic pressure of a

2) To be precise, it is that number minus 1. Since we assume that we have many segments, we can
neglect 1.
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polymer solution is

Pos ¼ cmkBT
1
Mn

þA2cm þ � � �
� �

: ð11:7Þ

Here, cm is concentration of polymer in kgm�3. A2 is the second virial coefficient in
units of m3mol kg�2. The second virial coefficient is related to the excluded volume
by v ¼ 2A2M2

s=NA, whereMs is themass of one segment (not one repeat unit!). Thus,
the second term in Eq. (11.7) can be written as

kBTA2c
2
m ¼ kBTNA

2
v

cm
M0

� �2

:

It is proportional to the square of the density of polymer segments.

Example 11.2

The Kuhn length of polystyrene in decalin at 25 �C has been measured by light
scattering to be ls ¼ 1:8 nm. Estimate the excluded volume and the expected
second virial coefficient. TheH temperature of polysytrene in decalin is 14 �C.
With Eq. (11.4), we find v ¼ 0:78 � ð1:8 nmÞ3 � 11=298 ¼ 0:17 nm3. Since ls is
seven times the monomer length, the mass of one segment isMs ¼ 7 � 104:15
gmol�1 ¼ 729 gmol�1. The second virial coefficient is

A2 ¼ NAv
2M2

0
¼ 6:02� 1023 mol�1 � 0:17� 10�27 m3

2 � ð0:729 kg mol�1Þ2 ¼ 9:6� 10�5 m3 mol kg�2:

11.2.3
Stretching Individual Chains

Let us now do the following experiment. We take a single polymer at both ends and
stretch it. To do so, we have to do work because as the polymer is stretched its entropy
is decreased or, in other words, its structural order increases. The number of possible
configurations a polymer chain can assume is reduced when it is forced to stretch.
Thus, to stretch a polymer, a force is required. This force has been calculated. For
freely jointed chain, it is given by [1321, 1322]

x
Lc

¼ coth
Fls
kBT

� �
� kBT

Fls
: ð11:8Þ

Here, x is the distance between the two ends andF is the force applied.Unfortunately,
Eq. (11.8) cannot be written in an explicit form in which the force is given as a
function of the distance. Only for very low and very high forces can the limits be
expressed explicitly. An expression for low forces is derived by writing the coth in a
series for Fls � kBT [1321]:

F ¼ 3xkBT
Nl2s

: ð11:9Þ
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In the limit of high forces (Fls 	 kBT ), Eq. (11.8) approaches

F ¼ kBTLc
2lsðLc�xÞ : ð11:10Þ

We added a factor 2 on the right-hand side.Ab initio calculations and a comparison
with experimental results showed that this leads to a more realistic description of
highly stretched polymers [1323].

Since the 1990s, the experiment described above has actually become feasible.
Optical tweezers [1324, 1325], magnetic tweezers [1326], and in particular the atomic
force microscope [1327–1329] have been used to stretch single-polymer chains (for
reviews, see Refs [201, 202]). It turned out that in particular at high forces and
elongations, Eq. (11.10) is sometimes not sufficient [1323]. One deficiency is that the
chain links were assumed to be rigid. Therefore, the model was extended by
assuming that each chain link is a spring. The spring constant of each link, ks, is
named segment elasticity. The extended equation is [1324, 1327]

x
Lc

¼ coth
Fls
kBT

� �
� kBT

Fls

� �
1þ F

lsks

� �
: ð11:11Þ

The segment elasticity is typically of the order of 10Nm�1. To obtain an even better
description of the stretching behavior at high forces, ab initio quantum chemical
calculations are necessary [1323].

Example 11.3

A force versus extension curve for stretching a single polymer chain is shown
in Figure 11.2 [1330]. The polymer has a hydrocarbon backbone with four
carbon atoms and three different side groups (see inset in Figure 11.2). Thus,
the length of a repeat unit is 0.51 nm. With a mean number of repeat units of
NDP ¼ 490, the mean contour length is Lc ¼ 250 nm. Force versus extension
curves could be fitted with Eq. (11.11) using a Kuhn length of ls ¼ 0:34 nm
and a segment elasticity of ks ¼ 53Nm�1. In this particular force versus
extension curve, the apparent contour length was only Lc ¼ 104 nm, which is
significantly shorter than the calculated contour length. In fact, when many
force curves were recorded, the apparent contour length varied from one to
the next. The reason is that in the experiment, which was carried out with an
atomic force microscope, polymer chains were randomly picked up by the
tip. Thus, the position on the chain varied from one curve to the next.
Comparing the experimental curve with Eq. (11.11) shows that up to a force
of �0:2 nN the curve could be well fitted with the entropic contribution only
and neglecting F=lsks. The elastic stretching comes into play only at high
forces.
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The freely jointed chain model is one way of describing polymers. An alternative is
the worm-like chain (WLC) model [1331]. The worm-like chain model takes the
polymer as an isotropic rod that is continuously flexible (Figure 11.3); this is in
contrast to the freely jointed chain model that is flexible only between discrete
segments. The worm-like chain model is particularly suited for describing stiffer
polymers, with successive segments displaying a sort of cooperativity. A prominent
example is double-stranded DNA in aqueous solution. If we stretch a worm-like
chain, the force can be described by [1325, 1332, 1333]

Flp
kBT

¼ 1
4

1

ð1�x=LcÞ2
� 1
4
þ x

Lc
� F
K0

: ð11:12Þ

Here, K0 takes into account an elastic stretching of the chain; it corresponds to lsks in
the freely jointed chainmodel. Usually,K0 is assumed to be large and the last term is
neglected.

In Eq. (11.12), we introduced another mechanical property that quantifies the
stiffness of a linear polymer: the persistence length lp that is defined as the length over
which correlations in the direction of the tangent to the polymer chain are lost. To be
more quantitative, we consider a polymer at a certain position. The tangent at this
position is taken as zero angle. It can be shown that themean cosine of the orientation
of the chain q being a distance l away from the chosen position decays exponentially,

q

Figure 11.3 Isotropic, elastic polymer as in the worm-like chain model.

Figure 11.2 Retracting force curve in which
a single polymer chain is stretched in tetra-
hydrofuran. The curve was measured with
the atomic force microscope (redrawn from

Ref. [1330]). The gray line is a fit with Eq. (11.11)
using Lc¼ 104 nm, ls¼ 0.34 nm, and
ks¼ 53Nm�1. The black dotted line is a fit with
ks!1.
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hcosqi ¼ expð�l=lpÞ. In the limit of very long polymers, the Kuhn length is equal to
twice the persistence length of a worm-like chain [1334, p. 2].

While Eq. (11.11) is an exact equation, Eq. (11.12) is an approximation. It accurately
describes the force on a single chain in the limit of very low and very high
forces, but in between it is an interpolation. Other interpolations are reported in
Refs [1335–1337].

11.3
Steric Repulsion

Polymers are often used to stabilize dispersion and prevent particles from aggre-
gation. This is due to steric repulsion. In this section, we discuss the force between
surfaces coated with grafted polymer chains in a good solvent.

When two surfaces approach each other, at some distance the polymer brushes
start to overlap. The density of polymer segment increases. The increase in segment
density and the resulting increase in osmotic pressure and repulsive interaction
energy leads to a repulsive force [1338, 1339].

A grafted or tethered chain is fixed at one end to the surface. The number of chains
per unit area C is constant and the bonds are not allowed to shift laterally. For a low
density of chains, the surface is covered with a number of separated polymer blobs,
each of height and size given by Rg, which do not overlap. This is referred to as the
mushroom regime. When the density of polymer chains on the surface is high,
C 	 1=R2

g, we talk about a polymer brush (Figure 11.4). The thickness of a brush L0
is substantially larger than the radius of gyration. Good reviews are Refs [1340, 1341];
see Ref [1342] for a comparison of different theoretical approaches.

Experimentally, polymer brushes are made by chemically binding a polymer to a
surface (grafting to) or by synthesizing the polymer directly on the surface (grafting
from). Practically, physisorbed polymer can also be used. In this case, the polymer
contains a group that strongly adsorbs to the surface. A typical example are diblock
copolymers of type A–B, where one block ismade ofmonomer type A and the other is
made of monomer B. Here, B is the anchor chain, which readily adsorbs to the
surface and is usually not well soluble in the liquid. A is the stabilizing chain, which is
strongly solvated and which dangles out into the liquid.

Physisorbed Grafted

MushroomBrush Homopolymer

2Rg

Brush

b

Figure 11.4 Structure of polymers on surfaces.
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Several equations have been proposed to describe steric repulsion [1343–1345].We
follow an argument of deGennes,Milner,Witten, andCates [1346, 1347]. To calculate
the steric repulsion,we consider twopolymer brusheswithfixed grafting density. The
mean distance between two grafting sites is denoted by b. Grafting densityC and b are
related by C ¼ 1=b2.

First, we need to calculate the thickness of the undisturbed brush L0. It is
determined by a balance between two effects: the repulsive interaction of polymer
segments tends to swell the brush. The chain elasticity caused by the configurational
entropy resists stretching. We already calculated the elastic restoring contribution
of a polymer chain (Eq. (11.9)). Setting the brush thickness L equal to the extension
of the chain, the force is 3LkBT=Nl2s . To calculate the repulsive energy contribution
in the brush with expression (11.5), we need to know the segment concentration.
The concentration of segments is c ¼ N=ðLb2Þ. The free energy per chain is
obtained by multiplying the density with the volume of one chain Lb2. It is
kBTvN2=ð2Lb2Þ ¼ kBTvN2C=ð2LÞ. To change the stretching distance L, a force
�kBTvN2C=ð2L2Þ is required. The minus sign indicates that it is directed opposite
to the elastic restoring force and tends to expand the brush. The total force per chain is

F ¼ 3kBTL
Nl2s

� kBTvN2C

2L2
: ð11:13Þ

In equilibrium and in the absence of external forces, the net force must be zero.
This leads to a brush thickness

L0 ¼ N
vl2sC
6

� �1=3

: ð11:14Þ

The brush thickness increases proportional to the number of segments and also
increases weakly with the grafting density. The brush thickness also continuously
increaseswith the solvent quality, as reflected in the excluded volumeparameter. This
has been experimentally verified [1348–1350].

Now,we let twopolymer-coated surfaces approacheachother.At a distancex ¼ 2L0,
thepolymerchainsoverlapor thepolymer layerundergoes compression. Inbothcases,
the local segment density of polymer chains increases. This increase in local segment
density in the interaction zone will result in a repulsion [1338, 1339]. Work has to be
done to approach further. Per polymer chain, the interaction energy is given by

V ¼
ðx=2
L0

FdL ¼ kBT
3L2

2Nl2s
þ vN2C

2L

� �x=2
L0

: ð11:15Þ

With y ¼ x=ð2L0Þ and Eq. (11.14), we can write

V ¼ kBTvN2C

2L0

1
2
ðy2�1Þþ 1

y
�1

� �� �
ð11:16Þ

¼ kBTN
2

6v2C2

l2s

� �1=3
y2

2
þ 1

y
� 3
2

� �
: ð11:17Þ
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This equation was derived by Milner, Witten, and Cates (Eq. (11.32) in [1347]) except
for a numerical factor 31=3.

If we bring two surfaces with a grafting density C together to a distance x, the
interaction energy per unit area is VA ¼ 2CV . The factor 2 takes care of the fact that
polymer chains on both surfaces are compressed. This leads to

VAðxÞ ¼ kBTL0C
9vC
2l4s

� �1=3 x
2L0

� �2

þ 4L0
x

�3

" #
: ð11:18Þ

Equation (11.18) gives the force for x 
 2L0. For larger distances, the force is zero.
To derive Eq. (11.18), we assumed that the segments are homogeneously distrib-

uted in the volume L0b2. Outside, the concentration is assumed to be zero. This step
profile for the segment density of the undisturbed brush might not be realistic.
Milner, Witten, and Cates used a more realistic parabolic profile [1347] and obtained
an interaction energy per unit area [1352]

VAðxÞ ¼ kBTL0C
p4vC

122l4s

� �1=3 x
2L0

� �2

þ 2L0
x

� 1
5

x
2L0

� �5

� 9
5

" #
: ð11:19Þ

The thickness of the uncompressed brush in this case is

L0 ¼ 12
p2

� �1=3

Nðvl2sCÞ1=3 ¼ 1:07Nðvl2sCÞ1=3: ð11:20Þ

Another expression for the interaction energy per unit area was derived by de
Gennes [1346]. Using an analytical self-consistent mean field theory for a step profile
in the segment density of the undisturbed brush, he derived

VAðxÞ ¼ 8
35

kBTL0C
3=2 7

2L0
x

� �5=4

þ 5
x
2L0

� �7=4

�12

" #
: ð11:21Þ

For the thickness of the uncompressed brush, he reported

L0 ¼ Nl5=3s C1=3: ð11:22Þ

This is roughly the same brush thickness as reported by Milner, Witten, and Cates,
assuming that v ¼ l3s . De Gennes used a step profile for the segment concentration.
Equation (11.21) is widely used. It has the advantage of having only two parameters,C
and L0, which both have a physical meaning. Though the analytical expression looks
quite different from Eqs. (11.18) and (11.19), the energy versus distance curves look
much alike and in many cases force curves can be fitted equally well with all three
models (Figure 11.6).

All expressions reported so far are applicable at high grafting density. For a low
grafting density (C < 1=R2

g), the repulsive interaction energy per unit area in a good
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solvent and between two polymer coated surfaces was calculated by Dolan and
Edwards [1351]:

VAðxÞ ¼ kBTC � ln
x

4
ffiffiffi
p

p
Rg

0
@

1
Aþ p2R2

g

x2

2
4

3
5 for x 
 3

ffiffiffi
2

p
Rg;

VAðxÞ ¼ �kBTC � ln
�
1�2e

� x2
4R2

g

�
for x > 3

ffiffiffi
2

p
Rg:

ð11:23Þ

Example 11.4

As an example, we calculate the steric force between two surfaces grafted with
polymer chains (Figure 11.5). The polymer chainswere supposed tohave aKuhn
length of ls ¼ 1:2 nm and N ¼ 80 segments. For an ideal chain, this leads to a
mean end-to-end distance of R0 ¼ 10:7 nm (Eq. (11.2)) and a radius of gyration
of Rg ¼ 4:4 nm (Eq. (11.3)). At low grafting density, with a mean distance
between grafting sites of b ¼ 5 nm (C ¼ 4� 1016 m�2), the characteristic decay
length of the interaction energy is determined by Rg. VA was calculated using
Eq. (11.23). For high grafting densities, we applied the equation of de Gennes
(Eq. (11.21)). At a mean distance between grafting sites of b ¼ 3 nm
(C ¼ 1:1� 1017 m�2), the brush thickness is L0 ¼ 52 nm (Eq. (11.22)). When
the distance between chains is reduced to b ¼ 2 nm (C ¼ 2:5� 1017 m�2), the
brush thickness increases to 68nm and so does the interaction energy.

Figure 11.5 Interaction energy per unit area
VA versus distance between two similar parallel
plates coated with grafted polymer in a good
solvent. For the calculation, we used a segment
length ls¼ 1.2 nm and a chain length of
N¼ 80 segments. At low grafting density

(C¼ 4� 1016m�2), the interaction energy
was calculated with Eq. (11.23). For the high
grafting densities, we applied Eq. (11.21)
with C¼ 1.1� 1017m�2, L0¼ 52 and
C¼ 2.5� 1017m�2, L0¼ 68.
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Direct quantitative measurements of steric repulsion were made with the surface
forces apparatus [1353–1360] and the atomic force microscope [1361–1364]. Al-
though we focused on the interaction between solid surfaces, steric forces also act
between fluid interfaces. The first force versus distance curves of steric repulsion
were recorded across a liquid foam lamellae with a thin film balance by Lyklema and
van Vliet [1365]. Another example is the force measurement between vesicles using
the osmotic stress method by Kenworthy et al. [1366]. Experimentally, the Milner,
Witten, and Cates and the de Gennes model both fit force curves measured between
polymer brushes in good solvents reasonably well.

As an example, Figure 11.6 shows the normalized force versus distance between
polystyrene coated mica sheets in toluene at room temperature [1359]. Polystyrene
brushes were made by incubating the mica with a solution containing a diblock
copolymer with a small block of poly(ethylene oxide) and a large block of polystyrene;
the total molarmass was 150 kgmol�1. Only 1.5%was poly(ethylene oxide). It served
to bind the polymer to mica. Since toluene is a good solvent for polystyrene, a strong
steric repulsion was observed. To allow a better comparison with theory and to show
the full dynamic range, the force is often plotted on a logarithmic scale. Figure 11.6
demonstrates that it is usually difficult to distinguish between different models. All
threemodelsfit the experimental results reasonablywell. In all three cases, the results
could befittedwithC ¼ 1:5� 1018 m�2 andL0 ¼ 75–78 nm.For themodel ofMilner,
Witten, and Cates, a segment length of ls ¼ 1:5 nm and N ¼ 50 for a step profile
(Eq. (11.18)) and N ¼ 125 for the parabolic profile (Eq. (11.19)) was inserted.

When dealingwith polymer brushes, in some cases the conditions required for the
Derjaguin approximation are not fulfilled. Polymer brushes can reach a thickness,

Figure 11.6 Force distance profiles between
two curved mica sheets with polystyrene
brushes in toluene (redrawn from Ref. [1359]).
Experimental results (�) were fitted with the
model of Milner, Witten, and Cates [1347] using

a step (Eq. (11.18)) and a parabolic (Eq. (11.19))
profile for the segment concentration, and the
model of deGennes [1346] (Eq. (11.21)). In each
case, the normalized force was calculated from
F/R¼ 2pVA.
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which is of the size of dispersed particles. Then, the radial symmetry has to be
explicitly taken into account. The steric repulsiondecaysmore steeply than on abrush
of equal grafting density with a planar geometry because the segment density
decreases more steeply with increasing distance [1367]. In experiments with the
atomic force microscope, the tip might have a radius of curvature of the same length
scale as the size of the polymers [1368–1372]. The chainsmight evade an approaching
tip and splay to the side. Then, the steric force is lower than the one calculated above.

In polarmedia such aswater, often polyelectrolytes are used. Since polyelectrolytes
are charged, we have a steric and an electrostatic effect. For this reason, the effective
interaction is sometimes called electrosteric force. The electrosteric force has an
important advantage over simple electrostatic repulsion: it is to a large degree
independent of the concentration of added salt. While electrostatically stabilized
dispersion often coagulates when salt is added, electrosterically stabilized disper-
sions are robust and remain stable.

To derive a simple equation that describes electrosteric forces, we follow scaling
arguments of Pincus [1373] and Balastre et al. [1374]. See also Refs. [1375–1377]
for simulations and Ref. [1377] for a collection of parameters. Let us consider a
neutral planar surface, onto which a brush of monodisperse polyelectrolytes is
grafted (Figure 11.7) (reviewed in Ref. [1378]). We assume that a fixed number a
of the ionizable groups per segment, for example, sulfonate or carboxylate, is
charged. Since a segment usually contains more than one ionizable group, a may
exceed 1. These charges of aN per chain are neutralized by an equal number of
dissociated counterions and additional ions of added salt. We distinguish two cases:
no added salt and a lot of added salt. Let us first discuss the situation when no salt is
added. This regime of no or low added salt is referred to as the osmotic brush regime.
The only free ions are those dissociated from the polyelectrolyte chains. Although the
ions have dissociated and are free to move around, they will not leave the vicinity of
the polyelectrolyte chain. Electroneutrality is conserved. This assumption has been
confirmed experimentally and by simulations [1379]. It is instructive to define a
screening length je as the distance over which a test charge is neutralized. In a salt
solution, this distance would be identical to the Debye length. In a polyelectrolyte

Figure 11.7 Schematic of a polyelectrolyte brush in water.
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without added salt, je is determined by the polyelectrolyte, in particular by its density
of ionizable groups and the degree of ionization.

The brush thickness is determined by a balance between the swelling effect due to
the osmotic pressure of the counterions and the chain elasticity. The osmotic
pressure tends to expand the brush while the chain elasticity resists an extension.
We neglect direct electrostatic effects between polymer segments and assume that
the screening length is much smaller than the brush height, je � L. The elastic
restoring force can be calculated by Eq. (11.9). Setting the brush thickness equal to the
extension, it is 3kBTL=Nl2s . The osmotic pressure can be estimated by assuming that
the ions behave like in an ideal solution. Then, it is equal to the number of
counterions aN multiplied by kBT and divided by the volume available to a chain
Lb2. We obtain an osmotic stretching force of aNkBT=L. The total force per chain is

F ¼ 3kBTL
Nl2s

�aNkBT
L

: ð11:24Þ

In the absence of external loads, this force is balanced to zero andwe can calculate the
uncompressed brush height L0:

L0 ¼
ffiffiffi
a

3

r
�Nls ð11:25Þ

Please note that the brush thickness is independent of the grafting density. This
independence has been experimentally confirmed [1350].

Now,we let two surfaces, bothwith a polyelectrolyte brush, approach each other. At
a distance x ¼ 2L0, the surfaces start to interact. Work has to be carried out to
approach further. Per polymer chain, the interaction energy is given by

V ¼
ðx=2
L0

FdL ¼ 3kBT
Nl2s

x
2

� �2
�L20

� �
�aNkBT � ln x

2L0

� �
: ð11:26Þ

With y ¼ x=2L0, we can simplify this expression

V ¼ kBTaN � ½y2�1�lny�: ð11:27Þ

If we bring two surfaces with a grafting density C together to a distance x, the
interaction energy per unit area is VA ¼ 2CV or

VAðxÞ ¼ 2kBTL0C

ffiffiffiffiffiffi
3a

p

ls
� x

2L0

� �2

�1�ln
x
2L0

� �" #
: ð11:28Þ

Let us now include a monovalent background salt. For low salt concentrations, we
can apply the same arguments as above. Low salt means that the Debye length is
much smaller than the screening length je. At high salt concentrations, we talk about
the salted brush regime. Pincus showed that the osmotic pressure in the salted brush
regime has to be modified [1373]. The osmotic pressure as obtained above has to be
multiplied by the ion density caused by dissociated ions, aN=Lb2, divided by the salt
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concentration: aNkBT=Lb2 �aN=csLb2 ¼ kBT=cs � ðaN=Lb2Þ2. In the presence of
background salt of concentration Cs, the osmotic force in a polyelectrolyte brush
is �kBTC=cs � ðaN=LÞ2. This leads to a force per chain of

F ¼ 3LkBT
Nl2s

� kBTC
cs

aN
L

� �2

: ð11:29Þ

By setting this expression to zero, we obtain the brush thickness in the presence of a
high salt concentration:

L0 ¼ N
a2l2sC
3cs

� �1=3

ð11:30Þ

Please note that the brush thickness depends only weakly on salt concentration.
Experiments confirm the c�1=3

s dependence of the layer thickness on the salt concen-
tration for brushes [1371] and also for adsorbed polyelectrolyte layers [1372, 1380].

By integration, we again get the interaction energy per chain:

V ¼ kBTN
2

3a4C2

c2s l
2
s

� �1=3

y2 þ 2
y
�3

� �
: ð11:31Þ

This leads to an interaction energy per unit area

VAðxÞ ¼ kBTL0C
9a2C

csl4s

� �1=3 x
2L0

� �2

þ 4L0
x

�3

" #
: ð11:32Þ

Equations (11.25)–(11.32) are based on scaling arguments. They should provide
the correct dependencies, but one should not expect the numerical results to be
precise. Balastre et al. [1374] compared experimental force curves with the above
prediction. Experiments were carried out with PSS in aqueous solutions at different
concentrations of added NaNO3. By introducing two constant parameters for each
regime, they could fit all force curves. For salt concentrations below 5.4mM, good
agreement was obtained with

VA ¼ kBTaCN � ½A1ðy2�1Þ�A2lny� ð11:33Þ
and A1 ¼ 0:75 and A2 ¼ 1:62. For high salt concentrations, cs � 0:02M, the force
curves could be described by

VA ¼ kBTaN
3a4C5

c2s l
2
s

� �1=3

A3ðy2�1ÞþA4
1
y
�1

� �� �
ð11:34Þ

with A3 ¼ 0:45 and A4 ¼ 1:01.
Surface force between various polyelectrolyte brushes has been measured [1355,

1379, 1381]. Not only polymer brushes but also dense layers of physisorbed homo-
polymers show the general features outlined above [1372, 1380, 1382–1384]. For
spherical geometries, that is, if the particle�s core diameter is of the same length scale
as the brush thickness, expressions for the electrosteric force are reported in Refs
[1381, 1385].
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Asone example, Figure 11.8 shows thenormalized force versus distancemeasured
between a silica sphere and a glass plate in aqueous medium. Both surfaces were
coveredby a layer of physisorbedpoly(styrene sulfonate) [1380].Usually, PSSdoesnot
adsorb to glass or silica because the surfaces and the polymer are negatively charged.
Therefore, both surfaces were silanated with amonolayer of 3-aminopropyldimethyl
ethoxysilane. The amino groups render the glass and silica surfaces positive. To
enhance adsorption, the surface were incubated in 1M NaCl solution for 1 h.
Although PSS is not grafted to the surface, the steric interaction can still be described
by the equations above.With increasing salt concentration, the decrease in the brush
thickness is clearly visible.

11.4
Polymer-Induced Forces in Solutions

After discussing the steric repulsion between tethered polymer brushes in a good
solvent, let us turn to themore general situation.We consider dispersed particles in
a solution of chemically homogeneous polymers, also called homopolymers.
Four major factors determine the force between particles in polymer solutions:
(1) the quality of the solvent, (2) the amount of polymer adsorbed and the way it is
adsorbed, (3) the time allowed for the polymer to adsorb and rearrange at the
surfaces, let us call it the incubation time, and (4) the time during which two

Figure 11.8 Force distance profiles between
a silica sphere of 3 mm radius and a microscope
slide both covered with physisorbed PSS
(MW¼ 350 kDa) measured with an atomic
force microscope [1380]. The force was
normalized by dividing it with the radius
of the sphere. Force curves were recorded in
aqueousmedium containing 1, 10, and 100mM
NaCl. Experimental results were fitted with

the model of de Gennes [1346] (Eq. (11.21),
C¼ 4� 1014m�2 andL0¼ 132, 76, and47nmat
1, 10, and 100mMNaCl, respectively) and the
salted brush model (Eq. (11.32), C¼ 1014m�2

and L0¼ 116, 60, and 29nm and a ¼ 0:2; 0:8;
and 2.0 at 1, 10, and 100mMNaCl, respectively)
with F/R¼ 2pVA. In addition, the distance was
offset by 1–5nm.
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polymer-coated surfaces interact with each other, let us call it contact time. All four
are interconnected.

To get an overview,wefirst distinguishbetweengood andbad solvents (Figure 11.9).
In a good solvent, the next question is whether the polymer adsorbs to the surfaces of
the particles. If a lot of polymer is adsorbed and the surfaces are covered with a dense
layer of polymer, steric repulsion will dominate. The particles repel each other and the
dispersion is stable. If not so much polymer is adsorbed because either the concen-
tration of polymer is low or the polymer did not have sufficient time to form a
homogeneous layer, the particles will stick to each other. Attraction is caused by
bridging polymer chains. If due to Brownian motion two particles get close to each
other, a polymer chain on one particle has a good chance to find an empty area on the
other particle and forma bridge. If the polymer does not adsorb to the particle at all, we
expect an attractive force. This attraction is due to depletion of polymer from the gap
between two particles. Depletion forces are discussed in the next chapter.

In bad solvent, the polymer-coated surfaces attract each other [1386, 1387]. One
reason is the absence of steric repulsion. Van derWaals forces can become dominant
again and lead to aggregation. Napper [1311] formulated the rule of thumb that the
onset of dispersion flocculation coincides with the creation of H conditions in the
solvent medium. Exceptions to this rule are encountered when either the polymeric
stabilizers are very short or the particles become very small. In addition to van der
Waals forces, the polymer itself induces attraction. In a bad solvent, the polymer
usually has a strong tendency to adsorb to any surface available. For that reason,we do
not have to distinguish all possible cases. Attraction between surfaces is due to
intersegment forces. The intersegment force is caused by the direct interaction
between segments of polymers with each other. Since in a bad solvent the interaction

Figure 11.9 Overview of forces between solid surfaces in polymer solutions.
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among themonomers is stronger than the interaction ofmonomers with the solvent,
polymer on one particlewill interact favorablywith polymer on another particle. If the
other particle is not fully covered by adsorbed polymer, it will bind to free surface area
and form a bridge. In addition to intersegment and bridging forces, we might get a
phase transition in the gap between the particles. Once the segment density exceeds a
critical value, a polymer-rich phase might form. The polymer-rich phase is separated
from the solvent-rich phase by a liquid–liquid interface. It forms a meniscus that
results in an attractive force [180].

From the overview (Figure 11.9) it is clear that the amount adsorbed or bound and
the way the polymer is bound to the surface is a decisive factor. Discussing polymer
adsorption to interfaces in detail is beyond the scope of this book. We recommend
Refs [1334, 1388]. For the adsorption of end-functionalized polymers, see Refs
[1389, 1390]. Experimentally, one finds that the incubation time can be quite long
and reach hours or even days [1353, 1391, 1392, 1394–1397]. An instructive example
is shown in Figure 11.10. Almog and Klein studied the interaction between twomica
surfaces in cyclopentane with dissolved polystyrene using a surface forces apparatus
[1398]. The experiments were carried out at 23 �C, which is slightly above the H

temperature of 19.6 �C.With amolarmass ofMw ¼ 2050 kDa, the radius of gyration
is Rg ¼ 39 nm. Force curves were recorded after allowing the system to adsorb and
equilibrate for 12, 15, and 31 h. The force changes from attractive at short incubation
time to strongly repulsive at long incubation times. The results can be interpreted in
the following way: in this near H solvent and at short incubation times, bridging
attraction dominates. After waiting longer, the adsorbed layer becomes denser and
more stable and steric repulsion becomes dominant. A similar change frombridging
attraction to steric repulsion with the incubation time is described in Refs [1399,
1400] for a polyelectrolyte.

Onemight think that the long incubation time is due to a slow diffusion of polymer
toward the surface. To demonstrate that this is not the case, we estimate the time
required for diffusion.

.

.

.

Figure 11.10 Approaching force versus distance curves between curvedmica surfaces in 15mg l�1

polystyrene dissolved in cyclopentane. Curves were recorded 12, 15, and 31 h after immersing the
mica surfaces in the solution. (Adapted from Ref. [1398].)
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Example 11.5

We consider the simple case of diffusion limited adsorption. Diffusion is
described by Fick�s law. For diffusion toward an infinitely extending plane,
we only need to consider the dimension normal to the surface due to symmetry.
In a direction x normal to the surface, Fick�s law is

qc
qx

¼ Dd
q2c
qt2

: ð11:35Þ

Dd is the diffusion coefficient and c is the concentration. To estimate the time
required for molecules to diffuse to a surface, we assume that at the beginning
the molecules are homogeneously distributed with a concentration c0. It is
instructive to introduce a �subsurface� of molecular thickness directly at the
surface. We assume that all molecules reaching the subsurface are adsorbed
and withdrawn from solution. Neglect the back diffusion. The concentration in
the subsurface is taken to be always zero. We have the initial condition
cðx > 0; t ¼ 0Þ ¼ c0 and the boundary conditions, cðx ¼ 0; tÞ ¼ 0,
cðx!1; tÞ ¼ c0. With these initial and boundary conditions, Fick�s law is
solved by [1401] cðx; tÞ ¼ c0 � erf x=2

ffiffiffiffiffiffiffi
Ddt

pð Þ, where erf is the error function. The
error function is defined by erf ðzÞ ¼ 2=

ffiffiffi
p

p � Ð z0 e�z2dz.
To calculate howmanymolecules are adsorbed,we integrate all thosemolecules
that at x ¼ 0 flow toward the surface. The flow is

J ¼ �Dd
qc
qx

: ð11:36Þ

Since the derivative of the error function is simple d½errðzÞ�=dz ¼ 2=
ffiffiffi
p

p � e�z2 ,
we obtain

J ¼ �c0

ffiffiffiffiffiffi
Dd

pt

r
� e� x2

4Dt: ð11:37Þ

For x ¼ 0, this reduces to J ¼ �c0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dd=pt

p
. We assumed that no backflow

occurs and all molecules that flow into the subsurface are permanently
adsorbed. Then, the change in the amount adsorbed per unit area C is

dC
dt

¼ c0

ffiffiffiffiffiffi
Dd

pt

r
: ð11:38Þ

We integrate starting at t ¼ 0 and C ¼ 0. This leads to [1402]

CðtÞ ¼ 2c0

ffiffiffiffiffiffiffiffi
Ddt
p

r
: ð11:39Þ

The amount adsorbed increases with time but the rate of adsorption decreases.
To obtain a characteristic time of diffusion-limited adsorption, we calculate the
time required for a full monolayer to adsorb. Let us for simplicity further
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assume that the molecules are spherical and have a radius r. Their diffusion
coefficient in a fluid of viscosity g is given by the Stokes–Einstein equation

Dd ¼ kBT
6pgr

: ð11:40Þ

Monolayer coverage is reached at C ¼ 1=pr2. This leads to a characteristic time
t for diffusion limited adsorption of

1
pr2

¼ 2c0

ffiffiffiffiffiffiffiffiffiffiffiffi
kBTt
6p2gr

s
Yt ¼ 3g

2c20r
3kBT

: ð11:41Þ

Here, the concentration is in units of molecules per volume. If the concentra-
tion is inserted in molm�3, it has to be multiplied with the Avogadro constant
first.
As an example, we take a negatively charged planar surface inwater at 20 �Cand
estimate the time required for the adsorption of a monolayer of poly(2-vinyl
pyridine) (P2VP) withMw ¼ 4 kDa and concentrations of 0.05 and 0.005 g l�1.
As a positively charged polyelectrolyte, P2VP readily adsorbs to negatively
charged surfaces. The hydrodynamic radius of P2VP in water containing 0.1M
monovalent salt is roughly 11 nm [1403]. The viscosity of water is
g ¼ 10�3 kg s�1 m�1.
The concentration in molecules per volume is

c0 ¼ 0:05 kgm�3 � 6:02� 1023 mol�1

4 kgmol�1 ¼ 7:53� 1021 m�3:

Inserting into Eq. (11.41)

t ¼ 3 � 10�3 kg s�1 m�1

2 � ð7:53� 1021 m�3Þ2ð11� 10�9 mÞ3 � 4:05� 10�21 J
¼ 3:98� 10�3 s:

For c0 ¼ 0:005 g l�1 ¼ 7:53� 1020 m�3, we get t ¼ 0:398 s.

The example shows that diffusion in solution is usually not the limiting factor for the
slow formation of adsorbed polymer layers. Two processes slow down the formation
of a polymer layer. First, the already adsorbed polymer hinders further polymers to
adsorb. Referring to the above example; already adsorbed P2VP reduces the negative
surface charge or even changes it from negative to positive. The surface appears less
attractive and additional P2VP is prevented to get into direct contact with the surface.
Second, the adsorbed polymers rearrange on the surface. In particular for long
chains, which might even be entangled, this can be a very slow process.

Another important timescale is the contact time. We have to distinguish whether
the approach and retraction of the two interacting surfaces is so slow that the system
is in equilibrium at all stages or not. In the first case, we talk about �full
equilibrium,� the second case is called �restricted equilibrium� [1404, 1405]. In
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particular for physisorbed polymer, this is a major difference. Full equilibrium is
given onlywhenpolymer is allowed to adsorb and desorb and the polymer in the gap
is in equilibrium with the polymer dissolved in the bulk liquid. In restricted
equilibrium, the individual chainsmay relax, but they do notmove in and out of the
gap on the timescale of the contact.

In fact, theory showed that in full equilibrium even the case with adsorbed chains
should lead to an attractive force [1404, 1406]. Practically, steric repulsion is
observed in a good solvent. The reason is that the contact time is much shorter
than the time to establish full equilibrium, which can take hours. Therefore, even
physisorbed homopolymers often behave like tethered chains and steric repulsion
dominates.

Whether full or restricted equilibrium is established does not only depend on the
chemical nature of the polymer, the surfaces, and the solvent but also depends on the
specific geometry. Small particles have only a small gap zone from which polymer
can more easily diffuse in and out. They equilibrate faster than large particles.
With respect to the measuring technique, full equilibrium is easier to reach in AFM
experiments than with the SFA. In experiments, one manifestation of relaxation
processes in polymer layers are differences in the approaching and retracting force
curve. For very slow processes, even a difference between subsequent force curves is
observed [1353, 1396].

11.5
Bridging Attraction

In somedispersions, the addition of a polymer leads toflocculation3) [1392]. There are
two mechanisms of how a polymer can induce flocculation: bridging and depletion.
While depletion can occur only for nonadsorbing polymer, bridging relies on
adsorption. Depletion flocculation is discussed in the next section. Bridging floc-
culation is essential in mineral processing, paper making, or the treatment of waste
water. For example, if a cationic poly(acrylamide) is added to an aqueous dispersion of
alumina particles, the dispersion becomes unstable and the particles aggregate
[1393]. As the name indicates, bridging forces arise when a polymer chain binds
to both surfaces.

For bridging to occur, the polymer must have a certain affinity to the particle
surfaces. Bridgingusually depends on the concentration of the polymer [1407]. At low
concentrations, the rate of flocculation usually increases. The more polymer chains
are adsorbed, the more bridges can be formed if two particles get into contact. At
some concentration, however, the density of adsorbed chain gets so high that a chain
on one particle might not find an empty binding site on the opposite particle during
the time of contact. In that case, no bridge can be formed. As a consequence, the
bridging efficiency reaches a maximum and decreases at high concentrations.

3) According to the IUPAC, flocculation is a process of contact and adhesion whereby the particles of a
dispersion form larger size clusters. It is synonymous with agglomeration and coagulation.
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Example 11.6

Gaudreault et al. [1408] studied aggregation of microcrystalline cellulose in
aqueous solution, which is relevant for papermaking. The cellulose particles
remain dispersed at very low salt concentrations due to electrostatic stabiliza-
tion. Flocculation starts at 0.5mM KCl though it is relatively slow. With
increasing salt concentration, the rate of flocculation increases
(Figure 11.11a). At 0.1M KCl, it is very fast. The rate of flocculation is defined
as the increase in the mean aggregate radius. Comparisons are always made at
constant cellulose concentration of 0.3 g l�1.

Poly(ethylene oxide) together with an acidic cofactor is able to flocculate the
cellulose particles. Figure 11.11b shows the effect of PEOwith two cofactors, both
mixed at a weight ratio of 1 : 1.When PEO together with tannic acid is added at a
concentrationof0.3mgL�1, theflocculationratereaches37%intherateobserved
in 100mM KCl. Adding more polymer leads to a decrease in the rate of floccu-
lation. PEO together with folic acid is evenmore effective, reaching a maximum
below 0.1mgL�1 with a maximal rate of flocculation of 50% with respect to the
rate in 100mM KCl. PEO alone does not destabilize the cellulose dispersion.

Force versus distance experiments have revealed bridging attraction in different
systems, for example, by polystyrene between mica in cyclohexane [1409] and
cyclopentane [1396, 1398], or poly(ethylene oxide) between clays, glass, or silica in
water [1410, 1411]. Bridging bypolyelectrolytes has also attracted great attention, both
theoretically [1412, 1413] and experimentally [1399, 1400].

With the application of atomic force microscopy in measuring surface forces, it
became possible to detect the bridging of individual polymer chains. In particular
polyelectrolytes adsorbing to charged surfaces in aqueousmediumhave been studied
[1414–1418]. Peeling a strongly adsorbed polyelectrolyte from a surface is similar to

.
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Figure 11.11 Normalized rate of flocculation
of an aqueous dispersion of cellulose particles
versus concentration of KCl (a) and versus the
concentration of added PEO þ tannic acid and

PEO þ folic acid plus 1mM KCl (b). The rates
were normalized by dividing them by the rate
measured in 100mMKCl polymer-free solution.
(Adapted from Ref. [1408].)
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peeling a tape from a surface. A constant force is required until the end of the chain is
reached. Using continuum theory, the force required to desorb a polyelectrolyte from
a surface was calculated [1415, 1419–1421].

Example 11.7

Permanent adhesion between two different materials in aqueous media, in
particular at high salt concentrations, is technically difficult to achieve. A
biological model for wet adhesion is the mussel. Some mussels, such as
Mytilus edulis, live in the turbulent intertidal zone of the sea shore. They are
well known for their ability to cling towet surfaces [1422, 1423].Mussels secrete
specialized adhesion proteins, which contain a high content of the amino acid
3,4-dihydroxyphenylalanine (DOPA) [1424]. It is well known that the phenyl
ring with its two hydroxyl groups (see Figure 11.12) readily binds to many
metals and some minerals. Both natural and synthetic adhesives containing
DOPA showed strong adhesion [1425, 1426].
One example is shown in Figure 11.12 [1427]. An artificial, DOPA-containing

polymer was allowed to adsorb to a titanium surface for few seconds. Then, the
excess polymer was rinsed out. Since DOPA binds strongly to titanium, an
atomic forcemicroscope tip brought into contact with the titanium surface has a
fair chance tohit a polymer chain. The tipswere also coatedwith titanium.When
hitting a polymer the chain might therefore attach to the tip. During retraction,
the polymer is often observed to be peeled off the planar titanium surface. This
process is at constant force,much like a normal tape being peeled off a substrate.

At this point, it is instructive to analyze the phenomenon of adhesion in more
detail. We do the following experiment: two solid surfaces are in contact. With a
spring we apply a force to one of the solid bodies in a direction normal to the surfaces
(Figure 11.13). At some point, the surfaces will separate from atomic contact. If we do

Figure 11.12 Force versusdistance curve obtainedwith a biomimeticDOPA-containing polymer in
aqueous solution of 1mMKNO3measured with an atomic forcemicroscope between two titanium
surfaces [1427]. Approaching (*) and retracting (�) parts are plotted.
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Figure 11.13 Schematic experimental setup
and retracting force versus distance curves for
contact adhesion (a), and bridging adhesion
(b,c) between two surfaces. For bridging
adhesion, two different scenarios are plotted:

that of a polymer chain fixed at two points and
that of a polymer that adheres to the surfaces
and is peeled off like a tape. The adhesion forces
Fadh and the work of adhesion Wadh (hatched
area) are indicated.

the experiment in vacuum, a gas, or a simple liquid, the surfaceswill completely jump
out of contact once a certain threshold force has been reached and has separated the
surfaces by 0.1–0.2 nm. The reason is that at 0.1–0.2 nmdistance, the attractive forces
decay with increasing distance while the pulling force applied by the spring remains
high. We call this contact adhesion. Contact adhesion is characterized by its short
range.

The situation changes when a polymer bridges the surfaces. Let us distinguish two
cases. In the first case, the polymer chain bridging the surfaces is fixed with one end
to one surface and with the other end to the other surface. When separating the
surfaces, work has to be done to stretch the polymer. This force was discussed in
Section 11.2 and an example is shown in Figure 11.2. The other case is of a polymer
chain, which is adsorbed with many binding sites or even continuously to the
surfaces. In that case, stretching is only the first phase. Amajor obstacle is to peel the
polymer off the surfaces. One example is shown in Figure 11.12. We call both forms
of adhesion bridging adhesion. Bridging adhesion is long ranged.

To separate two surfaces and overcome adhesion, a certain threshold force, the
adhesion force, has to be overcome. In addition, the work of adhesion has to be done.
For contact adhesion, this is accomplished when the spring is put under tension. It
depends on the spring constant K . At a given adhesion force, the work of adhesion is
Wadh ¼ F2

adh=ð2KÞ. For contact adhesion, the work of adhesion can be reduced by
pulling with a stiff spring. In contrast, for bridging adhesion, Wadh cannot be
significantlly influenced by the spring constant. It is given by the properties of the
polymer and its interaction with the surfaces. The difference in contact and bridging
is highly relevant for biomaterials such as bones [1428, 1429].

11.5 Bridging Attraction j355



11.6
Depletion and Structural Forces

In 1954, Asakura and Oosawa [1430] realized that dissolved polymers can influence
the interaction between particles in a dispersion, even if they do not interact at all with
the particle surfaces. Asakura and Oosawa themselves describe the interaction as
follows: �Let us consider two parallel and large plates of the area A immersed in a
solution of rigid spherical macromolecules. If the distance between the plates x is
smaller than the diameter of solute molecules, none of these molecules can enter
between the plates. Then this region becomes a phase of the pure solvent, while the
solution outside the plates is little affected by them. Therefore, a force equivalent to
the osmotic pressure of the solution of macromolecules acts inwards on each plane.�
Anotherway of looking at depletion forces is as follows: particles aggregate because in
this way the total free volume available to the dissolvedmacromolecules increases. It
increases so much that the gain in translational entropy of the macromolecules is
higher than the loss of entropy of the particles.

Though macromolecules are usually not rigid, the same effect occurs for soft
molecules. In this case, the mean end-to-end distance of a linear, randomly coiled
polymer R0 corresponds to the radius of the spheres (Figure 11.14). Depletion forces
are effective over ranges of the size of the dissolvedmolecules. The force per unit area
is of the order of the osmotic pressure of dissolved macromolecules. The Gibbs free
energy for the depletion attraction between two spherical particles of radius Rp at a
distanceD in a solution containingmacromolecules of radiusR0 at a number density
c is roughly (Exercise 11.5 and Ref. [1431]):

WðDÞ ¼ p

2
ckBTRpð2R0�DÞ2 ð11:42Þ

for D 
 2R0 and W ¼ 0 for D > 2R0. Equation (11.42) was derived assuming a
hard-sphere potential for the particles and the dissolved molecules. The hard-

Rp

R0

Depletion zone

Figure 11.14 Schematic of two particles dispersed in a polymer solution. The reduced osmotic
pressure in the zone depleted of polymer in the gap between the particles leads to an effective
attractive force, the depletion force.
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sphere potential has meanwhile been more realistic potentials by simulations and
theory [1432, 1433].

Practically, the addition of a nonadsorbing polymer to a dispersion can induce
flocculation of dispersed particles due to the depletion attraction. This was first
observed by Cowell, Lin-In-On, and Vincent [1434]. When large amounts of poly
(ethylene oxide) are added to an aqueous dispersion of hydrophilized polystyrene
latex particles, the particles start to flocculate. For an organic dispersion, namely,
hydrophobized silica particles in cyclohexane, de Hek and Vrij [1435] observed
depletion-induced flocculation when dissolved polystyrene was added. Other com-
binations of particles and polymers followed [1436]. Phase diagrams for different
particle–solvent–polymer systems were successfully drawn using the depletion
potential of Asakura as interaction potential between dispersed spheres [1437] and
for dissolved polymers using statistical mechanics [1438].

Walz and Sharma [1439] calculated the depletion force between two charged
spheres in a solution of charged spherical macromolecules. Compared to the case of
hard-sphere interactions only, the presence of a long-range electrostatic repulsion
increases greatly both the magnitude and the range of the depletion effect. Simula-
tions and density functional calculations for polyelectrolytes between two planar
surfaces extend these results [1440].

Forces mediated by dissolved, nonadsorbing macromolecules need not be purely
attractive. They are attractive at short ranges and at low volume fraction of the
dissolved species. At distances larger than the size of the dissolved molecules and at
high concentrations, it can be repulsive [1439, 1441. 1442]. In general, depletion
forces can be treated like solvation forces, and oscillatory behavior is predicted
[1432, 1433] and observed [1443, 1444]. The interface induces a layered structure of
the dissolved molecules. Once two surfaces get close to each other, this layered
structure is disturbed. This results in a force. We call it structural force.

Structural forces have meanwhile been directly measured in foam films using
the thin film balance and caused by surfactant micelles [779] or polyelectrolytes
[795, 796]. In fact, stratification in foam film in the presence of high surfactant
concentrations has been observedmuch earlier [752] and is a commonphenomenon.
Structural forces have also been observed between particles induced by addition of
polymer [1431, 1444, 1445], induced by surfactant micelles [1306, 1443, 1446], or in
dispersions with smaller spherical particles [1447]. Measurements have been carried
out by the surface force apparatus [1443], atomic force microscopy [1444, 1445], total
internal reflection microscopy [1431, 1446], and optical tweezers [1447].

Example 11.8

Dispersion of small colloidal particles can give rise to oscillatory forces. As one
example, Klapp et al. [1448] measured the force between a silica microsphere
(6.7mm diameter) and a silicon wafer in an aqueous dispersion of silica
nanoparticles using an AFM. With a diameter of 26� 2 nm, the dispersed
nanoparticles were much smaller than the microsphere. All experiments were

11.6 Depletion and Structural Forces j357



done in aqueous medium at an ionic strength of 10 mM at neutral pH. Under
these conditions, the nanoparticles, the microsphere, and the wafer are
negatively charged. This electrostatic repulsion prevents the nanoparticles
from aggregation. They observed an oscillatory force with a period correspond-
ing to the bulk radial distribution function of the nanoparticles (Figure 11.15).

11.7
Interfacial Forces in Polymer Melts

From the fundamental point of view, surface forces across polymermelts are studied
to obtain information about adsorbed polymer at the interface or to better understand
confined polymers. An understanding of surface force across polymer melts is also
important for making composite materials. Since the trend is toward, using smaller
and smaller particles in composites, leading to nanocomposite materials with huge
internal interfaces, knowledge of the forces becomes more and more important.

Let us first consider a melt of a homopolymer between two solid surfaces in full
equilibrium. A nonfavorable interaction between polymer and surfaces (H < 90�)
would lead to dewetting in the gap and the formation of a cavity. Then, attractive
capillary forces dominate. More interesting is the case that the polymer interacts
favorably with solid surfaces. That is, the interaction between segments of the
polymer with the surface is stronger than between two segments. Experimentally,
the polymer spreads on the surfaces and the contact angle is below 90�. Theory
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Figure 11.15 Normalized force versus
distance curves measured between a silica
microsphere of 6.7mm diameter and a silica
wafer in an aqueous dispersion of silica
nanoparticles (26 nm diameter) with an AFM
[1448]. The concentration of the nanoparticles
was 2.0, 4.5, and 13.2 vol%. Results are vertically

offset for better viewing. Curves were fitted
with Eq. (10.7) (gray lines) with j ¼ 65 nm,
a0¼ 72 nm, and F0/R¼ 8� 10�6Nm�1

(2.0 vol%); j ¼ 50 nm, a0¼ 59 nm, and
F0/R¼ 21� 10�6Nm�1 (4.5 vol%); j ¼ 45 nm,
a0¼ 45 nm, and F0/R¼ 55� 10�6N/m�1

(13.2 vol%).
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[1449, 1450] and simulations [1451] predict that two solid surfaces across a
confined polymer melt should experience no force at all (except van der Waals
attraction) provided the system is at full equilibrium with a reservoir. Two effects
exactly compensate: the entropy of confined polymer chains decreases but the
polymer can leave the closing gap. The first effect leads to repulsion, the second to
attraction.

First experiments with the surface force apparatus, however, showed a different
result: Experiments with poly(dimethyl siloxane) [1358, 1453], perfluorinated poly-
ether [1454–1456], polybutadiene (PB) [186], and poly(phenylmethyl siloxane)
(PPMS) [1453, 1457, 1458] indicated that an immobilized, rubber-like layer of a
thickness of typically one to three times the radius of gyration Rg is present on the
mica surfaces. Beyond this layer the two interacting surfaces experience a longer
ranged repulsion across PPMS [1457], PB [186], and perfluorinated polyethers
[1454, 1456], typically reaching to 1–3 Rg. With PDMS an oscillatory, exponentially
decaying interaction was observed [1358]. The oscillation period of 0.7 nm was
approximately equal to the diameter of a PDMS chain.

Only recently, it became possible to confirm the �no force� prediction. By using
an atomic force microscope, the force across a melt of polyisoprene between silicon
nitride and silicon oxide was measured. Polyisoprene interacts favorably with both
surfaces; this is confirmed by a low contact angle of 7–27�. As predicted, a
negligible force was measured (Figure 11.16) [636]. With a radius of curvature
of the AFM tip of R � 40 nm (compared to typically 1 cm in the SFA), the
interacting area is much smaller; typical diameters of the zone of contact are
10 nm in the AFM and 100 mm in the SFA. For this reason, the polymer has a better
chance to flow out of the gap between the interacting surfaces and equilibrate with

Figure 11.16 Force curves measured in
normal methyl-terminated polyisoprene (PI,
MW¼ 3.4 kDa) and hydroxyl-terminated
polyisoprene (PI-OH, MW¼ 3.4 kDa). The
experiments were carried out with an atomic

force microscope between a silicon nitride tip
and a silicon wafer. Forces were normalized by
dividing them by the radius of curvature of the
tip. (Adapted from Ref. [1459].)
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the reservoir. Thus, on the timescale of one approach–retraction cycle, the system
was close to equilibrium.

For polydimethylsiloxane, X-ray reflectivity [1460] and AFM [1461] experiments
confirmed the formation of a quasi-immobilized layer in thin films near silica
surfaces. This layer has a lower density than the bulk value. Its thickness varies
slightly with PDMSmolecular weight and is typically 4–6 nm. Formation of this layer
is rapid for PDMSmelts with lowmolecular weights but takes of the order of 10 h for
molecular weights higher than 10 kDa. Once immobilized layers have formed, the
surface forces become strongly repulsive. It is still an open question how the other
polymer behaves: like polyisoprene, with negligible polymer-induced force, or like
poly(dimethylsiloxane), which forms an immobilized layer and which shows strong
repulsion. The key question lies most likely in the kinetics (not thermodynamics) of
bond formation between polymer segments and solid surfaces. If bond formation
and release is fast, the system is closer to equilibrium and the net force between
surface is negligible. If segments bind slowly and are also released slowly, an
immobilized layer is formed and the net force is repulsive on the timescale of
normal force experiments.

The situation changes completely if we consider end-functionalized polymers or
block copolymers rather than homopolymers. If a certain part of the polymer binds
more strongly to the surface than themajor part, it will form a brush. The nonbound,
mobile rest of the melt forms an ideal solution. This effect was demonstrated for
polyisoprene (Figure 11.16) [1459]. When replacing the normal methyl group on one
side with an hydroxyl group and measuring the force between silicon nitride and
silicon oxide, a strong repulsion was observed. The repulsive force decayed with a
decay length equal to the radius of gyration of the polymer ofRg ¼ 1:8 nm.Again, this
agrees with theory. The hydroxyl end groups bind to the silicon surfaces and keep the
polymer chains attached to the surfaces. If the chains of a polymermelt are prevented
from leaving the gap, for example, by bonds to the surface, a repulsive force is
expected [1449, 1452].

11.8
Summary

. To stretch a single polymer chain in solution or in a melt, a force is required
because the number of available configurations and thus the entropy of the chain
is reduced. This force can be calculated with the freely jointed or the worm-like
chain models.

. Two surfaces with polymer brushes in a good solvent repel each other. This steric
repulsion is caused by the increased density of polymer segments in the closing
gap, which causes an increased interaction energy between segments and an
increased osmotic pressure.

. Two surfaces in a polymer solution can experience attraction or repulsion. In a
good solvent, the force depends critically on the adsorption. If the polymer
adsorbs to the surfaces, bridging attraction occurs at low and intermediate
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coverage. If the surfaces are covered with a dense polymer layer, steric repulsion
prevails. For nonadsorbing polymer, depletion attraction dominates. In a bad
solvent, two surfaces attract each other due to bridging, intersegment attraction,
or a phase separation.

. We distinguish contact and bridging adhesion. Contact adhesion acts only over
atomic distances, is characterized by an adhesion force, and the work of adhesion
can be reduced by pulling with a stiff spring. The range of bridging adhesion is of
the order of the contour length of the polymers. Even if the adhesion force is weak,
the work of adhesion can be high. It cannot be reduced significantly by choosing
an appropriate spring.

. In perfect equilibrium, polymer induced surface forces in polymer melts should
be absent. Practically, full equilibrium is almost never reached and repulsion is
observed.

11.9
Exercises

11.1. Consider a bare surface interacting with a surface, which is coated with a
polymer brush in a good solvent. In analogy to Eq. (11.18), derive an expression
for the interaction energy. Plot the force versus distance for a spherical particle
of 3 mm radius and a planar surface for the symmetric (both surfaces bear a
polymer brush) and the asymmetric (only the planar surface is coated) case for
N ¼ 50, ls ¼ 1:8 nm, C ¼ 10�17 m2, and v ¼ 0:1l3s .

11.2. Derive an expression for the steric repulsion between two polymer brushes in
an ideal solvent at constant grafting density. In analogy to the derivation of
Eq. (11.18), first calculate the thickness of the brush and then the interaction
energy. The thickness of the undisturbed brush is determined by a balance
between the osmotic pressure caused by the high density of polymer segments
in the brush and the chain elasticity caused by the configurational entropy. The
osmotic contribution can then be estimated from the density of polymer
segments, c ¼ N=Lb2, multiplied by kBT to obtain the osmotic pressure
NkBT=Lb2.

11.3. Derive an equation for the force per unit area between two surfaces coated with
grafted polymers in the mushroom regime. Start with Eq. (11.23).

11.4. Plot the interaction energy per unit area versus distance for a polymer brush
with N ¼ 60, ls ¼ 1:5 nm, v ¼ l3s , and C ¼ 5� 1017 m2 for the simple osmotic
brush as derived in Exercise 11.2, the Milner, Witten, and Cates model with a
step (Eq. (11.18)) and parabolic segment profile (Eq. (11.19)), and the model of
de Gennes (Eq. (11.21)).

11.5. Derive Eq. (11.42). Consider that a shell of thickness R0 around each particle is
not available to the dissolvedmolecules because they cannot get closer thanR0.
This not-accessible volume is reduced when two particles approach each other.
Calculate this reduced inaccessible volume and multiply it by the osmotic
pressure. Then, assume that Rp 	 R0.
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12
Solutions to Exercises

Chapter 2

2.1. Van der Waals force on an atomic force microscope tip. For a parabolically shaped
tip, we have r2=ð2RÞ ¼ x�D. With a cross-sectional area at height x of
A ¼ pr2 ¼ 2pRpðx�DÞ for x � d, we get dA=dx ¼ 2pRp and

FðdÞ ¼
ð1
d

f ðxÞ dA
dx

dx ¼ �
ð1
d

2pRpAH

6px3
dx ¼ �AHRp

3

ð1
d

dx
x3

¼ �AHRp

6d2
:

2.2. Parallel slabs. We want to have

Fhalf�space�Fslab

Fhalf�space
< 0:01:

With Eq. (2.74), this is equivalent to

2

ð1þ d=DÞ2 �
2

ð1þ 2d=DÞ2 < 0:01: ð12:1Þ

The left-hand side of this equation is plotted in Figure 12.1. The value of this
function falls below 0.1 for d=D ¼ 2:67 and below 0.01 for d=D � 11:3. This
corresponds to slab thicknesses of 2.67 and 11.3 nm for D ¼ 1 nm and of
26.7 and 113 nm for D ¼ 10 nm.

2.3. The hydrocarbons are apolar molecules for which the van derWaals interaction
will almost completely arise from the London dispersion interaction The
magnitude of the interactionwill depend on the polarizabilitya of themolecules
(Eq. (2.21)). The value of a will be higher for larger molecules and thus will
increase for longer chains.

Chapter 3

3.1. Thermal noise of an AFM cantilever. For an estimate of the thermal oscillation
amplitude, we can just use the equipartition theorem, which states that the
mean square displacement of a harmonic oscillator with spring constant k
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is given by

1
2
kBT ¼ 1

2
khx2i;

therefore, the amplitude is given by

ffiffiffiffiffiffiffiffiffi
hx2i

p
¼

ffiffiffiffiffiffiffiffi
kBT
k

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4:12� 10�21 Nm

k

s
:

For a spring constant of 0.1Nm�1, we obtain a thermal noise of 0.2 nm and for a
spring constant of 40Nm�1 we obtain 10 pm.

3.2. Penetration depth in TIRM. The critical angle qc is given by the relation

qc ¼ arcsin
n2
n1

¼ arcsin
1:33
1:6

¼ 56:23�:

The penetration depth is given by

lev ¼ l

4pn1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2q�sin2qc

p ;

lev ¼ 633 nm

4p � 1:6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin256:33�sin256:23

p ¼ 784 nm;

lev ¼ 633 nm

4p � 1:6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin257:23�sin256:23

p ¼ 249 nm;

lev ¼ 633 nm

4p � 1:6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin261:23�sin256:23

p ¼ 113 nm;

lev ¼ 633 nm

4p � 1:6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin266:23�sin256:23

p ¼ 82:2 nm:
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Figure 12.1 Plot of the left-hand side of Eq. (12.1). The horizontal line at y¼ 1 intersects the curve
at a value of d/D¼ 11.3 and the line at y¼ 10 intersects the curve at a value of d/D¼ 2.67.

364j 12 Solutions to Exercises



3.3. Potential shape in TIRM. The total potential is given by the electric double-layer
potential described by the DLVO theory and the gravitational potential. With the
particle radius R; the particle and liquid densities rp and rl, and the Debye
length lD,

VðhÞ ¼ C exp
h
lD

� �
þ 4

3
pR3ðrp�rlÞgh:

The prefactor C depends on the surface potentials of the sphere and the planar
surface. The minimum of the potential occurs at the position

hmin ¼ lDln
B

lD
4
3pR

3ðrp�rlÞg
:

To get rid of the experimentally hard to determine parameterC, we use the shape
of the potential around theminimum, which does not depend on the value ofC:

VðhÞ�VðhminÞ ¼ l
4
3
pR3ðrp�rlÞg exp

h�hmin

lD

� �
�1

� �

þ 4
3
pR3ðrp�rlÞgðh�hminÞ:

Chapter 4

4.1. Debye length. By inserting e ¼ 24:3 for ethanol and a concentration of
6:02� 1022 salt molecules per m3 into Eq. (4.8), and with lD ¼ k�1, we get

lD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24:3 � 8:85� 10�12 A s V�1 m�1 � 1:38� 10�23 J K�1 � 298 K

2 � 6:02� 1022 m�3 � ð1:60� 10�19 A sÞ2
s

¼ 16:9 nm:

For water, the decay length is larger according to lD ¼ 0:304 nm=
ffiffiffiffi
c0

p ¼
30:4 nm.

4.2. Potential versus distance at high surface potentials.With aDebye length of 6.80 nm,
we get the following plot:
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4.3. Cation concentration at a silicon oxide surface. The concentration of cations is

increased by a factor eey0=kBT ¼ e
1:60�10�19 A s � 0:07V

4:12�10�21 J ¼ 15:3. Despite the low bulk
concentration, we expect a concentration of 0.76M. This corresponds to

4:6� 1026 counterions per m3. The average distance is only �1.3 nm.
The Hþ concentration at the surface is given by ½Hþ � ¼ 15:3½Hþ �0, where

½Hþ �0 ¼ 10�9 M is the bulk concentration of Hþ . The local pH at the surface is
log½Hþ � ¼ logð1:53� 10�8Þ ¼ 7:8.

4.4. Potential around a sphere. The linearized Poisson--Boltzmann equation (for low
potentials) is

1
r2

d
dr

r2
dy
dr

� �
¼ k2y:

The constant B is zero because y! 0 for r!1. The boundary condition
yðr ¼ RpÞ ¼ y0 leads to A ¼ y0RpekRp and we get

y ¼ y0e
�kðr�RpÞ Rp

r
:

To relate the surface potential to the charge of the particle, we proceed as before
for planar surfaces (Section 4.2.5):

Q ¼ 4psR2
p ¼ �4p

ð1
Rp

rer
2dr ¼ 4pee0

ð1
Rp

d
dr

r2
dy
dr

0
@

1
Adr

¼ 4pee0 r2
dy
dr

2
4

3
5
1

Rp

:

With dy=dr ¼ �y0Rpðkrþ 1Þe�kðr�RpÞ=r2, we get

Q ¼ �4pee0½y0Rpðkrþ 1Þe�kðr�RpÞ�1Rp
¼ 4pee0y0RpðkRp þ 1Þ:

4.5. Gibbs energy of double layer around a spherical particle. We can use an
equation similar to Eq. (4.41), we only have to use the total charge of the particle
instead of the surface charge density. For the total charge of the particle, see
Exercise 4.4.

G ¼ �
ðy0

0
Q dy0

0 ¼ �4pee0R

�
1þ Rp

lD

�
�
ðy0

0
y0

0 dy
0
0

¼ �4pee0Rp

�
1þ Rp

lD

�
�
�
y02

0

2

�y0

0
¼ � Q2

8pee0Rp �
�
1þ Rp

lD

� :
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4.6. Dispersion in aqueous electrolyte. According to Derjaguin�s approximation
(Eq. (2.71)), the force between two particles is

F ¼ pRpV
AðDÞ ¼ 64pRpc0kBTlD � eeY0=2kBT�1

eeY0=2kBT þ 1

� �2

� e�
D
lD�AHRp

12D2
:

The energy is

VðDÞ ¼
ð1
D

F � dD ¼ 64pRpc0kBTlD
e
eY0
2kBT�1

e
eY0
2kBT þ 1

0
B@

1
CA

2

�
ð1
D

e
� d0
lD dD � AHRp

12

ð1
D

1

d0 2 dD

¼ 64pRpc0kBTl
2
D

e
eY0
2kBT�1

e
eY0
2kBT þ 1

0
B@

1
CA

2

� e�
D
lD �AHRp

12D
:

When plotting the energy versus distance for different salt concentrations, we
find that, at 0.28M, we have an energy barrier of roughly 10kBT.

Chapter 5

5.1. Capillary force between sphere and plane in contact. Starting with Eq. (5.14), we use
Pythagoras theorem:

ðRP þ rÞ2 ¼ ðlþ rÞ2 þðRP�rÞ2 ) 4rRP ¼ l2 þ 2lrþ r2 � l2 þ lr:

Inserting directly leads to F ¼ 4pcRP.

r

RP

l

R
P-

r

5.2. Capillary force between two spheres with asperity. The asperity is supposed to create
a gap of widthH between the two sphere surfaces. The gap prevents the liquid
from condensing unless a certain minimal vapor pressure is reached. The
critical pressure is reached when 2r cosH ¼ H. Inserting in Kelvin�s equation
r � �lK=lnðP=P0Þ ) P=P0 � expð�2lKcosH=HÞ.
To calculate the capillary force, the parameter b is varied. For each b the radii r
and l are calculated with the equations in the first row of Table 5.2, setting
D ¼ H. With Eq. (5.19), the capillary force is calculated. Using Eq. (5.20) the
relative vapor pressure is obtained. Finally, the force is plotted versus the relative
vapor pressure (Figure 12.2).
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5.3. Stiction of a head on a magnetic storage disk. Setting the disjoining pressure
(Eq. (5.40)) and the Laplace pressure � c=r equal leads to

AH

6ph3
¼ c

r
) r ¼ 6pch3

AH
¼ 23:6 nm:

With Eq. (5.26), the volume of the meniscus is

V ¼ pRPr
2 ¼ p � 1000 nm � ð24 nmÞ2 ¼ 1:75� 106 nm3:

For a film of 1.5 nm thickness, the radius is r ¼ 79:5 nm and
V ¼ 1:58� 109 nm3. In both cases, the force is F � 4pRPc ¼ 310 nN.

5.4. Characteristic condensation time. t is proportional to

t / � 1
P=P0lnðP=P0Þ :

For P=P0 ! 0 and P=P0 ! 1, this expression diverges and t!1. At low vapor
pressure, condensation is slow because there are only few vapor molecules
around. At high vapor pressure, the condensation time is long because the
equilibrium volume of the meniscus is large. t has a shallow minimum at
lnðP=P0Þ ¼ �1 or P=P0 ¼ 0:368.

5.5. Liquid mixtures. At close distances, hexane will condense and form a hexane
meniscus in thewater phase between the twoparticles.We apply Eq. (5.31).With
R	 ¼ 2Rp

F ¼ 4p � 0:031 Nm�1 � 5� 10�6 m � 2 cos 85��D
r

� �

¼ 1:95� 10�6 N � 0:174�D
r

� �
:

Fo
rc

e 
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N
)
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Figure 12.2 Capillary force versus the humidity of two similar spheres (R1 ¼ 5 mm, contact angle
H ¼ 40� with respect to water). The spheres are kept at an effective distance ofH ¼ 0, 1, and 2 nm
by an asperity.
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With VB
m ¼ 0:09213

866 m3 mol�1 ¼ 1:06� 10�4 m3 mol�1 and Eq. (5.42):

lK ¼ cABV
B
m

RT
¼ 0:031 nm�1 � 1:06� 10�4 m3 mol�1

2480 J mol�1 ¼ 1:33 nm;

we obtain r ¼ �lK=lnðcB=c0BÞ ¼ 8:96 nm for cB ¼ 5:0mM and r ¼ 37:9 nm for
cB ¼ 5:6mM. At cB close to c0B, the range of the capillary force depends on the
concentration.

Chapter 6

6.1. Falling sphere at close distance. In steady state and neglecting the inertia of the
sphere md2D=dt2; where m is the mass of the sphere, the gravitational force is
balanced by the viscous drag:

4
3
pR3

pgDr ¼ 6pgR2
p

D
dD
dt

) 1
D
dD
dt

¼ 2RpgDr
9g

;

ðDt
t¼0

1
D
dD
dt

dt ¼
ðD1

D2

dD
D

¼ ln
D1

D2
¼ 2RpgDrDt

9g
) Dt ¼ 9g

2RpgDr
ln
D1

D2
:

This result was reported in Ref. [631].
6.2. Falling glass sphere. Since D is not much smaller than Rp, we cannot apply

Eq. (6.37) but have to use Eq. (6.41) for the hydrodynamic force. With the same
arguments as used in the previous exercise, we obtain

1þ Rp

D

� �
dD
dt

¼ 2R2
pgDr

9g
; ð12:2Þ

ðt
t¼0

1þ Rp

D

� �
dD
dt

dt ¼ D1�D2 þRpln
D1

D2
¼ 2R2

pgDrDt

9g
)

Dt ¼ 9g
2RpgDr

D1�D2

Rp
þ ln

D1

D2

� �
: ð12:3Þ

With

9g
2RpgDr

¼ 9 � 2:13� 10�3 Pa s

2 � 15� 10�6 m � 9:81m s�2 � 1740 kgm�3
¼ 0:0374 s;

Dt can be calculated versus D, where D is varied between 30000 and 0.2 nm.
Then, Eq. (12.2) can be applied to calculate dD=dt (Figure 12.3).
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Figure 12.3 Distance versus time (left) and
velocity versus distance (right) for a sphere
falling toward a planar surface as calculated
with Eqs. (12.2) and (12.3) (continuous

lines) and the results of Exercise 6.1
(dashed lines). For comparison the result for a
free falling sphere is also shown (dotted line).

6.3. Shear rate. Inserting Eq. (6.19) into Eq. (6.16):

g
qvx
qz

¼ z� h
2

� �
qP
qx

: ð12:4Þ

Remember that qP=qx ¼ dP=dr � x=r (Eq. (6.28)) and apply Eq. (6.33):

qvx
qz

¼ 6v?x
h3

z� h
2

� �
:

Shear is maximal at the surface of the plane where z ¼ 0 or at the surface of the
sphere (z ¼ h) (Figure 12.4):

qvx
qz

¼ 3v?x
h2

: ð12:5Þ

To find the maximal shear rate, we differentiate with respect to x:

q
qx

qvx
qz

� �
¼ 3v?

h2
� 6v?x

h3
qh
qx

¼ 3v?
h2

� 6v?x2

Rph3
: ð12:6Þ

Tofind themaximum,we set this expression to zero.WithEq. (6.26), this leads to
xmax ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2DRp=3

p
: At X¼Xmax we have h = 4D/3. Inserting this in Eq. (12.5),

we get

qvx
qz

ðxmaxÞ ¼ 9
8

ffiffiffiffiffiffiffiffi
3Rp

2D3

r
v?: ð12:7Þ
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6.4. Diffusion coefficient of a sphere close to a wall. With Eq. (6.41) we get for the normal
direction (Figure 12.5)

Dd ¼ kBT
6pgRp

D
DþRp

: ð12:8Þ

Equation (6.50) with ~D ¼ ðRp þDÞ=Rp leads to diffusion coefficient

Dd ¼ kBT
6pgRp

1� 9

16 ~D
þ 1

8 ~D
3 �

45

256 ~D
4 �

1

16 ~D
5

� �
ð12:9Þ

parallel to the plane. In Eq. (12.9), we assumed that the sphere does not
rotate and v ¼ 0. Practically in most cases, the sphere is free to rotate and
the torque is zero. It turns out that for D > Rp, the difference is below 1%
(Figure 12.5).

Figure 12.4 Shear rate qvx=qz at z ¼ 0 along the x-axis. The shear rate increases with
decreasing distance. It shows a maximum, which shifts to larger radial distances with increasing
distance D.
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Figure 12.5 Diffusion coefficient of a sphere of 50 nm radius at a planar wall.
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Chapter 7

7.1. Conversion of height into relative vapor pressure for wetting films. Inserting the
parameters for He in the barometric distribution law:

P
P0

¼ exp � 0:004 kgmol�1 � 9:81m s�2 � 1m
8:31 J mol�1 K�1 � 1:35 K

0
@

1
A ¼ 0:997;

H ¼ �ðRT=gMWÞ � lnðP=P0Þ ¼ 286m � ln 0:5 ¼ 198m:

For water at 293 K, P=P0 ¼ 0:99993 at 1m. P=P0 ¼ 0:5 is reached at
H ¼ 9560m. Thus, a variation in height to measure film thickness is
practical only at low temperature.

7.2. Thin adsorbed hexane film. We can apply Eq. (7.21) although the film has no
continuous liquid connection with the pool. Equilibrium is established via the
vapor phase. The thickness is

h ¼ � AH

6prgz

� �1=3

¼ 10�20 J
6p � 655 kgm�3 � 9:81m s�2 � 1m
� �1=3

¼ 4:48 nm:

7.3. Thin film between bubble and plate. Since the bubble is much smaller than the
capillary length, it is spherical except in the region of the thin film. Pressure
inside: DP ¼ 2cL=rb ¼ 720 Pa. Buoyancy: 4pr3brg=3 ¼ 3:28� 10�7 N. Area of
thin film (A) is given byADP ¼ 3:28� 10�7 N ) A ¼ 4:56� 10�10 m2. It has a
radius of a ¼ 12:0mm. In the contact area, the internal pressure is equal to the
disjoining pressure. Considering electrostatic (Eq. 4.57) and van der Waals
forces (Eq. 2.31) and with lD ¼ 9:61 nm, we get

DP ¼ P ¼ 2ee0
l2D

Y2
0 � e�h=lD� AH

6ph3
;

720 Pa ¼ 6013 Pa � e�h=9:61 nm þ 5:31� 10�22 J
h3

:

This equation is solved for h ¼ 21:1 nm.

Bubble underneath a plate.

7.4. Spinodal dewetting for exponentially decaying surface forces. The gradient of the
force is dP=dh ¼ C=l � e�h=l. Inserting in Eq. (7.33):

ts � 0:1 � 12cLgl
2

h30C
2

� e2h0=l � cLgl
2

h30C
2
� e2h0=l: ð12:10Þ
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The factor 0.1 is to take nonlinear effects into account. Inserting leads to

ts ¼ 0:072 Nm�1 � 0:89� 10�3 Pa s � ð12� 10�9 mÞ2
ð5� 10�9 mÞ3 � ð400 PaÞ2 � e2 � 5 nm=12 nm ¼ 1:1 s:

In practice, water films on hydrophobic surface rupture much faster. This
indicates that nucleation due to tiny bubbles is the dominating process.

Chapter 8

8.1. The reduced Young�s modulus for this combination of materials is given by

E
	 ¼ 1�n21

E1
þ 1�n22

E2

� ��1

¼ 0:9271
200 GPa

þ 0:75
2MPa

� ��1

¼ 2:67MPa:

The adhesion force can be calculated as

Fadh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8pa3E	wA

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8pð0:05mÞ3 � 2:67MPa � 0:05 Jm�2

q
¼ 20:5 N:

The critical displacement at which detachment occurs is given by Eq. (8.25)
when replacing the load FL by the adhesion force Fadh

dc ¼ Fadh
2aE	 ¼

20:5 N
2 � 0:05 � 2:67MPa

¼ 76:8 mm:

8.2. The reduced Young�s modulus for this combination of materials is given by

E
	 ¼ 2ð1�n21Þ

E1

� ��1

¼ 2 � 0:75
2MPa

� ��1

¼ 1:33MPa:

The adhesion force is calculated by the JKR theory:

Fadh ¼ � 3
2
p �wadhR ¼ � 3

2
p � 0:022 Jm�2 � 0:01m ¼ 1:04mN:

At pull-off, the contact radius is given as

amin ¼ 9
8
p �wadhR2

P

E	

� �1=3

¼ 9
8
p � 0:022 Jm�2 � ð0:01mÞ2

1:33MPa

 !1=3

¼ 180 mm

and the height of the neck reaches

dmin ¼ 3p2w2
adhRP

64E	2

� �
¼ 3p2 � 0022 J=m2 � 0:01m

64 � ð1:33 � 106 N=m2Þ2
 !

¼ 1:08 mm

8.3. Onset of plastic deformation. The reduced Young�s modulus is given by:

E
	 ¼ 2 � 0:9271

200 GPa

� ��1

¼ 108 GPa:

The maximum stress in the Hertz contact is given by

smax ¼ 3
2

FL
p � a2 ¼ sc;

FL ¼ 2
3
scp � a2 ¼ 2

3
scp �

�
3FLRp

4E	

�2=3

:
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Solving this equation for FL leads to

FL ¼ 2
3
scp

� �3 3R
4E	

� �2

:

The load is equal to the gravitational force

FL ¼ 4
3
pR3rg

and we finally obtain

R ¼
�
1
2
sc

�3� p

E	

�2 1
rg

¼
�
1
2
250MPa

�3�
p

108 GPa

�2 1
7800 kgm�3 � 9:81m s�2

¼ 2:16 cm

Chapter 9

9.1. Sliding on an inclined plane. The gravitational force FG acting on the block can be
deconstructed into a force FN normal to the surface and a force FP acting parallel
to the surface. Looking at the absolute values of the forces, trigonometry tells us
thatFP ¼ tanaFN. FromAmontons� law, we getFR¼ msFN.When the body starts
sliding, the absolute value of the force parallel to the plane must be equal to the
friction force. From this, we get

α

FG

FF

FNα

FP

FP

ms ¼ tan a ) a ¼ arctan m ¼ arctan 0:5 ¼ 26:6�:

When the block is sliding, FP stays the same, but the friction force is reduced to
FR ¼ mKFN. The net force acting parallel to the surface is therefore:

F0
P ¼ FP�F0

R ¼ msFN�mkFN ¼ 0:1FN ¼ 0:1 cos a �FG ¼ 0:1mg cos a:

The acceleration is given by a ¼ F=m and the speed after a distance L is
equal to

v ¼ ffiffiffiffiffiffiffiffi
2aL

p ¼
ffiffiffiffiffiffiffiffiffiffiffi
2
F
m
L

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
0:1 cos a �mg

m
L

s
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 � 0:1 cos a � gLp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:2 cos 26:6 � 9:81ms�2 � 1m

p
¼ 1:32ms�1:
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9.2. True contact area. The contact surface will deform, until the pressure is equal to
the yield stress sc. If FG is the weight force and Areal the true contact area, r the
density, and V the volume of the cube, we can write

sc ¼ FG

A
¼ rVg

A

Areal ¼ rVg
sc

¼ 7:80 g=cm3 � ð10 cmÞ3 � 9:81ms�2

0:25 � 109 N=m2
¼ 3:06 � 10�7 ¼ 3:06 � 105 mm2

This corresponds to 30600 microcontacts of 10 mm2 each.
9.3. Hydrodynamic lubrication. The sliding speed is v ¼ 2p � 0:005m � 80 Hz ¼

1:26ms�1. The friction force is FF ¼ 0:1 m � 2p � 0:005 m � 1:26 ms�1 � 2:49�10�3 Pa s
3�10�6 m

¼ 3:29 N. The torque is M ¼ 3:29 N � 0:005m ¼ 0:0164 Nm.

Chapter 10

10.1. Superposition principle. Superimposing the densities of two similar parallel
walls at a given spacing x leads to a density in the gap of

rnðx;jÞ¼
1
rb

Dre�
j
lcos 2p

j

d0

� �
þrb

� �
Dre�

x�j
l cos 2p

x�j

d0

� �
þrb

� �
:

ð12:11Þ

At the wall, that is for j ¼ 0, the density is

rnðxÞ ¼
1
rb

Drþ rb½ � Dr e�
x
lcos 2p

x
d0

� �
þ rb

� �
: ð12:12Þ

The same result is obtained if we calculate the density at the other wall at j ¼ x.
Inserting this expression into the contact theorem (Eq. (10.1)) and considering
that r0ð1Þ ¼ Drþ rb leads to Eq. (10.6).

10.2. Presmectic force between sphere and plate. Force versus distance is plotted below.
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10.3. Saturation concentration. FromDG0
s we can calculate themole fraction of solute

inwater if the vapor pressure of the solutewas 1 atm. It is x ¼ expð�DG0
s =RTÞ.

Since in equilibrium the vapor pressure is lower than 1 atm (otherwise the
substance would not be in the liquid phase), we still have to multiply with
PV
0 =1 atm. To obtain the respective concentrationwemultiply themole fraction

with 55:35mol l�1, the concentration of pure water at 25 �C. Thus, for hexane
we get

cs ¼ 55:35mol=l
0:199 atm
1 atm

� e�DG0
s=kBT ¼ 0:11mM

Weobtain cs ¼ 0:028mMfor heptane, cs ¼ 22:5mMfor benzene, and cs ¼ 5:7
mM for toluene. A comparisonwith Table 10.2 shows that the values agreewith
those reported for the process of pure liquid solute ! ideal solution in water,
except for rounding errors.

10.4. Force between DLPC bilayers. With f ¼ �dVA=dx and Eqs. (10.20) and (10.22),
we get

f ðxÞ ¼ �AH

6p
1
x3

þ 1

ðxþ 2D0Þ3
� 2

ðxþD0Þ3
" #

; ð12:13Þ

f ðxÞ ¼ �2Cfl � ðkBTÞ
2

kcx3
� �0:28 � ðkBTÞ

2

kcx3
: ð12:14Þ

The plot shows that at short distance the hydration repulsion dominates. At
distances larger than �2 nm; van der Waals and undulation forces take over.
They are only slightly different in their distance dependency, both being
dominated by the x�3 law. Only above �10 nm the vdW force decays steeper
(f / x�5) so that the undulation starts to dominate again. The repulsive
energies involved are, however, quite small. At the repulsive maximum, an
area of ð170 nmÞ2 is required to reach an energy of kBT . Please note that the van
derWaals force is for convenience also plotted positive although it is attractive.
Overall, a minimum in the interaction energy occurs so that bilayers are
�bound� [1291] and in the lamellar phase show a constantmean distance over a
wide concentration range [1235]. To illustrate this, the sum of all three energy
contributions is plotted on the right.
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Chapter 11

11.1. Steric force between bare surface and polymer brush. The force per chain for a bare
surface interacting with a surface coated with a polymer brush is

V ¼
ðx
L0

FdL ¼ kBT

�
3L2

2Nl2s
þ vN2C

2L

�x
L0

¼ kBTN
2

�
6v2C2

l2s

�1=3� 1
2

�
x
L0

�2

þ L0
x
� 3
2

�
:

The interaction energy per unit area is VA ¼ CV :

VAðxÞ ¼ kBTNC

2

�
6v2C2

l2s

�1=3� 1
2

�
x
L0

�2

þ L0
x
� 3
2

�

¼ kBTL0C
2

�
9vC
2l4s

�1=3�� x
L0

�2

þ 2L0
x

�3

�
:

The asymmetric case is obtained by replacing x=2L0 by x=L0 and dividingVA by
2 [1361]. With the given parameters L0 ¼ 15:8 nm. The force between a sphere
and a planar surface is F ¼ 2pRpVA using Derjaguin�s approximation. For the
bare sphere and the polymer brush, we have

FðDÞ ¼ pkBTL0RpC
9vC
2l4s

� �1=3 D
L0

� �2

þ 2L0
D

�3

" #
:

11.2. Steric repulsion between polymer brushes in an ideal solvent. First, we consider a
single grafted chain. Ifwemultiply the osmotic pressurewith the cross-sectional
area of a polymer in the brush, b2, we get the osmotic component of the force:
�NkBT=L. The minus sign indicates that it is directed opposite to the elastic
restoring force and tends to expand the brush. The total force per chain is

F ¼ 3kBTL
Nl2s

� kBTN
L

: ð12:15Þ
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In equilibriumand in the absence of external forces, the net forcemust be zero.
This leads to a brush thickness

L0 ¼ Nlsffiffiffi
3

p : ð12:16Þ

The brush thickness increases linearly with the number of segments and thus
the molar mass of the polymer. Per polymer chain the interaction energy is
given by

V ¼
ðx=2
L0

FdL ¼ kBT
3

2Nl2s

x2

4
�L20

� �
�N ln

x
2L0

� �� �
: ð12:17Þ

With y ¼ x=ð2L0Þ and inserting the brush thickness, we can simplify this
expression:

V ¼ kBTN
1
2
ðy2�1Þ�ln y

� �
: ð12:18Þ

If we bring two surfaces with polymer brushes together to a distance x, the
interaction energy per unit area is

VA ¼ kBTNCðy2�1�2 ln yÞ ¼ kBTL0C

ffiffiffi
3

p

ls
ðy2�1�2 ln yÞ: ð12:19Þ

Eq. (12.19) gives the force for x 
 2L0. For larger distances, the force is zero.
11.3. Steric repulsion between mushrooms. The force per unit area is derived from

f ¼ �dVA=dx:

f ðxÞ ¼ kBTC
x

�
�
2p2R2

g

x2
�1

�
for x 
 3

ffiffiffi
2

p
Rg;

f ðxÞ ¼ kBTCx
R2
g

� 1

e

�
x

2Rg

�2
�1

for x > 3
ffiffiffi
2

p
Rg:

11.4. Steric repulsion between brushes. See Figure 12.6.
11.5. Depletion attraction. When two spheres approach each other closer than 2R0,

the excluded volume is reduced by the volume indicated in gray in the figure.
This volume is twice the end cap volume:

Rp

R0

h

r

D
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V ¼ 2 � p
6
hð3h2 þ r2Þ:

With h ¼ R0�x=2, r2 ¼ ðRp þR0Þ2�ðRp þ x=2Þ2, and the osmotic pressure ckBT , we
get

W ¼ ckBTp � 2RpR
2
0 þ

4
3
R3
0�2RpR0x�R2

0xþ
Rpx2

2
þ x3

12

� �
:

For R0 � Rp and x � Rp, the terms R3
0, R

2
0x, and x

3=12 can be neglected and we get
Eq. (11.42).

.

.

Figure 12.6 Interaction energy per unit
area calculated with N¼ 60, ls ¼ 1:5 nm,
v ¼ l3s , and C ¼ 5� 1017 m2 for the simple
osmotic brush (Eq. (12.19)), the Milner,

Witten, Cates model with a step (Eq. (11.18))
and parabolic segment profile (Eq. (11.19)), and
the model of de Gennes (Eq. (11.21)).
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hydration force 301–305
hydrophobic effect 305
hydrophobic force 305, 310, 311
hydrophobic interaction 305

i
ice 257
immersion force 159, 158
inclined plane tribometer 265
indentation
– flat punch 227
– sphere 232
index of polydispersity 331
ink 327
inner Helmholtz plane 107
interface 1
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interfacial friction 275
interferometry 59
intersegment force 349
inverse gas chromatography 226
inverse micelle 121

j
JKR model 233, 241, 265

k
Keesom interaction 11
Kelvin equation 131–134, 155
Kelvin length 132, 148, 155
kinetic friction 259
Kuhn length 333, 338

l
laminar flow 166
Landau theory 300
Landau-de Gennes theory 303
Laplace equation 128, 130
Laplace pressure 128, 132
lateral capillary force 155–159
lateral force microscopy 73
lecithine 314
Lennard–Jones fluid 294
LFM 73
Lifshitz theory 19–21
line tension 146
lipid 313, 314
lipid bilayer 41, 313, 315, 317, 318–320, 322
liquid crystal 298, 299
– nematic 298
– smectic 298
London interaction 12
lubricant 270, 271
– solid 287
lubrication 258, 267, 268, 269, 270
– boundary 267, 274
– elastohydrodynamic 271, 274
– hydrodynamic 267, 268, 270
– mixed 267
– thin film 288–290
lubrication approximation 168

m
magnetic tweezers 87–90
Marangoni effect 185
MASIF 307
Matsubara frequency 21
melting temperature 329
meniscus force 127
metamaterial 49
methyl ethyl ketone 329

mica 58, 59
microcontact 253, 254, 264
mixed lubrication 267
mobile boundary condition 184
mobile boundary conditions 184
molecular dynamics simulations 147
Monte Carlo simulations 147
mushroom regime 339
Mysels cell 198

n
nanocontact 276
nanotribology 265, 275
Navier–Stokes equation 163, 164,

165, 166
nearest neighbor broken bond model 224
Newtonian fluid 164
no-slip 160, 169, 178, 185
nodoid 136
nucleation 215

o
octyl-cyanobiphenyl 299
oil recovery 191
OMCTS 288, 297
optical tweezer 76–81
osmotic brush regime 344
osmotic stress method 315–317
Ostwald ripening 133
outer Helmholtz plane 107

p
particle 17
persistence length 338
phosphatidic acid 313
phosphatidylcholines (PC) 313
phosphatidylethanolamines (PE) 313
phosphatidylgylcerols (PG) 313
phosphatidylinositols (PI) 313
phosphatidylserine (PS) 314
phospholipid 313, 314
pin-on-disk tribometer 265
plastic deformation 254
plasticity index 256
Poisson–Boltzmann equation 94, 95, 96, 98,

100, 111, 112, 114, 115
Poisson–Boltzmann theory 94, 104–106, 110,

111, 157
Poisson equation 95
Poisson�s ratio 227
polarizability 11
polyamid 328
polydispersity 331
polyelectrolyte 331, 344–346

Index j419



polyester 328
polymer brush 342, 345
polystyrene 329, 336
polyurethane 328
porous aluminum oxide 3
porous solid 134
potential theory of adsorption 210
Prandtl–Tomlinson model 278–283,

285, 288
presmectic layer 299
primary energy minimum 117
principal curvature 130
protrusion force 321
proximity force 34
proximity force approximation 48

q
QCM 63, 265
quartz crystal microbalance 63, 265

r
radius of curvature 128
radius of gyration 333
restricted equilibrium 351
retardation 14, 38, 40
Reynolds equation 197
Reynolds number 166, 167, 268
rigid films 194
rolling friction 262
roughness 18, 19, 47, 148, 255, 257
rupture 205

s
salted brush regime 346
Scheludko cell 198
SDS 181, 203, 204
secondary energy minimum 117
second viscosity 166
segment elasticity 337
SFA 42, 56–64, 118, 147, 265, 288, 297, 307,

343
shear rate 164
shear thinning 271
Shuttleworth equation 221
SiO2 17
size of a polymer 333
slip 178, 179, 180
slip length 179
slip velocity 179
sodium dodecyl sulfate 181, 204
solid friction 252
solvation force 293–295, 297–301, 358
spinodal dewetting 215, 216
spontaneous curvature 319

spreading coefficient 213
spring constant 68, 69, 71
static friction 259
steric force 327
steric repulsion 318, 339, 341, 343
steric stabilization 327
Stern layer 106
stick-slip friction 260, 261, 277–281,

286, 288
– atomic 277
Stokes–Einstein equation 187, 351
Stokes equation 165
Stoke�s law 168
strain 226
stratification 204
stress 226, 235, 239
stribeck diagram 275
structural force 293, 357
superlubricity 286, 287
– structural 286, 287
superposition approximation 295, 296,

325
superposition principle 7
surface charge 94, 102, 111
surface dilatational modulus 182
surface elasticity 182, 185, 207
surface energy
– solids 220–222, 224, 225
– surface forces apparatus 42, 56–64, 118,

147, 265, 288, 297, 307, 343
surface potential 94, 111
surface reconstruction 223
surface relaxation 223
surface stress 222, 225, 226
surface tension 220
– solid 31, 221, 222, 225
surfactant 180

t
Tabor parameter 240
Teflon 32
template stripping 63
tetrahydrofuran 392
theta solvent 329
theta temperature 334
thin film 25, 207, 208–210, 213
– rupture 214, 216
– stability 213, 214
thin film balance 198–201, 203, 212
thin wetting film 207, 217
three-phase contact line 135
TIRM 51, 83, 84, 86, 87, 364
toroidal approximation 136
total internal reflection microscopy 83

420j Index



tribology 251
tribometer 265
turbulent flow 166

u
undulation force 318, 319

v
vacuum ultraviolet spectroscopy 22
valence electron energy loss spectroscopy 22
van der Waals force 1, 5, 14–20, 25, 31–34,

36–42, 44, 46, 47, 49, 50, 52, 55, 57, 117, 152,
202, 204, 208, 210, 216, 223, 224, 249, 287,
297, 302, 318, 322, 327, 348, 363

– retarded 14
van der Waals interaction 13–15, 27, 37, 38,

42, 52, 105, 207, 210, 224, 245
viscosity 164, 271

– dynamic 164
– kinematic 164

w
wear 251
wetting line 135, 146
wimple 184
WLC model 338
worm-like chain model 338

y
yield stress 254
Young equation 135, 213, 214
Young–Laplace equation 128–130, 131
Young�s modulus 226

z
zeta potential 106

Index j421





Fundamental Constants

Source: 2006 CODATA recommended values, http://physics.nist.gov/cuu/

Atomic mass unit u 1.66054� 10�27 kg
Avogadro constant NA 6.02214� 1023mol�1

Boltzmann constant kB 1.38065� 10�23 J K�1

Electron mass me 9.10938� 10�31 kg
Elementary charge e 1.60218� 10�19 C
Faraday constant FA ¼ eNA 96485.3Cmol�1

Gas constant R ¼ kBNA 8.31447 J K�1mol�1

Planck constant h 6.62607� 10�34 J s
Speed of light in vacuum c 2.99792� 108m s�1

Standard acceleration of free fall g 9.80665ms�2

Vacuum permittivity e0 8.85419� 10�12 A sV�1m�1



Conversion Factors

1 eV¼ 1.60218� 10�19 J
1 dyne¼ 10�5 N
1 erg¼ 10�7 J
1 kcal¼ 4.184 kJ
1 Torr¼ 133.322 Pa¼ 1.333mbar
1 bar¼ 105 Pa
1 atm¼ 101325 Pa
1 poise (P)¼ 0.1 Pa s
1Debye (D)¼ 3.336� 10�30 Cm
1V¼ 1 JA�1 s�1

0� C¼ 273.15K
kBT=e ¼ 25:69mV at 25 �C
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